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Abstract 



Using tropical geometry we propose a mirror construction for monomial de- 
generations of Calabi-Yau varieties in toric Fano varieties. The construction 
reproduces the mirror constructions by Batyrev for Calabi-Yau hypersur- 
faces and by Batyrev and Borisov for Calabi-Yau complete intersections. We 
apply the construction to Pfaffian examples and recover the mirror given by 
R0dland for the degree 14 Calabi-Yau threefold in P 6 defined by the Pfaffians 
of a general linear 7x7 skew-symmetric matrix. 

We provide the necessary background knowledge entering into the tropical 
mirror construction such as toric geometry, Grobner bases, tropical geometry, 
Hilbert schemes and deformations. The tropical approach yields an algorithm 
which we illustrate in a series of explicit examples. 
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Introduction 



Mirror symmetry is a phenomenon postulated by theoretical physics in the 
context of string theory. The goal of string theory is the unification of general 
relativity, describing gravity, with the standard model, which describes the 
electroweak and strong coupling. These theories model nature in the large 
respectively in small scales in such astonishing precision that it is very hard to 
obtain experimental data on this unification. String theory follows the idea to 
replace point particles by extended objects like a 1-sphere and to replace the 
4-dimensional spacetime by a Riemannian manifold of dimension 10, which is 
locally the product of a 4-dimensional Minkowski space and a 6-dimensional 
compact Riemannian manifold X, too small to appear in measurements. For 
two out of five possible string theories the manifold X turns out to be a 
3-dimensional complex manifold with trivial canonical sheaf. These kind of 
manifolds are called Calabi-Yau manifolds and were studied in mathematics 
for a long time before their appearance in theoretical physics. Hodge theory 
associates to X the Hodge numbers 

h p ' q {X) = dimH p § ' q (X) = dimH q {X, Q p x ) , p, q = 0, 3 

The general framework of string theory predicts that one type of string theory 
obtained from a Calabi-Yau manifold X is equivalent to the second type of 
string theory on another Calabi-Yau manifold X° and the Hodge numbers of 
these are related by 

h™ (X) = h*-™ (X°) V < p, q < 3 

Such a pair X and X° is called a mirror pair, and the question arises how to 
get X° from X and vice versa. 

The first mirror construction was given by Greene and Plesser in 
[Greene, Plesser, 1990] for the general quintic threefold X C P 4 . As for 
Calabi-Yau manifolds T x ° = Q x ° , the mirror X° should satisfy 

dimtf 1 (X°,T X o) = /i 2 ' 1 (X°) = h 1 ' 1 (X) = 1 

Greene and Plesser construct the mirror as a general element in the 1- 
parameter family of quintics 

X\ = {xl + x\ + X% + X% + x\ + \XqXxX2XsX4 = 0} 
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with fibers in a Zjj-quotient of P 4 . This 1-dimensional parameter space con- 
tains the degeneration point A = oo corresponding to the union of 5 hyper- 
planes {X0X1X2X3X4 = 0}. Indeed, degenerations of Calabi-Yau manifolds to 
varieties given by monomial ideals appear naturally in the context of various 
mirror constructions. 

Generalizing the construction by Greene and Plesser, Batyrev considers 
in [Batyrev, 1994] anticanonical hypersurfaces in Gorenstein toric Fano va- 
rieties. There is a one-to-one correspondence of the Gorenstein toric Fano 
varieties P (A) of dimension n, polarized by — ifp(A) with the reflexive poly- 
topes A C M <g) R, where M = II 1 . Recall that a polytope A is called 
reflexive if A and its dual polytope A* are integral and contain 0. So duality 
of reflexive polytopes is an involution of the set of Gorenstein toric Fano 
varieties. Batyrev proves that general elements in |— ifp(A)| and |— i£p(A*)| 
form a mirror pair in the sense of mirrored Hodge numbers generalized to 
singular varieties. In the following we associate to Batyrev 's data a mono- 
mial degeneration. Denote by £ C N <g> R, where N = Horn (M, Z), the fan 
representing Y = P (A), i.e., the set of cones over the faces of the dual poly- 
tope A*. Generalizing the homogeneous coordinate ring of projective space, 
the Cox ring of Y is the polynomial ring 

S = C[y r |re£(l)] 

with variables corresponding to the 1-dimensional cones £ (1) in £ and 
graded by the Chow group of divisors A n _i (Y) of Y via the exact sequence 

0^l4 Z s « d A s A n _ x (Y) -> 

A reflexive polytope has as its unique interior lattice point, so a generic 
toric hypersurface comes with a natural monomial degeneration 




with generic coefficients c m . 

Note that toric varieties also appear in the context of monomial degener- 
ations in the sense that the special fiber is a union of toric varieties. Indeed 
toric geometry plays an important role in the context of mirror symmetry 
as toric varieties have non-trivial geometry and still can contain a reducible 
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special fiber of a degeneration in a natural description as a union of toric 
strata. 

As general setup, we consider a one parameter degeneration X of Calabi- 
Yau varieties with fibers in a toric Fano variety Y with Cox ring S and with 
reduced monomial special fiber X . The toric Fano variety Y is given by 
the fan over the faces of a Fano polytope P, which is an integral polytope 
in N ® R containing as the unique interior lattice point. So we generalize 
Gorenstein toric Fano varieties to the Mori category of Q-Gorenstein toric 
Fano varieties. Let 7 C C [t] <S> S be the ideal of the total space of the 
degeneration and 7 C S the ideal of the monomial special fiber. 

Given a polytope A we denote by Poset (A) the complex of faces of A, 
which is a partially ordered set with respect to inclusion. For the polytope 
A = P* the complex Poset (A) is isomorphic to the complex of the strata 
of Y, which we denote by Strata (Y). So the complex of strata Strata (X ) 
of the monomial special fiber of X can be considered as a subcomplex of 
Poset (A). 

Using Grobner basis techniques, we construct from the degeneration X a 
new polytope V with a new subcomplex B (7) C Poset (V). We begin by 
associating to X the Grobner cone C/ (7) of weights on C [t] <S> S selecting 
the monomial special fiber ideal 7 as lead ideal of 7. For every face F of 
Cj (7) we have an initial ideal m F (7) of 7, which is no longer monomial 
for the proper faces of Cj (7). Denote by Poset (C/ (7)) the fan of the 
faces of Ci (7). We consider the subfan BFj Q (7) C Poset (C/ (7)) of those 
faces of Cj (7), which have no monomial in their initial ideal. This fan 
is the intersection of the fan Poset (Cj (7)) with the Bergman fan BF (7), 
introduced in [Bergman, 1971]. Essentially equivalent to Bergman's original 
definition, we define the Bergman fan BF (I) as the closure of the image of 
the vanishing locus of 7 over the field L — C (s) of Puisseux series under the 
valuation map 

L* x (L*) n -> R n+1 
(t, ...,y n ) i-> (val (t) , val (yi) , val (y n )) 

Here we consider the torus (L*) n = (L*) s(1) / Hom z (A n _i (Y) , L*) and val 
denotes the valuation associating to a power series its vanishing order, i.e., 
the exponent of its lowest order term. 

The cone C/ (7) is contained in the half-space of t-local orderings. Hence, 
intersecting it transversally with the hyperplane of t-weight w t = 1, i.e., 



16 



identifying the parameters t and s, we obtain a convex polytope V. The 
polytope V is naturally contained in iV(g>IR and it turns out that V* is again 
a Fano polytope. Corresponding to BFj (I) = BF(I) n Poset (C/ (/)) we 
also obtain a subcomplex B (J) of the complex Poset (V) of faces of V. Let 
K = C(t) be the field of Puisseux series in the parameter t. 

If w is a weight vector in a face of the Bergman complex B (I), we can 
consider the power series solutions of / lying over w via the valuation map 

(K*) n -> W 1 
(yi, y n ) i-> (val (yi) , uaZ (y n )) 

Taking the limit t — > of these solutions induces an inclusion reversing map 

lim: 5(7) -> Strata (X ) 

from the complex B (I) to the complex of strata of the special fiber X of 
X, which is a subcomplex of faces of A = P*. It turns out that the complex 
B (I) essentially is dual to the complex of strata of X . 

The complex Poset (V*) describes the initial ideals of I at the faces of V. 
Consider the reduced standard basis of I in S <g) C [t] / (t 2 ) with respect to a 
monomial ordering in the interior of V. If F is a face of V, then all initial 
forms with respect to F of the standard basis elements involve a minimal 
generator of Iq. Hence, dividing for all initial forms the non special fiber 
monomials by the special fiber monomial, we obtain a set of degree Cox 
Laurent monomials. These monomials correspond via the Chow presentation 
sequence 

_> M 4 Z s « ^ A n ^ (Y) - 

to the lattice points of F*. 

In the following we denote the first order deformations of X which are 
characters of the torus (C*) 1 ; as (C*) 1 ^-deformations. Note that the vec- 
tor space Horn (7 , S/I ) Q of degree deformations has a basis of (C*) S(1 ' > - 
deformations. 

The lattice points of the faces of V* have a two-fold interpretation: 

• Let F E V be a face, 5 E F* a lattice point and A (5) = ^ G Z s « 
with relative prime mo and mi the corresponding degree Cox Laurent 
monomial. Then 5 can be considered (C*r^-deformation of X 
of degree by associating to it the element of Horn (J , S/I ) defined 
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for minimal generators m G Iq by 5 (m) = ^ • m if m | m and 
otherwise. Here we use 5 £ F*. 

It turns out that B (I)* represents the tangent space of the component 
of the Hilbert scheme of Iq containing X, assuming that we took the 
tangent vector of X general enough. 

• The fan over the faces of V* defines a toric Fano variety Y°, so the 
vertices of V* are the variables of the Cox ring of Y°, i.e., the torus 
invariant divisors on Y°. Hence in particular the vertices of the faces of 
B (I)* have an interpretation as torus invariant divisors on Y°. Passing 
from vertices to lattice points amounts to a toric blowup. 

Mirror symmetry of a pair X and X° identifies ftMimpO-i an j ^1,1 
and vice versa and more generally the complex moduli space of X with the 
Kahler moduli space of X° and vice versa. From this point of view Y° is 
the toric Fano variety with sufficient divisors to represent locally the compo- 
nent of the Hilbert scheme at Xo containing X. In the same way as B (I)* 
describes the tangent space at Xo of the component of the Hilbert scheme 
along X, we expect that the Kahler classes given by the lattice points of 
B (I)* suffice to represent the Kahler moduli of the mirror. 

The subcomplex B (I) C Poset (V) defines a monomial ideal Iq in the 
Cox ring S* of Y°. The ideal Iq is the intersection over all facets (i.e., faces 
of maximal dimension) F of B (J) of the ideals generated by the set of all 
facets of V containing F . This generalizes the idea of Stanley-Reisner rings. 

So we have constructed a toric Fano variety Y° and a monomial ideal 
Iq, whose zero locus Xq essentially is combinatorially dual to the complex of 
strata of the special fiber Xo of X. 

We know that the lattice points of B (I)* C Poset (V*) have an inter- 
pretation as first order deformations of Xo contributing to tangent vector of 
the family X. Hence the first order deformations of the mirror special fiber 
Xq contributing to the tangent vector the mirror degeneration X° should 
be given by the lattice points of the dual (lim (B (I)))* C Poset (A*) of the 
image of the limit map. Again the lattice points of (lim (B (I)))* have the 
two fold interpretation as deformations of Xq and torus divisors on a blowup 
of Y. Applying these deformations to Iq we obtain the conjectural mirror 
degeneration up to first order. 

If the ideal Iq obeys a structure theorem, e.g., the Koszul resolution for 
complete intersections or the structure theorem of Buchsbaum and Eisenbud 
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for codimension 3 subcanonical varieties, we can (in the case of complete 
intersection trivially) extend the first order mirror family to a degeneration 
over Spec C [t] . 

The tropical mirror construction formalizes as follows: 

• Let N = Z n , let P C N^M be a Fano polytope and Y the corresponding 
toric Fano variety with Cox ring S. Let X be a one parameter monomial 
degeneration of Calabi-Yau varieties with fibers in Y and let X be given 
by the ideal I C C [t] <E> S. Suppose that the ideal I of the special fiber 
is a reduced monomial ideal. 

• Fix a monomial ordering > on C [t] <8> S, which is respecting the Chow 
grading on S and which is local in t, and denote by > w the weight 
ordering by w refined by >. Then define 

Cio (!) = {- K w y )ER® N R | L >Mwy)) (I) = J } 

Note that we add the minus sign as L is defined as selecting the mono- 
mial of maximal weight. 

• Intersecting Cj Q (I) with the hyperplane of t-weight one, we obtain a 
polytope 

v = c Io (/) n {w t = 1} c n r 

and V* is a Fano polytope, so gives a toric Fano variety Y°. 

• The complex of the faces of the polytope V has the subcomplex 

B (I) = (BF (I) n Poset (C Io (/))) n {w t = 1} 

= {F face of V | in^ (I) does not contain a monomial} 

the Bergman subcomplex or tropical subcomplex of V. The intersec- 
tion of the fan BF (J) n Poset (C/ (J)) with {w t = 1} is defined as the 
complex, whose faces are the intersections of the cones of BF (I) n 
Poset (Ci (I)) with the hyperplane {w t — 1}. 

• The complex B (I) is a subdivision of the dual of the complex of strata 
Strata (X ) of the special fiber X of X via the map 

lim : B(I) -> Strata (X ) C Strata (Y) 

F ^ {\im t ^ a(t) \ a e val" 1 (int (F))} 
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taking the limit of arc solutions of I. Here int (F) denotes the relative 
interior of F. 



Denote by S° the fan over the faces of V* defining Y° and by 

S° = C [z r | r G S° (1)] 

the Cox ring of Y° graded via 

0^ N ^ Z s °« ^ A n _i (Y°) ^0 

Then the monomial ideal defining the special fiber Xq C Y° of the 
mirror degeneration X° of X is 

= (T[zv I J C S° (1) with supp (B (/)) C |jF r \ 

\veJ rGJ / 

= flFGB(/) ( z g* I G a facet of V with F C G) C S° 

where F r denotes the facet of V corresponding to the 1-dimensional 
cone r of S° = NF (V) . Note that in the second description of Io it is 
sufficient to take the intersection over the maximal faces of B (I). 

Let M = Horn (N, Z) and A = P* C M <g> R. The image of lim 
naturally is a subcomplex of the complex of faces of A. Hence we 
obtain a subcomplex (lim [B (/)))* of the complex of faces of A* = P, 
which describes the first order deformations of the mirror degeneration 
at Xq as degree zero Cox Laurent monomials. So the conjectural mirror 
degeneration up to first order is given by 

m + 1- c a -a(m) \ me Iq \ cC| / (t 2 ) ® S° 

aesupp((lim(B(7)))*)nAf / 

with generic coefficients c a . 

Note that the description of the first order deformations as lattice points 
of A* is independent of the toric variety Y°. This easily allows to 
replace Y° by different birational models in the Mori category. 
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The tropical mirror construction reproduces known mirror constructions. 
Batyrev and Borisov extend in [Borisov, 1993] and [Batyrev, Borisov, 1996-11] 
the mirror construction for hypersurfaces in toric Fano varieties to complete 
intersections given by nef partitions. In an analogous way as we obtained 
the degeneration associated to an anticanonical hypersurface in a Gorenstein 
toric Fano variety, we also obtain a monomial degeneration for a complete 
intersection. We show that, when applied to this complete intersection de- 
generation, the tropical mirror construction gives the degeneration associated 
to the Batyrev- Borisov mirror. In particular, this also holds true in the case 
of Batyrev 's mirror construction for hypersurfaces. 

We introduce the notion of Fermat deformations in order to relate the mir- 
ror degenerations to birational models with fibers in toric Fano varieties with 
Chow group of rank 1. Applying this, we connect the mirror degeneration as- 
sociated to the complete intersection of two general cubics in P 5 to a Greene 
Plesser type orbifolding mirror family given in [Libgober, Teitelbaum, 1993]. 

In the same way, applying the tropical mirror construction to a monomial 
degeneration of non complete intersection Calabi-Yau threefolds of degree 
14 in P 6 defined by the Pfaffians of a general linear skew symmetric map 
70 (— 1) — > 70, we reproduce the orbifolding mirror given by R0dland in 
[R0dland, 1998]. 

We also apply the tropical mirror construction to a monomial degenera- 
tion of non complete intersection Calabi-Yau threefolds of degree 13 in P 6 de- 
fined by the Pfaffians of a general skew symmetric map O (—2) ©4(9 (—1) — > 
O (1) © 40. From the mirror degeneration given by the tropical mirror con- 
struction we obtain, via the concept of Fermat deformations, a flat degenera- 
tion with fibers in an orbifold of P 6 , which again obeys the structure theorem 
of Buchsbaum-Eisenbud. 

In the following, we give a short overview of the individual sections. 

Section 1. This section provides an introduction to various concepts 
used in the tropical mirror construction. 

Section 1.1 recalls some facts on Calabi-Yau manifolds and their relation 
to string theory and mirror symmetry. A manifold X of dimension d is called 
a Calabi-Yau manifold if K x = O x and h l (X, O x ) = for < % < d. 

In Section 1.2 we give a short introduction to the concept of stringy Hodge 
numbers introduced by Batyrev to generalize Hodge numbers to singular 
varieties. Given a normal projective variety X with log-terminal singularities 
one associates to X, via a resolution / : Y — > X of singularities, a function 
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E st (X;u,v), which Batyrev proves to be independent of the choice of the 
resolution. If E st is a polynomial, then stringy Hodge numbers can be defined 
via the coefficients of E st . In any case, topological mirror symmetry of a pair 
of Calabi-Yau varieties X and X° of dimension d can be defined via the 
stringy E-functions as the relation E st (X;u,v) = (—u) d E st (X°;u~ 1 ,v). If 
X admits a crepant resolution / :Y — > X then 

E st (X;u,v)= (-l) P+q h p ' q (Y)u p v< 1 

0<p,q<d 

In Section 1.3 we continue with an overview of toric geometry. The Sec- 
tions 1.3.1-1.3.3 give the standard description of toric varieties and mor- 
phisms. If TV = Z™, 7V R = N <g> R, a C iV R is a rational convex polyhedral 
cone, M = Horn (TV, Z) and 

<7 = {m G M K | (m, w) > Vu> G a} 

is the dual cone, then a n M is a finitely generated semigroup and defines 
an affine toric variety C/ (a) = Spec (C [a H M]). Given a fan £ in JVr, i.e., 
a finite set of strongly convex rational polyhedral cones such that every face 
of a cone in E is again a cone in E, the U (a), a e S glue to a toric variety 
y = X (E). The torus Spec (C [Z™]) Y acts on y. There is an inclusion 
reversing bijection between the cones of E and the torus orbit closures. Let 
E (1) be the set of rays in E, i.e., the set of 1-dimensional cones. We denote 
by D r the torus invariant divisor on Y corresponding to the ray r G E (1). 

As explained in Section 1.3.5, one can describe the dualizing sheaf of a 
toric variety X (E) as 

\ «6E(1) / 

Section 1.3.4 shows how to represent Weil and Cartier divisors, the Chow 
group A n _i (y) of Weil divisors modulo linear equivalence on a toric vari- 
ety y = X (E) and the Picard group Pic (Y). Classes in A n _i (Y) can be 
represented by torus invariant Weil divisors via the exact sequence 

m A z s w -> A»_i(y) 

where the rows of A are formed by the minimal lattice generators of the rays. 
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In Section 1.3.6 we describe the correspondence of integral polytopes in 
Mr and projective toric varieties. To an integral polytope A C M^ one can 
associate the graded ring 

S (A) = C [t k x m | to G kA] degt k x m = k 

with kA = {km \ to G A} and t k x m ■ t l x m ' = t k + l x m+m \ and hence the pro- 
jective toric variety P (A) = Proj (S (A)). Consider for any face F of A the 
cone of linear forms w G ATr, which take their minimum on A at the points 
of F. These cones form a fan, the normal fan E = NF (A) of A. If is in 
the interior of A, then NF (A) is the fan formed by the cones over the faces 
of the dual polytope 

A* = {ne N R \ (m, n) > -1 Vm G A} 

of A. Furthermore, A defines a divisor on X (E) 

Da = > — min (to, r) D r 

reS(l) 

Then as a toric variety P (A) = X (£) with choice of an ample line bundle 

9p(A)(1) = 0x(e)(£>a). 

The Cox ring of a toric variety is explained in Section 1.3.7 and homo- 
geneous coordinate presentations of toric varieties in Section 1.3.9. The Cox 
ring of a toric variety Y = X (E) is the polynomial ring S — C [y r | r G E (1)] 
graded via the above presentation of the Chow group considering monomi- 
als in S as elements of Z S W. In an analogous way to the representation of 
projective space as 

F n =(C n+1 -V((y ,...,y n )))/C* 
there is a similar description of toric varieties as a categorial quotient 

X (E) = (C s{1) -V(B (E))) l/G (E) 
with some irrelevant ideal B (E) C S and the action of 

G (E) = Hom z (A»-iOO,C*) 
induced by the above sequence. 
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The application of the Cox ring to represent subvarieties and sheaves is 
treated in Sections 1.3.8 and 1.3.10. For example the vector space of global 
sections of the reflexive sheaf of sections Ox(e) (D) of a Weil divisor DonY 
is isomorphic to the degree [.Dj-part of the Cox ring. 

Section 1.3.11 gives an algorithm to compute the Mori cone NE (Y) R C 
A 1 (Y) ® R of effective 1-cycles for a simplicial toric variety Y. 

The one-to-one correspondence of Gorenstein toric Fano varieties P (A) 
of dimension n, polarized by — ifp(A) and reflexive polytopes A C Z ra ® R 
is treated in Section 1.3.12. The involution of Gorenstein toric Fano vari- 
eties induced by duality of reflexive polytopes is the foundation of Batyrev's 
mirror construction for anticanonical hypersurfaces. 

In order to understand, which torus invariant deformations represented by 
Cox Laurent monomials are trivial, we have to describe the automorphism 
group. If Y — X (E) is simplicial, then the connected component of the 
identity of Aut (Y) is generated by automorphisms induced by the torus in 
Y and by the so called root automorphisms. Represented as Cox Laurent 
monomials a root automorphism is a degree Cox Laurent monomial in Z S W 
of the form 

rireE(i) Hr r 

Vv 

with relative prime numerator and denominator, and the corresponding 1- 
parameter family of automorphisms is 

Vv^ Vv + \ rL G s(i)-M V7 

y r i-> y r for r G S (1) - {v} 

Toric Mori theory will be used to relate Calabi-Yau degenerations to 
orbifolding mirror families by relating the polarizing toric Fano variety of the 
degeneration to a different birational model. Section 1.3.14 gives an overview 
of Reid's toric interpretation of Mori theory, i.e., cone theorem, contraction 
theorem, existence and termination of flips and the minimal model program. 
Given a finite set TZ of 1-dimensional rational cones of a projective fan, the 
set of all closures of Kahler cones cpl (£) of projective simplicial fans S with 
£ (1) C TZ fit together as (\TZ\ — n) -dimensional cones of a fan in A n _i (1Z) m = 
R n /M K . To justify the notation A n _i (TZ) R , observe that the presentation of 
the Chow group of a toric variety X (£) only depends on the 1-dimensional 
cones of the fan S. The fan generated by the maximal cones cpl (E) is called 
the Gelfand-Kapranov-Zelevinsky decomposition associated to 1Z and can be 
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extended to a complete fan, called the secondary fan E (TV) . We explain 
an algorithm to compute the secondary fan via triangulations of marked 
polytopes. 

The next Section 1.4 gives a short account of Grobner bases, weight or- 
derings and the Mora algorithm computing standard bases in the non global 
setting. The concept of Grobner bases plays an important role both for the 
theory of flat degenerations and for computing tropical varieties, so also for 
the tropical mirror construction. With regard to flat degenerations see also 
the remarks about Section 5 below. Grobner basis theory is the algorithmic 
object connecting tropical geometry to degenerations and mirror symmetry. 

Section 2. In this section we summarize the mirror constructions, which 
will be generalized in a common framework by the tropical mirror con- 
struction. 

We begin in Section 2.1 with a short overview of the mirror construction 
given by Batyrev for anticanonical hypersurfaces in toric Fano varieties. Re- 
flexive polytopes A C M R correspond to Gorenstein toric Fano varieties 
Y = P (A) polarized by — ifp(A)- A general element of |— ifp(A)| is a Calabi- 
Yau hypersurface in Y. Duality is an involution of the set of reflexive poly- 
topes. Batyrev proves that general elements of |— ifp(A)| and |— ifp(A*)| form 
a mirror pair in the sense of stringy Hodge numbers. In the original ap- 
proach, Batyrev constructs, via maximal projective subdivisions of the fan 
of Y, a partial crepant resolution of the hypersurface. A maximal projective 
subdivision of the normal fan E of A is a simplicial refinement E of E defining 
a projective toric variety X (E) with the property that the non-zero lattice 
points of A* span the 1-dimensional cones of E. 

Batyrev 's construction for hypersurfaces has a generalization to the case 
of complete intersections given by nef partitions of reflexive polytopes. This 
mirror construction was introduced by Borisov and is explained in Section 
2.2. Let A C Mm be a reflexive polytope and E = NF (A) its normal fan. 
Let 

E (1) = ii U ... U I c 

be a disjoint union and suppose that the corresponding divisors Ej = ^2 veI . D v 
are Cartier, spanned by global sections, and let Aj C Mr be the polytope of 
sections of Ej. Note that £J =1 Ej = -K Y . With Vj = convexhull {{0} U Ij} 
the Minkowski sum 

Vbb = Vi + ... + V c 
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is again a reflexive polytope with V* BB = convexhull (A x U ... U A c ). Let 
£° = NF(V BB ), let 

S° (1) = Ji U ... U J c 

be the disjoint union corresponding to the partition vertices (V* BB ) H Aj of 
the vertices of and E° = Y,ve.j D °v Then X in Y = P (A) given 

by general sections of (£1 ),..., (E c ) and 1° in Y° = P(V B b) defined 
by general sections of (E°) , (E°) form a mirror pair with respect to 
stringy Hodge numbers. 

Section 2.3 introduces the Greene-Plesser orbifolding mirror family given 
by R,0dland for the general Calabi-Yau threefold X of degree 14 in P 6 defined 
by the Pfaffians of a general linear skew symmetric map 

70 (-1) -> 70 

The mirror is given as a general element of the 1 = h 1,1 (X)-parameter family 
with fibers in a Z 7 -quotient of P 6 defined by the Pfaffians 
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in C [t] <S> C [xq, x 6 ], i.e., by the square roots of the 6x6 diagonal minors. 

Section 3. The next main section introduces examples of monomial 
degenerations of Calabi-Yau varieties, which will serve as an input for the 
tropical mirror construction. Section 3.1 defines the natural monomial de- 
generations associated to hypersurfaces given by reflexive polyhedra and to 
complete intersections given by nef partitions. Let A C Mr be a reflexive 
polytope, Y = P (A) a toric Fano variety with Cox ring S, E = NF (A) and 
E (1) = Ii U ... U I c a nef partition. Then we obtain a degeneration given by 

I = (t ■ gj + rrij I j = 1, c) C C [t] <g) S 

with rrij — y v 
veij 
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and monomial special fiber 

J o = (mj | j = l,...,c) 

Section 3.2 gives monomial degenerations of some non complete intersection 
Pfaffian Calabi-Yau varieties. A monomial degeneration of a general Pfaffian 
elliptic curve in P 4 defined by the Pfaffians of a general linear skew symmetric 
map A : 50p4 (—1) — > 50p4 is given by the Pfaffians of 
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define a monomial degeneration of a general degree 14 Pfaffian Calabi-Yau 
threefold. In the same way there is a monomial degeneration of a general 
Calabi-Yau threefold of degree 13 in P 6 defined by the Pfaffians of a general 
skew symmetric map O (-2) © AO (-1) -> O (1) © 4(9. 

Section 4. The next main section introduces fundamental facts from 
tropical geometry used to formulate the mirror construction. Section 4.1 
defines the amoeba of a subvariety of a torus as its image under the map 

lo gi : (C*) n -> R n 

(z!,...,Zn) l-> (l0g t |^i I ,...,l0g t |^ n |) 

Let X be the metric completion of the field of Puisseux series C (t) with 
respect to the norm ||/|| = e~ val ^\ where val (f) denotes the exponent of 
the lowest weight term of /, and let / C K [xi, x n ] be an ideal. Section 4.2 
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relates the limit for t — > oo of the amoeba given by I to the non-Archimedian 
amoeba. This is the image under 

val_ : (K*) n+1 -> R n+1 
(fi, -, fn) >-»■ (-uaZ (/i) , -vol (/„)) 

of the vanishing locus Vx (/) of / over K. The non-Archimedian amoeba of 
/ is also called the tropical variety tropvar (I) of /. Note that here we take 
the negative of the vanishing order in the definition of the valuation map, as 
in the context of tropical geometry one usually considers the point of view 
of the (max, +) algebra. 

Section 4.3 lists the basic properties of tropical varieties, in particular 
their characterization as the set of weight vectors w G lR n such that in w (I) 
contains no monomial. In Section 4.4 we recall the algebraic description of 
tropical varieties. Given a polynomial / G K [x±, x n ] we replace + by 
max, multiplication by + and the coefficients c by —val (c) hence associ- 
ating to / a piecewise linear function trop(/). Then tropvar ((/)) is the 
non-differentiability locus of trop (/). In the same way tropvar (7) is the in- 
tersection T (trop (/)) of the non-differentiability loci of all trop (/) for / G I. 
In Section 4.5 we relate the tropical variety of I C C [t,xi, ...,x n ] to a com- 
plex BC- (I), defined via its underlying set, which is the set of those points 
on the unit sphere that are the limit of projections of points of log (V (I)) on 
an expanding sphere jS n for j — > oo. The fan BF_ (I) is defined as the fan 
over BC^ (I). Note that the fan BF_ (I) is known in the literature as the 
Bergman fan, which differs by reflection at the origin from the Bergman fan 
BF (I) as we defined above. The relation between tropvar (I) and BC- (I) 
is given by stereographic projection 7r_ of the lower half unit sphere from 
to the plane {w t = —1} = R n of t- weight —1. 

In the definition of the amoeba, of the non-Archimedian amoeba, of 
the tropical variety, of the non-differentiability locus of trop (/) and in the 
definition of BC- (I) and BF- (I) we adopt the Grobner basis point of view, 
looking at the maximal weight term and take weight (c) = —val (c) for con- 
stants c G K. From the point of view of degenerations and local arc so- 
lutions of the total space of a degeneration at the special fiber, it is more 
natural to consider the minimal weight term combined with the definition 
weight (c) = val (c) for constants c G K. Summarizing, in our notation we 
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have 

val (V K (/)) = vr (BF (I) n S n fl {iu t > 0}) 

= - lim (log, V (I t )) = - val_ (Vk: (/)) 

t— >oo 

= — tropvar (7) = — T (trop (/)) 
= -tt_ (J) n S n n {w t < 0}) 

where 7r is the stereographic projection of the upper half unit sphere from 
to the plane {w t = 1} = lR ra of t- weight 1 and in the same way 7r_ from the 
lower half unit sphere. 

Section 5. This section gives the standard characterization of flatness 
via Grobner bases, e.g., a first order degeneration X defined by 

{fi + t-g 1 ,...,f r + t-g r )cR®C [t] I (t 2 ) 

with special fiber given by (/i, f r ) is flat if and only if any syzygy £V Oj/j = 
G R lifts to a syzygy between /i + tg±, / r + tg r , i.e., there are bi G R 
such that 

^ (a, + tbi) (fr + = G i2 ® k [t] I (f) 

% 

Section 6. We recall the definition of the Grobner fan of an ideal intro- 
duced by Mora, its dual description via state polytopes and the construction 
of multigraded Hilbert schemes. Furthermore, we connect stability of the 
Hilbert point with state polytopes. The existence of the multigraded Hilbert 
scheme shows that ideals in the Cox ring provide the right framework to 
describe subvarieties in toric varieties. 

Our main interest in the Grobner fan is the computation of tropical vari- 
eties, so in Section 6.1 we begin with a concept for computing the Bergman 
fan. Consider an ideal J C C [xi, x n ] such that every weight vector is 
equivalent to a non- negative weight vector, e.g., a homogeneous ideal. Sec- 
tion 6.2 introduces the Grobner cone of weight vectors equivalent to a given 
global ordering > and the Grobner fan GF(J). The maximal cones of the 
fan GF (J) correspond to the monomial initial ideals of J. Section 6.3 gives 
a simple algorithm terminating with the fan GF(J). We take a cone C in 
a non complete subfan of GF (J) and move into the complement of the fan 
along an outer normal vector of a face, which appears in the fan only once. 
Then we compute the corresponding Grobner cone. Note that this is well 
suited for using Grobner walk algorithms. 
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The second part of Section 6 deals with the Hilbert scheme and stability. 
Generalizing step by step, we begin in Section 6.4 with the setup of homoge- 
neous ideals J with fixed Hilbert polynomial Ps/j in S = C [xo, ...,x n ] with 
respect to the grading 

o _, z n 4 z n+1 z -> o 

with 

/ 1 

1 

V-i ... -iy 

i.e., ideals in the Cox ring of P n . We recall the construction of the Hilbert 
scheme, the state polytope and the characterization of stability via the state 
polytope as given by Bayer and Morrison in [Bayer, Morrison, 1988]. 

After summarizing in Section 6.5.1 some facts on G-linearizations of line 
bundles for an afnne algebraic group G acting rationally on an algebraic 
variety, we generalize to the toric setting. In the same way as for the case 
of subvarieties of P n , the key ingredients are the Grassmann functor and the 
Hilbert functor explained in Sections 6.6.1 and 6.6.2 as given by Haiman and 
Sturmfels in [Haiman, Sturmfels, 2004]. Let A; be a commutative ring, A a 
set and S a polynomial ring graded by a set A. If h : A — > N is a function 
and R is a /c-algebra, then the Hilbert functor M^ s F ^ is defined via 

M 11 ( R\ — / T I L d R® S \s an F-submodule with 1 
i K ) - j-k I ( Rlg) grj j La locally free of rank h{a)\faeA J 

Here the notion of an F-submodule is defined via sets of operators F a ^ C 
Homfc (S a , Sb)- Under appropriate conditions is represented by a closed 

subscheme of a projective Grassmann scheme. The key point is the restriction 
to a finite set of degrees. In the case of the homogeneous coordinate ring of 
P™ one can restrict to one degree. 

Considering an example by Haiman and Sturmfels, Section 6.6.3 explains 
the application of this construction to the Hilbert scheme of admissible ideals, 
i.e., ideals with the property that (S/I) a = S a /I a is a locally free /c-module 
of finite rank for all a E A. Note that this setup is not directly applicable 
even to the homogeneous coordinate ring of projective space. As a second 
example, Section 6.6.4 applies the above construction of to obtain the 
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classical Hilbert scheme via truncation 7> a of ideals at an appropriate degree 
a. 

The tangent space at / e f) (^) °f the scheme representing M^ s F ^ is 
described as Hom 5 (/, 5'//) in Section 6.6.5. 

Sections 6.6.6 and 6.6.7 give an overview of Stanley nitrations and multi- 
graded regularity as introduced by Maclagan and Smith in 
[Maclagan, Smith, 2004] and [Maclagan, Smith, 2005]. If Y is a smooth toric 
variety, M is a finitely generated S'-module then for m e ^4 n -i (Y) the notion 
of m-regularity is defined via local cohomology. The regularity of M is the set 
of all degrees m G A n _i (Y) such that M is m-regular. In Section 6.6.8 the 
multigraded Hilbert functor R i— > My (R) associating to a C-algebra R the 
set of ideal sheaves J of families of subschemes IcFxc Spec R — > Spec i? 
with fixed multivariate Hilbert polynomial P is given. Using the above con- 
struction of ™, the functor Hy is represented by a projective scheme over 
C. The finite set of degrees to represent My as a subscheme of a Grassmann 
scheme can be computed algorithmically. 

In Section 6.6.9 we introduce the state polytope in the multigraded set- 
ting and characterize the sets of stable and semistable points via the state 
polytope. If / is an ideal in the Cox ring of a smooth toric variety with 
Hilbert function h and EI the corresponding Hilbert scheme, then the Hilbert 
point H (I) e H is in the stable locus HP if and only if is in the interior of 
the state polytope State (J) of I. 

Finally, given a toric variety Y defined by a fan E C we identify in 
Section 6.7 the weight vectors on the Cox ring S of Y with the vectors in TVr 
by dualizing the presentation of the Chow group. Hence, the Grobner fan of 
an ideal in the Cox ring of Y can be considered as a fan in N K . 

Section 7. This section considers toric Fano varieties Y in the sense 
that some multiple of —Ky is an ample Cartier divisor. It explains how 
Fano polytopes P C TVr represent Q-Gorenstein toric Fano varieties defined 
by the fan over the faces of P. This is the right category of toric Fano 
varieties with respect to toric Mori theory. 

Section 8. Here we formulate the tropical mirror construction for com- 
plete intersections. The construction takes as an input the degenerations 
associated in Section 3.1 to complete intersections defined by nef parti- 
tions. So let A C Mr be a reflexive polytope, Y = P (A) the correspond- 
ing toric Fano variety with Cox ring S, presentation matrix A of A n _i (Y) 
and £ = NF (A) C N R . Let E(l) = h U ... U I c be a nef partition 
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and Aj C Mr the polytopes of sections of the corresponding divisors and 
Vj = convexhull {{0} U Ij}. Let X C Y x Spec(C[t]) be the associated 
degeneration as defined above by the ideal 

I= (fj = t- 9j +m j \j = l,...,c)cC [t] ® S 

and let Jo C S be the ideal with minimal generators rrij. We begin in Section 

8.1 by exploring the properties of these degenerations and describe in Section 

8.2 the special fiber Grobner cone C Io (I) C R © iV R and the special fiber 
polytope 

v = c Io (/) n {w t = 1} c n r 

The special fiber cone C/ (J) is cut out by the half-space equations corre- 
sponding to first order deformations contributing to the tangent vector of X 
at the special fiber. We show that the reflexive polytope V coincides with the 
Batyrev-Borisov mirror polytope. Section 8.3 gives an explicit description of 
the initial ideals of the faces of V and Section 8.4 introduces the map 

dual : Poset (V) -> Poset (V*) 

between the complexes of faces of V and V* associating to a face F of V 
the convex hull of all first order deformations appearing the initial ideal of I 
with respect to F. So, if 

in F (fj) = t ^2 c « m + m i 

m&G 3 {F) 

then 

dual (F) = convexhull (V 1 (j^j \ m e Gj (F) , j = 1, cj C M M 

Note that first order deformations correspond to Cox Laurent monomials of 
degree hence via the presentation matrix A of the Chow group to elements 
of M. Indeed we show that dual (F) = F* is the face of V* dual to F. 

By considering the faces of V which correspond to cones in the Bergman 
fan we obtain in Section 8.5 the Bergman subcomplex B (I) C Poset (V) of 
the poset of faces of V. In Section 8.6 we give an inclusion reversing map 
from B (I) to the complex of faces of A 

fi: B(I) -> Poset (A) 
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by taking the Minkowski sum over the faces of V* corresponding to defor- 
mations of the individual equations, i.e., 

fi{F)=^2 convexhull ^A~ x (^^j \ m e Gj (F) 
We relate \i (F) and dual (F) in Section 8.7 via 

c 

fi(F) = Y^ dual (F) n Aj 

3=1 

In Section 8.8 we relate the maps lim and /i. If F is a face of B (I), then 

lim(F) = V((/,(F))*) 

is the toric stratum of Y corresponding to the face /i (F) of A. Figure 0.1 
shows the complexes B (I) and lim (B (J)) and the polyhedra V and A for the 
monomial degeneration of the complete intersection of two general quadrics 
m P 3 as given above. 




lim 




Figure 0.1: Limit correspondence for the monomial degeneration of the com- 
plete intersection of two general quadrics in P 3 and its mirror 



Section 8.10 gives a c : 1 covering of the complex B (J) v by faces of 
dual (B (J)). The covering is induced by associating to F e B (J) the faces 



{F* fl Aj \ j — 1, c} 
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Note that this covering can have degenerate faces in the sense that dim (F* n Aj) 
can be less than dim (F v ) = d — dim (F), but the faces are always non-empty. 
We give an algorithm computing this covering from the complex dual (B (/)). 

Let Y° = P (V) and A° be the presentation matrix of A n -\ (Y°). Applying 
in Section 8.11 the covering algorithm on the mirror side to the complex 
(/j, (F))*, via the sheets we obtain the ideal 



defining the mirror degeneration 1° C P (V) x Spec C [t] . Here the mono- 
mials m° are the least common multiples of denominators of the Cox Lau- 
rent monomials A° (5) for 5 G (/i (B (/)))* H Vj. Passing from 1° to the 
ideal of the tropical mirror as defined above by applying the deformations in 
(/i (B (I)))* C\ N to the special fiber ideal 



is the toric analogue of saturation, also valid for non-simplicial toric vari- 
eties. It does not change the geometry of the degeneration X° or the objects 
involved in the tropical mirror construction. 

Along Section 8 we visualize the objects introduced in the tropical mir- 
ror construction for the example of the general complete intersection of two 
quadrics in P 3 . 

In Section 8.12 we apply the tropical mirror construction to some com- 
plete intersection examples. In particular, by considering a set of Fermat 
deformations in order to relate Y° to a different birational model, we obtain 
the Greene-Plesser type orbifolding mirror family of the complete intersec- 
tion of two cubics in P 5 as given in [Libgober, Teitelbaum, 1993]. Note that 
the text is computer generated by the implementation of the tropical mirror 
construction in the Maple package tropicalmirror. 

Section 9. This Section gives the tropical mirror construction in its 
general form, as outlined above. 

We begin in Section 9.1 with a summary and continue in the following 
sections by introducing fundamental concepts used in the tropical mirror 
construction. Section 9.2 represents torus invariant first order deformations 
of monomial ideals by lattice monomials. Let Y — X (£) be a toric variety 
given by the fan £ in A" R , let S = C [y r \ r e £ (1)] be the Cox ring of Y 




l,...,c) C ,S ®C[t] 



p| FeB( n {z G * I G a facet of V with F C G) C S° 
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and / cSa monomial ideal. The space of degree first order deformations 
Horn (J , S/Io) has a basis of (C*) -deformations. Any such homomor- 
phism 5 : Iq — > S/Iq is representable by a degree Cox Laurent monomial ^ 
with relatively prime monomials qo,qi G 5* via 

^ c m ) = / § ' m if g ° I m 
\ otherwise 

for minimal generators m G Iq. Via the sequence 

0^l4 Z s « d A g A n _, (X (E)) - 

^ corresponds to a lattice monomial in M = Horn (iV, Z). 

In Section 9.3 we give a combinatorial description of the vanishing loci in 

Y of reduced monomial ideals J C S. Given a monomial m E I Q , denote by 

rays m (E) = {r G E (1) | y r divides m} 

the set of rays of E such that y r divides m. We define the stratified toric pri- 
mary decomposition SP (I ) as the complex, which has as faces of dimension 
s the ideals (y r \ r C a) for all cones a G E of dimension n — s which contain 
a ray in rays m (E) for all monomials m G Jo- 
Suppose A is a polytope with E = NF(A). Then SP(Iq) is naturally 
isomorphic to the complex StrataA (Iq) of strata of 7 . We define StrataA (Iq) 
as the complex which has as faces of dimension s those faces F of A such 
that for all monomials m G Iq the set 

{G | G facet of A with y G * \ m} 

contains a facet G with F C G. Suppose that the vanishing locus Xq of Jo in 

Y is equidimensional of dimension d. The complexes SP (Jo) — StrataA (Jo) 
describe the vanishing locus of J and they define the ideal 

to = r\jesp(i ) d j 

= rVestrata A (/ ) d I G a facet of A with F C G) 

naturally associated to X . Passing from J to Iq is the toric analogue of 
saturation. Note that we do not assume Y to be simplicial. 

If A is a simplex and Jo is a Stanley-Reisner ideal given by a simpli- 
cial subcomplex Z of the complex of cones of E = NF (A), then we relate 
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StrataA (io) to Z via the map associating to a face F e StrataA (Po) the hull 
of the rays of E not contained in hull (F*). 

In Section 9.4 we introduce the notion of locally irrelevant deformations. 
Let Jo C 5 be a reduced monomial ideal defining X C Y, Xi a stratum of 
X and X a first order deformation of X . Then X is called locally irrelevant 
at Xi if there is a formal analytic open neighborhood U C F of and an 
isomorphism 

(P n X ) x Spec (C [i] / (t 2 )) ^Ifl(f/x Spec (C [i] / (t 2 ))) 

extending X x Spec (C [t] / (t 2 )) C X. 

In Section 9.5 we give the setup for the tropical mirror construction. 
Consider N = Z n , M = Horn (TV, Z), P a Fano polytope, E = E (P) the 
fan over the faces of P and F = X (E) with Cox ring 5. Let Iq d S 
be a reduced monomial ideal with I = Pp and equidimensional vanishing 
locus. Let X C F x SpecC[[t]] be a degeneration of Calabi-Yau varieties 
of codimension c, which is given by / C S <8> C [t] and with special fiber X 
defined by I . 

We give the conditions assumed to be satisfied for the input degeneration 
X. Formulated in an explicit and testable form, these conditions are: 

1. c Io (i) n { Wt = 0} = {0} 

2. C/ (/) is the cone defined by the half-space equations corresponding to 
the torus invariant first order deformations appearing in the reduced 
standard basis of J in S'x C [t] / (t 2 ) with respect to a monomial ordering 
in the interior of C/ (I). 

All lattice points of F* appear as deformations in I. 

3. V* C A, which is equivalent to the condition that any first order de- 
formation appearing in / is also a deformation of the anticanonical 
Calabi-Yau hypersurface in F. 

4. Any facet of StrataA (Iq) is contained in precisely c facets of A. 

5. Any facet of B (I) is contained in precisely c facets of V. 

An interpretation of these conditions with respect to the geometry of X is 
given. We can satisfy requirement 
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1. via a condition on the position of the Hilbert point of I with respect 
to the state polytope of the general fiber, 

2. via a genericity condition on the tangent vector with respect to the 
tangent space of the component of the Hilbert scheme containing X, 

3. via the condition that Ox has a resolution 

- Oy {-K Y ) - ... - T x - Oy - Cx - 
with direct sums JF^- = 0jCV (-Dji), 

4. via the components of X being given by c linear equations, 

5. via a condition on the locally relevant deformations of X at the zero 
dimensional strata of X . 

In Sections 9.6-9.12 we formulate the tropical mirror construction in the 
general setting as already outlined above. Section 9.6 describes the special 
fiber Grobner cone C Io (I) C R © N K and the special fiber polytope 

V = C Io (I) n {w t = 1} C N R 

The polytope V* C Mr is a Fano polytope, so the Fan E° = E (V*) over the 
faces of V* defines a toric Fano variety Y° = X (E°) with Cox ring S* . 
Let 

o^m4 Z s(1) A n _! (X (E)) — > 

be the presentation of the Chow group of divisors of X (E). Consider a face 
F of V*. The initial forms of the reduced standard basis of / in S<S>C [t] / (t 2 ) 
with respect to a monomial ordering in the interior of V involve a minimal 
generator of Jo- Dividing the non special fiber monomials by the special 
fiber monomial of the initial forms and applying A' 1 we obtain a set lattice 
monomials. In analogy to complete intersections associating to F of V the 
convex hull of these lattice monomials, we define in Section 9.7 the map 

dual : Poset (V) -> Poset (V*) 

We observe that for F G Poset (V) 

dual (F) = F* 
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and all lattice points appear in the initial ideal. The non-special fiber mono- 
mials of the initial forms decompose into characters of the torus (C*) , 
which are just the Cox Laurent monomials associated to the lattice points of 
F*. The characters correspond to deformations of X in Horn (Jo, S/Io) . 

The complex dual (B (J)) can be seen as a polyhedral representation of 
the structure of the ideal J, as described by structure theorems like the Koszul 
resolution for complete intersections or the Buchsbaum-Eisenbud theorem for 
codimension 3 subcanonical varieties. 

We define in Section 9.8 the special fiber Bergman complex 

B (I) = (BF (J) n Poset (C 7o (J))) n {w t = 1} C Poset (V) 

of those faces J 1 of V such that nip (J) does not contain a monomial. Note 
that the Bergman fan BF (J) contains more information than the combina- 
torial objects derived from B (J). 

Section 9.9 explores the covering structure in dual (B (J)) over B (J) v , 
generalizing the c : 1 trivial covering in the case of complete intersection. 

In Section 9.10 we describe the limit map lim : B (J) — > Strata (X ). Let 
K be the metric completion of the ring of Puisseux series as defined above. 
We introduce the notion of Cox arcs as elements of 

(K*f {1) I Hom z {A n _ x (Y) , K*) = Hom z (M, K*) = (K*) n 

representing via the presentation of A n _i (Y) elements of the torus (K*) n of 
dimension n = dim (Y). Then Vk (J) C (K*) n is the image of the vanishing 
locus of J C C [t] <g> S in (K*f (1) / Hom z (A n _i (X (£)) , K*). The limit map 

lim : B (J) -> Strata (X ) C Strata (Y) 

F ^ {lim t ^ o a(0 I a e vaE 1 (int (F))} 

associating to a face F of B (I) the stratum of X of limit points of arc 
solutions of J over the interior of F. If F is a face of the special fiber Bergman 
complex B (J), then there is a unique cone r of S such that int (F) C int (r) 
and 

lim (F) = V (t) 

is the torus stratum of Y corresponding to r. 

In Sections 9.11 and 9.12 we define the mirror special fiber and the first 
order conjectural mirror degeneration. This generalizes the case of complete 
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intersections. Denote by d = dim (B (/)) the fiber dimension of X. As noted 
above, the mirror special fiber is the vanishing locus of the ideal 



in Y° and the first order mirror degeneration is the vanishing locus of 



In Section 9.13 we propose the notion of a set of Fermat deformations 
associated to a monomial degeneration X. The goal is to relate, if possible, 
the tropical mirror degeneration X° to an orbifolding mirror family. For 
simplicity we assume that the fibers of I C P n x Spec C [t] are in projective 
space. A set of Fermat deformations of X is a set # of non-trivial first order 
deformations of X in X corresponding to vertices of faces of dual (B (I)). So 
the elements of $ have an interpretation as Cox variables of Y°. We require 
£ to satisfy the following properties: 

• For all zero dimensional strata p of P™ precisely one of the vertices of 
the faces F G dual (B (I)) with lim (F) = p is an element of 

• The convex hull of # in Mr is a full dimensional polytope containing 
in its interior, so J spans a fan S° over a lattice simplex. 

• The elements of $ are incomparable with respect to the preordering 
of Cox Laurent monomials given by divisibility of the denominators 
(assumed to be relatively prime to the numerators). 

The fan S° defines a toric Fano variety Y° = X which is an orbifold 
of a weighted projective space. We describe the special fiber of the monomial 
degeneration X° induced by X° via a birational map Y° — > Y°. The degen- 
eration X° involves the first order deformations represented by the degree 
Cox Laurent monomials 




= ClFeBd) ( z g* I G a facet of V with F C G) C S° 




<0 
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in the Cox ring of Y°. 

Section 10. Here, we apply the tropical mirror construction to non 
complete intersection Pfaffian examples. 

We begin in Section 10.1 by recalling the structure theorem of Buchsbaum 
and Eisenbud for Pfaffian subschemes of P n . Excluding special cases, locally 
Gorenstein subcanonical schemes of codimension 3 of P n are locally given 
by the Pfaffians of order 2k of a skew symmetric map : £ (—t) — > S* for 
some vector bundle S — > P n of rank 2k + 1. By the theorem of Buchsbaum- 
Eisenbud, they have a locally free resolution of the form 

-> C P n (-t - 2s) ^ £ (-* - s) ^ S* (s) -> P n -> Ox -> 

with s = ci (£) + fct. We recall the list of Pfaffian Calabi-Yau threefolds given 
in [Tonoli, 2000]. 

In Section 10.2 we make some remarks on the deformation theory of Pfaf- 
fian ideals. The deformations of arithmetically Gorenstein Pfaffian varieties 
are unobstructed and the base space is smooth given by the independent 
entries of the skew symmetric syzygy matrix. These observations allow to 
apply the tropical mirror construction to monomial degenerations of Pfaffian 
ideals and to extend first order mirror families X o1 G Y° x SpecC [t] / {t 2 ), 
which obey the structure theorem of Buchsbaum and Eisenbud, to flat fam- 
ilies X° C Y x SpecC [t]. 

Section 10.3 applies the tropical mirror construction to the monomial 
degeneration X of the general Pfaffian elliptic curve in P 4 as defined in Section 
3.2. Note that the total space of X is a local complete intersection and 
the tropical mirror construction treats this example much like a complete 
intersection. The covering of B(iy in dual {B (I)) is c : 1 unbranched, 
but not a trivial c : 1 covering like it would be for a codimension c = 3 
complete intersection. Figure 0.2 shows a projection into 3-space of the 
complex lim (£?(/)) C Poset (A). Figure 0.3 visualizes a projection of the 
facets of the polytope V* and the subcomplex dual (B (I)) C Poset (V*) of 
the boundary of V*. Figure 0.4 shows the topology of dual (B (/)). The faces 
of the complex are labeled by their image under lim and the lattice points of 
the faces are labeled by the corresponding deformations of I . The complex 
dual (B (/)) has 5 prisms as facets of dimension 3 and 5 triangles as faces of 
dimension 2. Every prism intersects two of the other prisms along triangles. 
The vertices of the triangles and the edges of the prisms connecting these 
vertices form the 3 : 1 unbranched covering of B (J) v . 
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(xi,x 2 ,x 3 ,x ) 




(x 1 ,x 2 ,x i ,x ) 



Figure 0.2: Projection of the complex lim (B (J)) C Poset (A) for the mono- 
mial degeneration of the general Pfaffian elliptic curve in P 4 



In Section 10.4 we apply the tropical mirror construction to the monomial 
degeneration given in Section 3.2 for a general Calabi-Yau threefold of degree 
14 in P 6 defined by the Pfaffians a general skew symmetric map 70 ( — 1 ) — > 
70. Using the concept of Fermat deformations from Section 9.13, we relate 
the mirror degeneration to the orbifolding mirror given by R0dland. 

Section 10.5 applies the tropical mirror construction to a monomial de- 
generation of the general Pfaffian Calabi-Yau threefold of degree 13 in P 6 
defined via a general skew symmetric map O (—2) © AO ( — 1) — > O (1) © AO, 
as given in Section 3.2. Applying the concept of Fermat deformations to 
switch to another birational model of Y° with Chow group of rank 1, we 
relate the mirror degeneration to a Greene-Plesser orbifolding mirror family. 
This degeneration satisfies the structure theorem of Buchsbaum-Eisenbud, 
in particular, allows extension of the first order mirror degeneration. 

Note again that the text of these examples is computer generated from 
the output of the Maple package tropicalmirror, so all examples use the same 
text fragments. 

Section 11. The next main section contains some remarks on the tropical 
computation of stringy E'-functions. 
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Figure 0.3: Projection of the complex dual (B (I)) for a monomial degener- 
ation of the generic Pfaffian elliptic curve in P 4 



As this gives the general direction, we recall in Section 11.1 the rela- 
tion of h^ 1 * 1 (A), h° (X,N X /p») and Aut (P n ) for Calabi-Yau manifolds of 
dimension d in projective space P n . 

Section 11.2 explains Batyrev's original formulas for ft, 1 ' 1 (A J and h d ~ 1,1 [X\ 
via MPCP (maximal projective crepant partial) desingularizations X — > X. 

In Section 11.3 we explain a tropical method to compute / i 1 . dim ( x )~ 1 (X) 
for the general fiber A of a Calabi-Yau monomial degeneration with fibers 
in Y = P n , which is given by the ideal I. We consider the lattice points of 
the dual complex dual (B (/)), which do not correspond to roots of the toric 
variety Y (which are trivial deformations), and then divide out the torus. 

In Section 11.4 we recall some known formulas for stringy i?-functions 
and give some ideas on a formula for the stringy i?-function of a Calabi- 
Yau variety computed from the tropical data we associated to a monomial 
degeneration. We begin in Section 11.4.1 with the example of the stringy 
.E-function of a toric variety. Section 11.4.2 gives Batyrev's general concepts 
for the computation of stringy E'-functions and we consider the example of 
Calabi-Yau hypersurfaces in toric varieties in Section 11.4.3. Section 11.4.4 
recalls Batyrev's and Borisov's computation of the stringy E'-function of a 
complete intersection, which works by relating the complete intersection to 
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{x 2 ,x 3 ,x } 



(x 2 ,x :i ,x i ,x ) 



X!,X 3 ,X 



(Xi,X 3 ,X4,,Xo) 



(X 1 ,X 2 ,X3,X ) 
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(x 1 ,x 2 , Xi) 



{x 2 ,X4,x ) 
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(x 1 ,x 2 ,x i ,x } 



(x 1 ,x 3 ,x i ) 



(x 1 ,x 2 ,x 3 ,x i ) 



Figure 0.4: Topology of the complex dual (B (J)) for a monomial degenera- 
tion of the generic Pfaffian elliptic curve in P 4 



a hypersurface. Finally, Section 11.4.5 makes some remarks on a tropical 
formula for the stringy .E-function. 

Section 12. This section gives some remarks on computer algebra li- 
braries which have been written by the author in the context of the trop- 
ical mirror construction. See also Section 1.3.14 for some remarks on the 
implementation within the Maple package tropicalmirror of Algorithm 1.140 
computing the secondary fan and the GKZ decomposition. 

Section 12.1 explains the syntax of the Macaulay2 library mora.m2 which 
implements the standard basis algorithm. See also the remarks in Section 1.4. 
The goal was to provide a simple, transparent and flexible implementation 
capable of intermediate output useful for testing and didactical purposes. 

The Macaulay2 library homology. m2, described in Section 12.2, computes 
the homology groups of a simplicial cell complex and is useful in the context 
of Stanley nitrations. 

Section 12.3 gives an outline of the Macaulay2 library stanleyfiltration.m2 
providing functions computing a Stanley decomposition and Stanley filtration 
of an ideal and the set of monomial ideals in a multigraded polynomial ring 
with given multigraded Hilbert polynomial. 
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Finally, Section 12.4 explains the syntax of the key functions of the Maple 
package tropicalmirror which gives a full implementation of the tropical mir- 
ror construction. It takes as an input a Fano polytope P and a Calabi-Yau 
monomial degeneration X with fibers in the toric Fano variety Y = X (E), 
where £ = £ (P) is the fan over the faces of P. The degeneration is defined 
by equations rrii + tg^ e S <S> C [t] , where the rrii are the minimal generators 
of a monomial ideal Jo C S in the Cox ring S of Y defining the special 
fiber Xo of X. The library outputs the mirror Fano polytope P° and the first 
order mirror degeneration X° with fibers in X (E°), S° = S (P°) specified 
in an analogous way to X. The package tropicalmirror provides functions to 
compute the various intermediate objects introduced in the tropical mirror 
construction. The library also contains a function to find sets of Fermat 
deformations and the corresponding contracted degeneration X°. We pro- 
vide a function, which tests whether a first order degeneration satisfies the 
Koszul or Buchsbaum-Eisenbud structure theorem and extends degenera- 
tions to a flat family over Spec C [t] , provided the arithmetically Gorenstein 
Buchsbaum-Eisenbud structure theorem applies. 

Section 13. The last main section explores the perspectives of the trop- 
ical mirror construction, the underlying concepts and technical formalisms. 

In Section 13.1 we note that the natural next step is to compute from the 
tropical objects the stringy /^-functions and more generally string cohomol- 
ogy in order to deal with the singular general fibers appearing in the tropical 
mirror construction. The tropical formula should generalize Batyrev's for- 
mula for the stringy i?-function of anticanonical hypersurfaces in Gorenstein 
toric Fano varieties. 

Section 13.2 raises the question of the computation of the local Hilbert 
scheme and moduli stack. The concepts of Section 6.6 introduced by Haiman 
and Sturmfels allow algorithmic computation of the local equations of the 
Hilbert scheme for ideals in the Cox ring of a smooth toric variety. Using the 
ideas noted in Sections 6.6.8 and 9.3, one should be able to generalize the 
multigraded regularity and Hilbert scheme to the setting of simplicial and 
further to non simplicial toric varieties. 

Section 13.3 raises the question of relating the tropical mirror construction 
to the mirror construction by Gross and Siebert via integrally affine struc- 
tures. 

As noted in Section 13.4, the non-Archimedian amoeba map gives a de- 
generate torus fibration of the special fiber, hence we ask the question to 
obtain from this, via the amoeba map, a torus fibration of the general fiber. 
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Section 13.5 suggests to apply the tropical mirror construction to fur- 
ther Calabi-Yau degenerations with fibers in projective space. Altmann and 
Christophersen compute the first order deformations and obstructions of 
Stanley-Reisner rings. Applying these algorithms in the case of triangula- 
tions of spheres one can obtain the necessary data to apply the tropical mir- 
ror construction for smoothable examples. We also ask in Section 13.6 how 
to generalize the work of Altmann and Christophersen to the non-simplicial 
toric setting. 

Section 13.7 suggests to extend the structure theorem of Buchsbaum- 
Eisenbud to describe codimension 3 Calabi-Yau ideals in the Cox ring of a 
toric variety. 

Tropical geometry is known to reflect the p-adic geometry, so Section 13.8 
raises the relation of the tropical mirror construction to mirror symmetry over 
finite fields and ^-functions as explored by Candelas et al. 

A central question is the extension of topological mirror symmetry to the 
stronger condition of mathematical mirror symmetry via Frobenius mani- 
folds. So Section 13.9 makes some remarks on the question of computation 
of instanton numbers and the A- model correlation functions. Section 13.10 
raises the question of describing quantum cohomology rings from the tropical 
data via GKZ hypergeometric differential equations associated to toric data. 

Acknowledgements. 

My hearty thanks go to Frank-Olaf Schreyer for his great support and 
the privilige to be his assistant at the University of Saarland. He always had 
an open ear to my questions and supported my mathematical development. 
He made many helpful suggestions and introduced me to the mathematical 
foundations necessary for the tropical mirror construction. Also many thanks 
to Wolfram Decker and all the members of the algebraic geometry group in 
Saarbriicken for the great working environment. I wish to heartily thank 
Stavros Papadakis always being willing to answer so many of my questions 
about algebraic geometry. Many thanks to Christine Wilk-Pitz for being a 
great colleague. My thanks also go to all members of the algebraic geometry 
group in Bayreuth. 

I would like to thank the University of Saarland, the Forschungsschwer- 
punkt "Globale Methoden in der komplexen Geometrie" and the University 
of Oslo for their support. 

I am grateful to Jan Arthur Christophersen for a lot of helpful suggestions 
and fruitful discussions during my stay at the University of Oslo in spring 



45 



2006 and also all other members of the algebraic geometry group in Oslo. I 
wish to thank Bernd Siebert and Mark Gross for their great hospitality and 
the helpful discussions during my visits in 2004 and 2006 at Albert-Ludwigs- 
Universitat in Freiburg. Also I would like to thank Klaus Altmann for the 
visit at the Freie Universitat Berlin in summer 2006 and Duco van Straten 
for his hospitality at Johannes Gutenberg-Universitat in Mainz. 

Many thanks to the organizers David Eisenbud, Joe Harris and Frank- 
Olaf Schreyer of the Oberwolfach Classical Algebraic Geometry meeting in 
2004, and Gregory Mikhalkin whose talk on the tropical curve count on Fano 
surfaces triggered my interest in considering tropical geometry in the context 
of mirror symmetry. I would like to thank the organizers and lecturers of 
the Nordfjordeid conference on tropical geometry and algebraic statistics in 
fall 2006 and especially Bernd Sturmfels from UC Berkeley for our great 
discussions concerning the tropical mirror construction. 



46 



1 Prerequisites 



1.1 Calabi-Yau varieties and mirror symmetry 

Definition 1.1 A normal projective d- dimensional algebraic variety X is 
called a Calabi- Yau variety if it has at worst Gorenstein canonical singu- 
larities, K x = O x and h* (X, O x ) = for < % < d. 

Remark 1.2 The Hodge diamond of a Calabi-Yau d-fold X , formed by 
the Hodge numbers h p,q (X) = dimif|' 9 (X) = dim if 9 (X, £l p x ), has horizon- 
tal and vertical symmetry by Serre duality and Hodge duality, and VL d x = 
Kx = Ox, hence 

H ** (X) = W {X, Ox) = H l (X, Q d x ) = H d ' 1 (X) 

e.g., ford = 3 

1 



h 2 > 2 (X) 

1 h 2 ' 1 (X) h 1 ' 2 (X) 

h 1 ' 1 (X) 



1 

Definition 1.3 A pair of smooth Calabi-Yau d-folds X and X° is called a 
topological mirror pair if their Hodge numbers satisfy 

h?>« (X) = h d -™ (X°) VO < p, q < d (1.1) 

i.e., the Hodge diamond is mirrored at the diagonal. 

This definition can be extended via the stringy ^-functions for varieties 
with log-terminal singularities. For the precise definition see Section 1.2.4. 

Definition 1.4 Calabi-Yau varieties X and X° of dimension d are called a 
stringy topological mirror pair if the stringy E-functions satisfy 

E st (X;u,v) = u d E st (X°;u-\v) 

For Gorenstein varieties E st is the generating function for the stringy Hodge 
numbers, which coincide with the Hodge numbers of a crepant resolution if 
such one exists. 
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Remark 1.5 To a Calabi-Yau manifold we can associate two Frobenius mani- 
folds called A- and B-model (see e.g. [Manin, 1999] and [Cox, Katz, 1999]). 
X and X° are called a mathematical mirror pair if the A-model of X is 
isomorphic to the B-model of X° and vice versa. 

Remark 1.6 String theory replaces particles by extended objects, e.g., by an 
S 1 or an interval. Whereas a point sweeps out a real 1-dimensional object in 
spacetime, a propagating string gives a surface, called its worldsheet. 

There are 5 possible superstring theories, which are defined on a real 10- 
dimensional Riemannian manifold. One assumes that this manifold is lo- 
cally the product of a real 4- dimensional Riemannian manifold M 4 and a 
^-dimensional compact Riemannian manifold X too small to appear in mea- 
surements. 

In the case of type II A and IIB superstring theory one concludes that 
M4 is a Minkowski space, that X has a complex structure J, that there is a 
Kahler metric g on (X, J) and that g has holonomy group Hoi (g) C SU (d). 
As explained in Remark 1.8, these conditions are satisfied by a Calabi-Yau 
manifold. 

The worldsheets project to algebraic curves on this threefold. The Hodge 
numbers of X are important characteristica of the physical theory, e.g., 

\\ X {X)\ = \h^ (X)-h^ (X)\ 

is the number of fermion generations. So this number is identical for two 
manifolds, which form a mirror pair. Experiments indicate that real world 
has 3 fermion generations. 

From the point of view of physics, mirror symmetry of two Calabi- Yau 
threefolds X and X° is the duality of two of these types of compactified string 
theories, which is again a stronger condition than X and X° forming a math- 
ematical mirror pair. 

Remark 1.7 The most simple case of duality in physics is found in Maxwell 's 
equations, describing the electromagnetic interaction: 
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with 



( —E x —E y 

-B z 
B z 

— By B X 

( o 

B x 

By 



E x 

Ey 



T fiua/3 p 



-E z \ 

B. 



v 

-B 



/ 



a/3 



B X —By 





-E x 



E z 




Ey —E x 



-B z \ 

-Ey 

E x 
J 



E is the electric and B the magnetic field, j = (p, j x , j y , j z ) the electric 
four-current with charge density p and electric three-current (j x ,j y ,j z ) and 
k = (a, k x , k y , k z ) is the magnetic four- current introduced by Dirac, and index 
manipulations are done with respect to the flat Minkowski metric with signa- 
ture (+, — , — , — ). These equations are invariant under an SO (2) rotating E 
and B , in particular under 



E^B 



B 



-E 



3 



k 



k 



-J 



One can deduce that electrostatic theory for high interaction energies, which is 
difficult to solve, is equivalent to magnetic theory for low interaction energies, 
which is easy to solve. In the case of mirror symmetry, duality allows for 
example the treatment of enumerative problems in algebraic geometry. 

Remark 1.8 (see also [Gross, Huybrechts, Joyce, 2003]) Let X be a mani- 
fold of dimension d, E a vector bundle on X and 

V :A(E) ^A(E®T* (X)) 

a connection on E, where A(E) is the sheaf of smooth sections of E. Then 
for any smooth curve 7 : [0, 1] — > X with 7 (0) = x and 7(1) — y with 
x, y G X and any v £ E x there is a unique smooth section a G 7* (E) with 
V 7 (t)<7 (t) = for all t G [0,1] and a (0) = v. So one can associate the 
parallel transport map 



E cr 



Ey 

(7(1) 



The holonomy group B.o\ x (V) of V based at x G X is 
Ho\ x (V) = {P 7 I 7 a loop based at x} C GL (E x 
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If g is a Riemannian metric on X , there is a unique torsion free connec- 
tion V on X with Vg = ; which is called the Levi-Civita connection. 

If x G X , then B.ol x (g) is the holonomy group of the Levi-Civita connec- 
tion on the Riemannian manifold (X,g). As Vg = ; it follows that g is 
invariant under the natural action of the holonomy group, so B.o\ x (g) is up 
to conjugation a subgroup of O (of) and is denoted by Hoi (g) . 

If (X, g) is a Riemannian manifold of dimension r such that X is simply- 
connected, g is irreducible (i.e., (X,g) is not locally isometric to a Rie- 
mannian product) and g is non- symmetric, then Berger's classification (see 
[Berger, 1955]) shows that 

1. Hoi (g) = SO (r). This is the case of the generic Riemannian metric. 

2. Hoi (g) = U (d) with r = 2d, d>2. This is the case of a generic Kahler 
manifold, in particular X is a complex manifold. 

3. Hoi (g) = SU (d) C SO (r) with r = 2d, d > 2. Then X is a Ricci-flat 
Kahler manifold. X is a Calabi- Yau manifold ( omitting the condition 
algebraic) if X is compact . 

4- Hol(g) = Sp(a) C SO (r) with r = Aa, a > 2. Then X is a Ricci- 
flat Kahler manifold of complex dimension 2a. If X is compact, then 
X is called compact hyperkdhler manifold (it admits many Kahler 
metrics). 

5. Hoi (g) = Sp(a)Sp(l) C SO (r) with d = 4a, a > 2. In this case X 
is called quaternionic Kahler (note that Sp (a) and Sp (a) Sp (1) are 

groups of automorphism ofW 1 , denoting by EI the quaternions), it is 
not Kahler. 

6. Hoi (g) = G 2 C SO (7) and r = 7, a so called exceptional case. 

7. Hoi (g) = Spin (7) C SO (8) and r = 8, the other exceptional case. 

A Riemannian manifold (X, g) of dimension r = 2d is Kahler if and only 
z/Hol (g) C U (d) C O (r). Then X has a complex structure J. 
If (X, J, g) is a Kahler manifold and p its Ricci form, then 

[p] = 2tt Ci (X) 

in H 2 (X, R). 
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Let (X,J,g) be a Kdhler manifold of dimension d. IfHol(g) C SU(d), 
then g is Ricci-flat. If g is Ricci-flat and Kx = Ox, then Hoi (g) C SU (of). 
If X is Ricci-flat and simply connected, then Kx = Ox- 

Yau 's proof of the Calabi conjecture implies: If (X, J) is a compact com- 
plex manifold, admitting Kdhler metrics, and c\ (X) = ; then in each Kdhler 
class, there is a unique Ricci-flat Kdhler metric. The Ricci-flat Kdhler met- 
rics on X form a smooth family of dimension ft, 1 ' 1 (X), which is isomorphic 
to the Kdhler cone of X . 

Any compact Ricci-flat Kdhler manifold (X, J, g) is up to a finite cover 
isometric to the product of 

• a flat Kdhler torus 

• a compact simply-connected Riemannian manifold N . 

N is a Riemannian product of non-symmetric Ricci-flat irreducible Rie- 
mannian Kdhler manifolds Xj of real dimension rj with Hoi (gj) C SU (dj) 
and Tj = 2dj, dj > 2, which are 

• a Calabi- Yau manifold (omitting the condition algebraic), i.e., Hoi (g) = 
SU(dj), or 

• a Hyperkahler manifold, i.e., Hoi (g) = Sp (a,) with rj = 2dj = 4aj and 
aj > 2. 

Let (X, J, g) be a compact Kdhler manifold of dimension r = 2d with 
d > 2 and Hoi (g) = SU (d), then X has finite fundamental group, h°'° (X) = 
h d '° (X) = 1 and h h ° (X) = for < % < d. If d is even, then X is simply 
connected. 

If d > 3, then (X, J) is isomorphic to a complex submanifold of some 
and is algebraic. 

If d = 2, then SU (2) = Sp (1). The moduli space of Calabi-Yau twofolds 
(omitting the condition algebraic), i.e., K3-surfaces, is a connected complex 
space of dimension 20. All Calabi-Yau twofolds are diffeomorphic. The alge- 
braic K3 surfaces form a countable dense union of subvarieties of dimension 
19 inside the moduli space. 

The following example was the first known mirror construction for Calabi- 
Yau varieties and was given by Greene and Plesser, see [Greene, Plesser, 1990] 
and [Candelas, de la Ossa, Green, Parkes, 1991]. 
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Example 1.9 For a general quintic threefold X C P 4 , by T x ° = ^„ the 
mirror X° should satisfy 

dimH 1 {X°,T X o) = h 2 ' 1 (X°) = h 1 ' 1 (X) = 1 

hence in order to construct the mirror one looks for a 1 -parameter family. It 
turns out that the right choice is 

X\ = {x 5 Q + x\ + X% + X% + x\ + = °) ( ll2 ) 

divided out by the action of 

{(a , ...,a 4 ) e I\ I J2t=o a i = 0mod5} 

z 5 (i,-,i) 

via 

(a , 04) (xo : ... : x 4 ) = (/i a °x : ... : fi a4 x A ) 

where \i is a 5th root of unity. Resolving the singularities of this singular 
quotient without destroying the Calabi-Yau property gives the mirror of X . 

Remark 1.10 These kind of orbifolding constructions were generalized for 
some hypersurfaces in weighted projective space, for complete intersections 
in P n and complete intersections in products of weighted projective spaces. 
See, e.g., [Candelas, Lynker, Schimmrick, 1990], [Berglund, Hiibsch, 1993], 
[Candelas, Dale, Liitken, Schimmrick, 1988], [Libgober, Teitelbaum, 1993], 
[Klemm, Schimmrigk, 1994]- 

As some of the examples did not have a mirror in their classes, these 
approaches were unified by Batyrev for hypersurfaces in toric varieties and 
by Batyrev and Borisov for complete intersections in toric varieties, see 
[Batyrev, 1994], [Borisov, 1993], [Batyrev, Borisov, 1996-11]. 

1.2 Mirror symmetry for singular Calabi-Yau varieties 
and stringy Hodge numbers 

The following considerations allow to introduce a well-defined notion of mir- 
ror symmetry for a certain class of singular varieties. This justifies to give 
mirror constructions for and leading to singular Calabi-Yau varieties. 
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1.2.1 Setup 



In constructing mirror pairs we encounter several problems: Even if we start 
with a manifold, we encounter singular varieties. See, e.g., the quintic in P 4 
in Example 1.9. First of all we know that we can resolve the singularities by 
a sequence of blowups: 

Theorem 1.11 (Hironaka) [Hironaka, 1964] Let X be a normal projective 
variety over an algebraically closed field of characteristic 0. For any proper 
subvariety D C X there exists a smooth projective variety Y and a birational 
morphism f : Y — > X such that / _1 (D) is a divisor with only simple normal 
crossings (and f is a composition of blowups in smooth closed centers). 

For a proof and an algorithmic implementation of Hironaka 's theorem, 
see for example [Villamayor, 1989], [Encinas, Hauser, 2002], [Hauser, 2003] 
and [Friihbis-Kruger, Pfister, 2006]. Of course we want the resolved variety 
to be still a Calabi-Yau: 

Definition 1.12 A birational projective morphism f : Y — > X with Y 
smooth and X at worst Gorenstein canonical singularities is called crepant 
(or non discrepant) desingularization of X if f*Kx = Ky (i.e., if the 
discrepancy K Y — f*K x is zero). 

If the crepant desingularizations of Y — > X resp. Y° — > X° exist, we can 
define a topological mirror pair by 

h™ (Y) = h d ~ p ' q (Y°) V0<p,q<d 

However it is not obvious that this is well defined: If a crepant desingularization 
exists, it is not necessarily unique. In particular, given two crepant resolu- 
tions Y]_ — > X and Y 2 — > X it is not clear a priori that the Hodge numbers 
of Yi and Y 2 are equal. We will see in Theorem 1.32 that they indeed are. 

Example 1.13 Let X be a smooth Fano embedded by a very ample line 
bundle L with L k = K x l o (k, I E N), let E = Ox © L and consider the map 

-ff (p(£),O P(B) (l)) 

tt: Y = F(E) -> X C F(H°(X ,Ox ® L)) 
iU 
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which is the contraction of a (X ) = X to p G X where a : X — > P (E) 
is the section of the P 1 -bundle P (E) corresponding to the natural embedding 
Ox Ox © L. Hence X = C {Xq) is a cone over Xq. 

We now calculate the discrepancy: it is the blowup of X in the singular 
point of X and with exceptional locus D = a (X ) = X . So 

Oy (D) \ d =M d/y = L- 1 

Write 

Ky = 7T*K X <g> Oy {Df 

and restrict to D 

Ky \ D = Oy (Df \ D = L- a 

The adjunction formula yields 

L~J =K D = (K Y <g> Oy (£>)) \ D = L' a <g> L- 1 = L- {a+1) 
so a — j - 1. 

Now consider the case of a smooth quadric X = P 1 x P 1 c P 3 . Then we 
can write X — S (1, 1, 0) as 

X = jdet (j° j)=o}cF 4 

so P = (0 : : : 1) is the singular point of X. The discrepancy is 

K Y - n*K x = D 

We now calculate a small and hence crepant resolution of X = C (X ). Let 

E l := O p i (2) © C P i (2) © O p i (1) 
E 2 : = C P i (1) © C P i (1) © Opi 

The maps from P (Ei) =¥(E 2 ) to¥ (H° (P , ¥{Ei) (1))) = P (H° (P 1 , £;)) 
give nse to a diagram 

P (0 P i (2) ©0 P i (2)© P i (1)) ^ 5(2,2,1) =: F w/ 

n 

P (0 P i (1)© P i (1)© O p i) -> S(1,1,0) = X 
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and hence to a morphism Y sma u — > X. With 

S (2, 2,1) = (minors f 2 ,f X ° Xl X * * 4 X « )) = ol C P 7 

a morphism g : F sma » — > X given by 

g (x : ... : x 7 ) = (x : x x ■ x 3 : x 4 : x 6 ) 

and t/ie exceptional locus is P 1 . 

Finally there are also Calabi-Yau varieties, which do not have crepant 
desingularizations. Nevertheless we want to have a notion of mirror symme- 
try also for them. 

To resolve these issues, the idea is to define so called stringy Hodge num- 
bers h p s f (X) for singular varieties. They should coincide with the usual 
Hodge numbers for smooth varieties, if there is a crepant desingularization 
Y — > X they should coincide with the Hodge numbers of Y, and even if 
there is no crepant desingularization there should still be a notion of mirror 
symmetry. 

One can even consider an enlarged class of varieties for which there is in 
general no notion of stringy Hodge numbers, but as there is a (not necessarily 
polynomial) generating function encoding equivalent information, there is 
still a notion of mirror symmetry. 

In the following let X be an irreducible normal algebraic variety of di- 
mension d over C. 



1.2.2 The Hodge weight filtration and the ^-polynomial 

The cohomology groups H k (X, Q) of a complex algebraic variety X carry 
a natural mixed Hodge structure [Deligne, 1971], [Deligne, 1974], which is 
given by the following data: 
An increasing filtration 

= W-! C W C ... C W 2k = H k (X, Q) 

on H k (X, Q) called weight filtration, and a decreasing filtration 

H k (X, C) = F° D F l D ... D F k D F k+1 = 
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on H k (X, C) = H k (X, Q) <g> C called Hodge filtration. We then have 
H P,g ( X? q) = F p Gr p+q H k (X, C) n FiGr p+q H k {X, C) 

where 

Gr^ fe (X,Q) :=(Wi/W,_i) 
F p GnH k {X, C) := Im (F p n (W, <g> C) -> GniJ fe (X, Q) <g> C) 

and the filtrations have the property that F p GriH k (X, C) gives a (pure) 
Hodge structure of weight I on GriH k (X, Q). 
We therefore have a decomposition 

(X, C) = H p ' q (H k (X, C)) 

P><? 

In [Danilov, Khovanskii, 1987] one can find a proof that also the coho- 
mology with compact support H l c (X, Q) admits a mixed Hodge structure. 

Definition 1.14 The E-polynomial E(X;u,v) E Q[u,v] (coefficients in 
7L) of a complex normal algebraic variety X of dimension d is then defined 
as 

E(X;u,v):= £ £ (-1)' h™ (lT e (X))u*v* 

0<p,q<d0<i<2d 

So we have a map from the category of normal algebraic varieties Vc to 
Q [u, v] by 

E : obV c -> Q [u, v] , Ih£ (X; u, v) 
associating to each X its E polynomial. 

Important properties of the ^-polynomial: 

Proposition 1.15 Let X and Xj be complex normal algebraic variety. 

1. If X — (JjXj is stratified by a disjoint union of locally closed subvari- 
eties then 

£(X)=5>(X.) 

i 

2. 

E(X 1 xX 2 ) =E(X 1 ) -E{X 2 ) 
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3. If X — > B is a locally trivial fibration and F the fiber over the closed 
point then 

E (X) = E (F) ■ E (B) 

A proof can be found in the previously mentioned paper 
[Danilov, Khovanskii, 1987]. Note that the number of Fg-points of a vari- 
ety has similar properties as E. 

Remark 1.16 For smooth compact X of dimension d 

E(X;u,v)= J2 (-l) P+q h p ' q (X)u p v q 

0<p,q<d 

with h™ (X) = dimH£ q (X) = dim if 9 (X, Q p x ) 

• Hodge duality for X is equivalent to 

E{X;u,v) = E{X;v,u) 

• Poincare duality for X is equivalent to 

E (X; u, v) = {uvf E (X; u~\ v' 1 ) 

• Topological mirror symmetry for a pair of varieties X and X° is equi- 
valent to 

E (X; u, v) = {-u) d E (1°; u~\ v) 

Remark 1.17 Consider a stratification X = U UC with X and C compact. 
The long exact sequence for cohomology with compact support reads as 

... -> H k c (U) ^ H k (X) ^ H k (C) h H k+1 (U) -> ... 

where ifk is given by continuation by 0, ipk is given by restriction and the 
boundary map 5k is given by w \— > d (f3 ■ r*w) where r is the retract of a 
tubular neighborhood of C and 13 is a bump function on this neighborhood. 

We illustrate this with the following two examples: 
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Example 1.18 For X = P 1 , U = C and C = {pt} 



k 


H k (C) - 


-> H k (P 1 ) - 


-+ H k (pt) 


2 


uv 


uv 





1 

















1 


1 



where we denote the Hodge filtration by the corresponding E monomials. The 
E -polynomials are 

E(C) = uv E(F 1 ) = l+uv E(pt) = l 

Remark: The long exact sequence decomposes in short ones if all varieties 
have only even cohomology. 

Example 1.19 For X = P 3 7 C an elliptic curve and U = P 3 — C we have 



k 


H k AU) - 


-> H k (P 3 ) 


-> (C) 


6 


(uv) 


(uv) 6 





5 











4 


(uv) 2 


(uv) 2 





3 











2 


u + v 


uv 


uv 


1 








—u — V 








1 


1 



The E-polynomials are 

E(U) =u + v + (uv) 2 + (uv) 3 
E (P 3 ) = 1 + uv + (uv) 2 + (uv) 3 
E (C) = 1 - u - v + uv 

So a shift in the cohomological weight occurs (Notice also the sign of the u + v 
term). 

Example 1.20 Continuing Example 1.19 the corresponding Hodge filtration 
for the cohomology of U : 

k = Gr t H k 



I = 





Fo 





= W- 1 cW = H° (U, Q) 
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k = 2 



Gr,H k 





I = 


12 3 4 






F 2 










u 








V 



= W-! = Wo C W! = ... = W A = H 2 (U, Q) 



k = 4 Gr t H k 



I = 


01234 5678 


Fo 


Fi 


F 2 


F 3 


F 4 


(uv ) 2 



= W-! = ... = W 3 C W 4 = ... = W s = H 4 (U, Q) 
and similar for k = 6. 

Example 1.21 We continue Example 1.13 of the cone over the quadric cal- 
culating the E -polynomials: 

The cohomology ring H* (X ) of X is generated by hi = pr*c\ (P 1 ), i = 
1, 2 and hence 1, h±, h 2 , hih 2 form a basis as a vector space, so 

E (X ) = 1 + 2uv + (uv) 2 

i 2 2 

which agrees with the product formula E (X ) = E (P ) = (1 + uv) . 

H* (Y) is a free module over H* (X ) with basis l,c = C\ (Oy (1)) and 
hence l,c,hi,h 2 , chi, ch 2 , h±h 2 , ch\h 2 is a vector space basis (where hi is short 
forn*hi), so 

E (Y) = 1 + 3uv + 3 (uv) 2 + (uv) 3 

H* (Y sma u) is a free module over H* (P 1 ) with basis 1, c, c 2 with c = 
c\ (Oy small (1)) and hence 1, h, c, c 2 , ch, he 2 is a vector space basis (h = n*ci (P 1 ) ), 
so 

E (Y small ) = l + 2uv + 2 (uv) 2 + (uvf 
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So the E polynomials 

E (Y\X Q ) = E(Y)-E (Xq) = (1 + 3uv + 3 (uvf + (uvf) - (l + 2uv + (uvf) 
= uv + 2 (uv f + (-uf ) 3 
£ (VwnojiNP 1 ) = ^ (F SM|I ) - E (P 1 ) = (1 + 2uv + 2 ( MW ) 2 + (uvf) - (1 + H 
= -uf + 2 (-uf ) 2 + (uv) 3 

agree as expected because of Y\X = X\P = Y^^^F 1 . Using this we can 
also calculate 

E(X) = l + uv + 2 (uvf + (uvf 

1.2.3 Varieties with canonical singularities 

Definition 1.22 Let X be a normal projective variety X , which is Q-Gorenstein, 
i.e., K x € Div (X) <g> Q 7 and let f : Y — > X be a resolution of singularities 
such that the exceptional locus of f is a divisor E, whose irreducible compo- 
nents Di,...,D r are smooth divisors with only simple normal crossings, and 
let Ky = f*Kx + Y7i=i a iDi- Then X is said to have 

• terminal singularities if ai > for all i 

• canonical singularities if ai > for all i 

• log-terminal singularities if at > —1 for all i 

• log-canonical singularities if ai > —1 for all i. 

1.2.4 The stringy _E-function 

In the following, we consider a normal projective <i-dimensional variety X 
with log-terminal singularities, let / : Y — > X be a resolution of singularities 
and Di,...,D r the smooth components of the exceptional locus with only 
simple normal crossings, and Ky = f*Kx + YH=i a i^%- 
Let I — {1, r} and set for any J C I 

Dj^Ynf]Dj 

D°j = Dj\ |J A 

iei\J 

This gives a stratification Dj — [Jj, j c jv D° TI . 
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Definition 1.23 Define the stringy E-function E st of X as 



<<■;.' 

Jci jeJ 



{uv) c 



Remark 1.24 If X is Gorenstein, then the aj G Z> and hence E st (X; u, v) G 
Z [[u, v]] fl Q (u, v). E st (X; u, v) is not a rational function in general. 

The following key theorem by Batyrev [Batyrev, 1998], using ideas by 
Kontsevich and Denef and Loeser, assures that E st (X;u, v) is well defined. 
See also [Denef, Loeser, 1999]. 

Theorem 1.25 E st (X;u,v) does not depend on the resolution f : Y — > X , 
in particular, E st (X; u, v) is well defined. 

This is also true in the case of log terminal singularities. As direct corol- 
lary, we have: 

Corollary 1.26 If X is smooth, then E st (X;u,v) = E(X;u,v). 

Remark 1.27 First make an easy but important observation: E st is not 
affected by the blowup f : Y — > X of a point P in smooth X: The exceptional 
locus of f is D = P d_1 and the discrepancy is 

K Y -f*K x = (d-l)D 

ill) 1 7/7? — 1 

E st (X) = E (Y\D) + E (D) = E (Y\D) + E (P^ 1 ) — j— 

(uv) — 1 (uv) — 1 

/•;iv\/;) • • ///• • ... • iurY 1 ') "'" 1 



(uv) d 



E(Y\D) + 1 = E(X) 



Remark 1.28 The idea of the proof of Theorem 1.25, considering for sim- 
plicity Gorenstein canonical singularities, is the following (see [Batyrev, 1998], 
[Denef, Loeser, 1999] and reviews in [Blicke, 2003] and [Craw, 2004]): 

Consider the Grothendieck ring of complex algebraic varieties 
M., which is the free abelian group of isomorphism classes of complex al- 
gebraic varieties modulo the subgroup generated by [X] — [V] — [X — V] for 
closed subsets V C X , with a ring structure given by 

[X] ■ [X'] = [X x X'] 
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Call the neutral element [point] =: 1 and [C] =: L. 

The map [—] : obVc — > M. is the universal map being additive on disjoint 
unions of constructible sets (i.e., a finite disjoint union of locally closed subva- 
rieties with respect to the Zariski topology) and multiplicative on products, so 
any other map E : obVc — > Q [u, v] with the same properties factors through 
[—] . So the universality of [—] gives a factorization of E : Vc — > Q [u, v] 
through the Grothendieck ring 

obV c Q [u, v] 

H \ /E 
M 

The goal is to write 

E st (X;u,v) = J2E(D j;u,v)l[- 

Je J ( v 

for a suitable function Fd associated to the discrepancy divisor (Joo (Y) is the 
bundle of formal arcs on Y ), after extending E to K (Vc) [L -1 ] and then to 
an appropriate completion. The transformation rule for motivic integration 
implies that the motivic integral does not depend on the resolution. 

1.2.5 Stringy Hodge numbers 

Theorem 1.29 (Poincare Duality) [Batyrev, 1998] E st (X;u,v) has the 
following properties: 

E st (X; u, v) = {uvf E st (X; u~\ v' 1 ) 
E st (X;0,0) = 1 

This is also true in the case of log terminal singularities. 

Corollary 1.30 If E st is a polynomial, then deg(E) = 2d. 

Definition 1.31 If E st is a polynomial, the stringy Hodge numbers of 

X are defined as 

h p s f(X) = (-l) p+q coeS (E st ,u p v«) 
So h p s f (X) = outside the Hodge diamond and h°f (X) = h d s f (X) = 1. 



E 



F D dpL l 
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1.2.6 Crepant resolutions and mirror symmetry 

Theorem 1.32 [Batyrev, 1998] If X is Q-Gorenstein with at worst log- 
terminal singularities and f : Y — > X is a projective birational morphism 
with Ky = f*Kx then E st (X; u, v) = E st (Y; u, v). So if X admits a crepant 
resolution f : Y — > X then E st (X; u,v) — E (Y; u, v). 

Remark 1.33 In particular if X admits a crepant resolution, then E st (X\ u, v) 
is polynomial and hence the stringy Hodge numbers of X exist. If E st (X; u, v) 
is not polynomial, then X admits no crepant resolution. 

Definition 1.34 Two Calabi-Yau varieties X and X° are called stringy 
topological mirror pair if their stringy E-functions satisfy 

Ex (X;u,v) = (-u) d E st {X°-u-\v) 

This is well defined even in the case when E st is not polynomial. 

Example 1.35 Now we return to the Example 1.13 and 1.21: Let X C F d 
be a smooth quadric (k = d — 1, / = 1) and 

P (O xo (1) © O xo ) =Y^X = C (X ) 

with discrepancy divisor (d — 2) D with D = Xq. 

For d = 3 we had X — S (1, 1, 0), we computed a small resolution 

S (2, 2, 1) = Y sma u — > X 

and calculated 

E (Y small ) = l + 2uv + 2 (uvf + (uvf 

E (Y) = 1 + 3uv + 3 (uvf + (uvf 

E (D) = 1 + 2uv + (uvf 
E (Y\D) =uv + 2 (uvf + (uvf 

So the stringy E function E st is 

uv — 1 ' 
E st (X) = E (Dl) + E (D° {1} ) = E (Y\D) + E (D) —— 

(uv) — 1 uv + l 

= (uv + 2 (uvf + (uvf) + (1 + uvf 

uv + 1 

= l + 2uv + 2 (uvf + (uvf = E (Y small ) 
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and, as predicted by Theorem 1.32, the stringy Hodge numbers of X indeed 
coincide with the Hodge numbers of the small resolution. 

E st is not a polynomial for d > 3, in particular X does not admit 
a crepant resolution: As X\p = Y\D is isomorphic to the totalspace of 
L — > X , we have 

E (X\p) = E (Y\D) = (uv) E (X ) 

and 

E st (X) = (uv) E(D) + E (D) UV ~ 1 = E (D) \ 

(uv) — 1 (uv) — 1 

As 

£zi for d odd 

(uv) d -l f 1 

- — — for d even 
the stringy E function E st (X) is not a polynomial. 



1.2.7 Birational Calabi-Yau manifolds 

Theorem 1.36 [Batyrev, 1999], [Batyrev, 1998] Birational Calabi-Yau mani- 
folds have equal Hodge numbers. 

Actually one proves that [Xi] = [X2], i.e., X\ and X2 represent the same 
class in the Grothendieck ring M.. 



1.3 Some facts and notations from toric geometry 

The key example of a toric variety is the projective space P™. Let (yo : ... : y n ) 
be the homogeneous coordinates. On the open set Ui = {y G P n | yi 7^ 0} the 
functions 

T i _ V" 
Vi 

give an isomorphism 

(y : ... : y n ) i-> (x % , x\, 
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Considering another chart Uj — > A", on C/j fl £/, 



j Vk VkVi if a-1 



yfc _ y/s _ i / i v 



i.e., the coordinate functions in one chart are given as Laurent monomials 
(i.e., monomials which also can have negative exponents) in the coordinates 
of the other chart, a key property of toric varieties. 



1.3.1 Affine toric varieties 

If S C M = Z n is a finitely generated commutative semigroup with 0, we can 
associate to S its semigroup algebra C [S], consisting of all finite formal 
sums X^mes a mX m , a m G C with multiplication x m ■ x m = x m+m . 

Example 1.37 The semigroup algebra of S = ((1, 0) , (1, 1) , (1, 2)) C Z 2 is 

C [S] — C [x, xy, xy 2 ] . 

To the semigroup algebra we can associate an affine toric variety 

Y = SpecC [S]. Considering C = C* U {0} as a semigroup with respect to 
multiplication, the maximal points of Y are the semigroup homomorphisms 
Hom S9 (S, C). If y e Hom S9 (5, C) and x m e S, then x m (y) = y(m). 
For generators mi, m r of S, the toric ideal of Y is the kernel Is of 

C[ yi ,...,y r ]^C[S] 

It is given by the binomial ideal 

I s = (y u+ -y u ~ \ ue ker (m 1 , m r )^ 

where u = u + —u~ with u + , u~ with non-negative entries and disjoint support 
(see [Sturmfels, 1997]). 

Example 1.38 For S = ((1, 0) , (1, 1) , (1, 2)) as in Example 1.37 we have 
hence 

C[S]^C[y 1 ,y 2 ,y 3 }/(y 2 2 -y 1 y 3 ) 
so Y = {y\ — yxy 3 = 0} is a quadric cone. 
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The inclusion S C M gives an embedding of the torus 

T = Hom z (M, C) = (C*) n = Spec (C [Z n ]) Spec (C [S])=Y 

If i G T = Hom^ (M, C*) considered as a group homomorphism i : M — > C*, 
and 1/67 considered as a semigroup homomorphism y : 5 1 — > C, then T acts 
on X by 

TxF — > r 

, s ty : S —> C 

{t,V) ' ?x i — ► t (it) 2/ (it) 

respectively 

T x C [5] -> C [5] 
(t,a; m ) ^t(m)x m 



for m £ S. 

Example 1.39 In Example 1.38, the torus is {y± ^ 0, t/2 7^ 0,1/3 / 0} C I, 
i.e., the complement of the two lines as shown in Figure 1.1. 




Figure 1.1: Torus orbits of the quadric cone in A 3 



We recall some standard facts and notations from polyhedral geometry: 

Definition 1.40 A finite intersection of closed half-spaces in Mr = M®gM 
is called a polyhedron. 
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A subset a C M K is called a polyhedral cone if there are u±, u s G M K 
such that 

a = {A1M1 + ... + X s u s | Ai, A s G M>o} 

so any polyhedral cone is a polyhedron. 

A polyhedral cone a C Mr is called rational polyhedral cone if there 
are u±, ...,u s G M with a = {XiUi + ... + \ s u s \ X±, X s G M>o}- 

It is called strongly convex if —a fl a — {0} and the dimension of a is 
the dimension of the subspace of Mr, spanned by the elements of a. 

The convex hull of a subset V C Mr = IR n is the intersection of all 
convex sets containing V . It is denoted by convexhull (V) and 

convexhull (V) = < \v ; L \ Ai, A s > with Aj = 1 and vi, v s G V > 
I i=i i=i J 

Theorem 1.41 (Caratheodory) IfV C lR n then any point of convexhull (V) 

is a convex combination of at most n + 1 points of V . 

Definition 1.42 A polytope A C Mr is the convex hull of a finite set of 
points. The dimension of A is the dimension of the subspace spanned by the 
points m — m! with m, m' G A. 

A polytope A is called integral or lattice polytope if it is the convex 
hull of a finite set of points in M . 

Theorem 1.43 Any bounded polyhedron is a polytope and vice versa. 

Definition 1.44 A face of a polyhedron A is either A or a subset Afl/i 
of A, where h is a hyperplane such that A is contained in one of the closed 
halfspaces given by h. A facet of A is a codimension one face. Any face of 
a polyhedron A is a polyhedron. 

Proposition 1.45 [Gelfand, Kapranov, Zelevinsky, 1994, Sec. 5.3] Let r = 
hull (S) be the rational polyhedral cone in defined as the hull of the semi- 
group S introduced above. There is a bijective inclusion respecting map 

{faces of t} —> {torus orbit closures in X} 

If a is a face of t, then the corresponding torus orbit is given by x m = 
Vm ^ S fl t and x m ^ Vm G S fl r. The closure of the torus orbit is 
isomorphic to Spec (C [S fl r]). 
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Example 1.46 For Example 1.38, the torus orbits in X are given by 

{yi^ o,?/ 2 ^0,1/3^0} 

{2/i 7^ 0,2/ 2 = = 0} 
{2/1 = 0,2/2 = 0,2/3^0} 
{(0,0,0)} 

1.3.2 Toric varieties from fans 

Let N = Z n and let M = Horn (N, Z) be the dual lattice of N, and denote 
by 

(-,-): M x JV ->Z 

the canonical bilinear pairing. Given a rational convex polyhedral cone cr in 
iV R consider the dual cone 

& = {m G Mjj | (m, w) > G c} 

of non-negative linear forms on a. 

Proposition 1.47 (Gordan's Lemma) [Oda, 1988, Sec. 1.1] If a C N R 
is a rational convex polyhedral cone, then &C\ M is a finitely generated semi- 
group. 

Given a strongly convex rational polyhedral cone a, i.e., a n (— a) = 
{0}, we get a finitely generated semigroup &C\M generating M as a group, 
i.e., a fl M + (—a PI M) = M, and hence an affine toric variety C/ (cr) = 
Spec (C [ct n M]). 

Proposition 1.48 [Fulton, 1993, Sec. 2.1] C[aC\M} is integrally closed, 
i.e., U (cr) is normal. 

The semigroup cr n M is saturated, which means that if a • m G cr fl M 
for a G Z >0 and m G M, then m € (T H M. Indeed a semigroup 5 C M is 
saturated if and only if C [S] is integrally closed. The saturation 

{m G M | a • m G 5 for some a G Z >0 } 

gives the normalization of SpecC [S]. 

The following proposition gives a characterization of the semigroups given 
by the duals of strongly convex rational polyhedral cones. 
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Proposition 1.49 [Oda, 1988, Sec. 1.1] Let S be an additive subsemigroup 
of M . Then there is a unique strongly convex rational polyhedral cone a in 
TVr with S = & fl M if and only if the following conditions are satisfied: 

1. S contains G M. 

2. S is finitely generated as an additive semigroup, i.e., there are m 1 , m r G 
S with 

S = {aiirii + ... + a r m r \ mi, m r G Z> } 

3. S generates M as a group, i.e., S + (-S) = M . 
4- S is saturated. 

Lemma 1.50 If a is a rational strongly convex polyhedral cone of dimension 
n in Nut, then the dual cone & is also a rational strongly convex polyhedral 
cone of dimension n, and there is a canonical bijective inclusion reversing 
correspondence between the faces of a and a, given by 

F ^ F v = {m G a \ (m,w) = Vw G F} 

if F is a face of a. 

Proposition 1.51 [Danilov, 1978] Any toric U (a) is Cohen- Macaulay. 

Proposition 1.52 [Fulton, 1993, 2.1] U (a) is nonsingular if and only if a 
is generated by a subset of a basis of N . Then 

U(a) = C dimCT x (c*) n - dimCT 

Example 1.53 For o = hull {(0, 1) , (2, —1)} we get the semigroup S — a l~l 
M = ((1, 0) , (1, 1) , (1, 2)) C Z 2 given m Example 1.37. 

Given two such cones o\ and a 2 intersecting along a face r of both cones, 
the inclusions of r C o' 1 ,a 2 give inclusions of U (r) C U (o"i) , U (ct 2 ), hence 
we can glue the corresponding affine toric varieties U (cti) and U ((T 2 ) along 
U(t). 

A finite set S of strongly convex rational polyhedral cones in N R with the 
property that every face of a cone in E is again a cone in E, is called a fan. 
Given a fan E we can glue all U (cr), a G E, and get a toric variety X (E). 
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Denote by 

supp (E) = (J 

o-eE 

the support of a fan E and by E (m) the set of m-dimensional cones of E. 
The elements of E (1) are called rays, and for each r 6 E(l) let f be the 
minimal lattice generator of r, i.e., the unique generator of the semigroup 
r n N. 

A cone is called simplicial if it is generated by linearly independent 
generators. A fan E and the toric variety X (E) are called simplicial if all 
cones of E are simplicial. 

Example 1.54 The fan E ; as depicted in Figure 1.2, formed by the cones 
{0} , r , n, t 2 , (Jo, <7i, cr 2 where 

t = hull {(-1, -1)} O = hull {(1, 0) , (0, 1)} 

n = hull {(l, o)} 0! = hull {(o, l) , (-1, -l)} 

r 2 = hull {(0, 1)} 2 = hull {(1, 0) , (-1, -1)} 
gives X (E) = P 2 . The dual cones of and Ti are shown in Figure 1.3 and 
U (0j) = A 2 U(n) = CxC* f/(0)^(C*) 2 




Figure 1.2: Fan representing P 2 as toric variety 

The torus actions on the affine toric varieties U (a) give an action of the 
torus on X (E) extending the product in the torus (see [Fulton, 1993, Sec. 
1.4]). 
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Figure 1.3: Duals of the cones of fan representing P 2 



Proposition 1.55 [Fulton, 1993, Sec. 3.1} The torus acts on X (£) and we 

get an inclusion reversing bijection between the cones rofH and the closures 
V (r) of the torus orbits O (t) 

£ {torus orbit closures in 

r ^ V(t) = 0(t) 

For any rational convex polyhedral cone a in iV R , U (a) contains a dis- 
tinguished point [Fulton, 1993, Sec. 2.1]) given by 

x„ : a n M -> C 

1 if m £ cr 1 



m 



otherwise 



with ex = {m G Mr | (to, w) = Vu> G cr}, which is well defined as a 1 - D cr 
is a face of cr. 

If a spans A/r, then x CT is the unique fixed point of the torus action on 
/>). 

For the multiplicative group C*, we have Horn (C*, C*) = Z, hence for T = 
Horn (M, C*), there is a one-to-one correspondence between lattice points 
w G iV and 1-parameter subgroups X w of T: 

N = Horn (Z, AT) S Horn (C* , T) 

/ A w : C* -> Horn (M, C*) 

iw i — ► / \ w (t) : M -> C* 

\ ^ \ m h+ t (m ' lu> 

Note that by M = Horn (A/ - , Z) = Horn (T, C*) there is also a one-to-one 
correspondence between the elements of M and the elements of the character 
group T of the torus. 



71 



Proposition 1.56 [Fulton, 1993, Sec. 2.3] If r is a cone of E and w G 
int (t) in the relative interior, then 

lim \ w (t) = x T 

If v is not in any cone o/E ; then the limit does not exist in X (E). 
Note that this characterizes cr n N as the set 

cr n A/" = e N | limA^ (t) exists in U (cr)| 

hence allows to recover the fan from the torus action. 

In the above one-to-one correspondence between cones a of E and torus 
orbits, O (cr) is the unique torus orbit containing x a . As 

tCct 

V (cr) contains precisely the distinguished points x T for r C cr. 



Example 1.57 In Example 1.54 the torus orbits and their closures are 



cr 


0(a) 


V(a) 


Xfj 












(0 


: 


:1) 




{X l = 0,X 3 =0,X k ^0} 


{X t ~- 


= 0,Xj = 0} 




(1 


: 


:0) 










X a2 


(0 


: 1 


:0) 










x T0 


(0 


1 


:1) 


r k 


{^ = 0,1^0,1^0} 


{X,-- 


= 0} 


x T1 


(1 





:1) 










x T2 


(1 


1 


:0) 





{X^0,X^0,X fe ^0} 


P 2 = 


X(E) 


x = 


(1: 


1 : 


1) 



Figure 1.4 shows the real picture of the torus orbits, identifying opposite 
points of the outer circle. 



1.3.3 Morphisms of toric varieties 

Suppose cr' C N' is a strongly convex rational polyhedral cone and 

cp-.N'^N 
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Figure 1.4: Torus orbits of P 2 



is a homomorphism of lattices such that p^ : — > N R is mapping a' 
into a strongly convex rational polyhedral cone a C Ar. Hence the dual 
: M — > M' maps a fl M to &' fl M' and gives a homomorphism 

C[an M] -> C [a n M'] 

hence a morphism 

17 (a') - U (a) 

Proposition 1.58 [Fulton, 1993, Sec. 1.4] Suppose E is a fan in N and E' 

is a /an in N' and tp : N' — > N is a homomorphism of lattices. If for each 
cone a' in E' there is some cone a m E such that p [a') C cr, i/ien inere zs 
a morphism U (a') — > C/ (a) C X(E) ; and iae morphism U (a') — > X (E) 
is independent of the choice of a. These morphisms patch together to a 
morphism 

: X (E') -> X (E) 

If X (E) is compact, then supp (E) = Ar. Otherwise, there would be a 
u> G (Ar — supp (E)) fl X and lim^ (t) would not exist in X (E). The 
converse is given by: 

Proposition 1.59 Let E be a fan in N and E' a fan in N' and p> : N' ^ N 

a homomorphism of lattices inducing a morphism ip* : X (E') — > X (E). Tae 
morphism ip* is proper if and only if p^ 1 (supp (E)) = supp (£'). 
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Corollary 1.60 The toric variety X (£) is complete if and only ifH is com- 
plete, i.e., supp (£) = N K . 

Example 1.61 Suppose vi,...,v n are a basis of N generating the cone 

a = hull{t>i, ...,v n } 

and E is the fan generated by the cone a (i.e., the fan consisting of all faces 
of a), so x a = (0, ...,0) G C n = U(a) — X (E). Write x t = x e * , i = l,...,n. 
Set v = Vi + ... + v n and consider the subdivision of a with respect to v , i.e., 
the fan S' generated by the cones 

Oi = hull {v , Vi, Vi-^Vi+u ...,v n } 

fori = 1, ...,n. Then X (£') is the blowup of X (£) at x a : 
To describe X (£') note that 

o-i = hull ^ ,v 1 -v i , - v i , v i+1 -v i ,...,v n -v i } 

hence 

C [&i n M] = C [Xi, X X X~ X , Xi-iX' 1 , x i+1 x~ x , X n X~ X ] 

soU(a i ) = C n . 

The blowup of U (a) at x a is {x-iyj — x^yi \ i,j = 1, ...,n} C C n x P™ -1 , 
where yi,...,y n are homogeneous coordinates on P n_1 ; and it is covered by 
the open sets Ui = {yi ^ 0} = C n for i — 1, ...,n 7 which by Xj = x^ and 

= ^ /iove coordinates Xi,x\x~ x , ...,Xi-\x~ x ,Xi+\x~ x , ...,x n x~ x . 

Any cone of a given fan £ can be subdivided such that it becomes simpli- 
cial. Given a simplicial cone a of dimension d with minimal lattice generators 
v\, ...,v d of the rays of a and the lattice N a — {a f] N) generated by a, the 
multiplicity of a is defined as the index of Zvi + ... + Zv d in N a 

mult (tr) = [N a : Zv ± + ... + Zv d ] 

Then U (a) is nonsingular if and only if mult (er) = 1. 

Example 1.62 If N = Zei + Ze 2 and a = (vi,v 2 ) with v 2 = e 2 and t>i = 

2ei + e 2 , £aen N a = N and Zv\ + Zv 2 = Z (2ei) + Ze 2 . Figure 1.5 shows the 
cone a and the groups N a and Zv\ + Zn 2 . 
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Figure 1.5: Cone of multiplicity 2 



Any simplicial cone a can be subdivided until it has multiplicity 1: If 
mult (a) > 1 there is a v G a n N such that v = a j v j w hh < 

a, < 1. Subdividing a with respect to hull{t>}, we obtain the cones cr^ = 
hull {v , v i, v f i+i, frf} for all 2 with ^ 0, and if t> is the minimal 
lattice generator of hull {v}, then 

mult ((Tj) = mult (a) 

Hence: 

Proposition 1.63 [Fulton, 1993, Sec. 2.6] Given a fan £ in N and a fan 

£' in N refining E, i/ie identity id : N ^ N on the lattice induces a proper 
birational morphism id* : X (E') — > X (E). 

T/iere zs a refinement E' o/E inducing a resolution of singularities X (E') — > 
X(£). 

1.3.4 Divisors on toric varieties 

Let X (E) be a toric variety of dimension n. The T-invariant prime Weil 
divisors on X (E) are the components of dimension n — 1 of the complement 
X (E) — O ({0}) of the torus orbit O ({0}), i.e., they are the closures of the 
torus orbits of dimension n— 1. We denote by D r the T-invariant prime Weil 
divisor corresponding to the ray r 6 E(l). Denote by WDivr (X (E)) the 
group of T-invariant Weil divisors on X (E), which is isomorphic to Z s ^ by 

Z s « WDiv r (X(£)) 
T-invariant divisors are also called T-divisors. 
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By a T-invariant Cartier divisor Donl (E) a collection of rational func- 
tions <fo,a, 0" G E is given such that ipn,a defines D on U (a), ^>o,a is invariant 
under the torus action up to multiplication by a non zero constant, ifiD,a is 
unique up to multiplication with an invertible function on U (a), and 
is invertible on U (o"i) fl U (02). As ipo,a is an eigenvector of the action of the 
torus, we can write 

with m(D,a) G M. 

As (pD,a is unique up to multiplication with an invertible function on 
U (a), the lattice point m (D, a) G M is unique modulo the sublattice 

M a = (a n A)" 1 = {m G M (m, to) = Vio G fr} 

of M orthogonal to the sublattice (a fl A) of A generated by o. Hence giving 
D \u(a) is equivalent to specifying the function (m (D , a) , — ) . 
Invertibility of 

^D^i _ x -m(D,ai)+m(D,a 2 ) 
¥D,a2 

on U (ai)nU ((T2) = U (r) with r = cri Dcr 2 is equivalent to the condition that 
m (D, <7i)—m (D, <7 2 ) G M T or, equivalently, that the functions (m (D, ui) , — ) 
and (m (D, cr 2 ) , — ) agree on r, i.e., 

(m (D, <7i) , -) | r = (m (-D, ct 2 ) , -) | T 

Hence associated to D there is a well defined piecewise linear continuous 
function 

$ D : supp(S) -> R 
$ o (iu) = (m (£), a) , iu) for w E a 

on the support of the fan E. The function $£> is called the support function 

of .D. A piecewise linear continuous function on supp (E), which is given on 
a by (m (a) , — ) with m(a) G M is called integral. 

On the other hand, any piecewise linear continuous integral function $ : 
supp (E) — > K. is the support function of a unique Cartier divisor which, 
written as a Weil divisor, is given by 

D = - $ ( f ) a- 

reS(l) 
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A T- Weil divisor D = EreE(i) a rD r is Cartier if and only if for all o E E 
there is an m (D, a) E M such that 

— a r = {m (D, a) , f) for all r E E (1) with f E a 

Proposition 1.64 [Voisin, 1996, Sec. By associating to a T-Cartier 

divisor D the function $D; we get a one-to-one correspondence between T- 
Cartier divisors on X (E) and piecewise linear continuous integral functions 
on supp (E). 

For any m E M the Laurent monomial x m is a holomorphic function 
on the torus T, hence a rational function on X (E) defining a T-invariant 
principal Cartier divisor 

div (x m ) = ( m > f ) D r 

reE(l) 

The principal Cartier divisor div (x m ) corresponds to the support function 
&div(x m ) — — { m i ~) defined globally by an element of M. 

Proposition 1.65 [Cox, Katz, 1999, Sec. 3.1], [Fulton, 1993, Sec. 3.4] 
Classes in the Picard group Pic(X(E)) of line bundles on X (E) modulo 
isomorphism and the Chow group A n _\ (X (E)) of Weil divisors on X (E) 
modulo linear equivalence can be represented by T-invariant Cartier respec- 
tively Weil divisors via the exact sequences 

m I— > div x m 
0^ M -> DivTpf(E)) -> Pic(X(E)) ^0 

II n n 

0^ M 4 Z s « -> A„_!(X(E)) ^0 

m ^ (K^)) reS( i) 

(Or) r >-»• Er a r D r 

Pic (X (E)) zs torsion free. 

Example 1.66 For the fan E o/P 2 gwen in Example 1.54 we 9 e t 



A 1 (X (E)) = coker 1 = Z 
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Example 1.67 Considering the fan E over the faces of the degree 5 Veronese 
polytope o/P 4 

convexhull ((4, -1, -1, -1) , .., (-1, -1, -1, 4) , (-1, -1, -1, -1)) 

we get 



A 3 (X(E)) = coker 



/ 4 -1 -1 -1 \ 

-1 4 -1 -1 

-1 -1 4 -1 

-1 -1 -1 4 

V-i -l -l -i j 



ZxH 



with 



H = 



{(a , ...,o 4 ) £ Z|? | E?=o a » = 0mod5} 
Z 5 (1,1, 1,1,1) 



^ Zij 



In the following suppose that all maximal dimensional cones of the fan 
E have dimension n, and denote by a±, a s the maximal dimensional cones 
of E. As shown above a T -Cartier divisor is given by a collection m 8 G 
M/M a . = M for all « such that = m (D, <7j) maps to m (D, <7j fl Oj) under 
the canonical map M/M a . — > M/M a . naj , hence: 

Lemma 1.68 TTie gronp of T- Cartier divisors Div T (X(Y,)) on X (E) is 
given 6?/ t/ie kernel of the map 



0i<,- M/M CTinCTj . 



Lemma 1.69 [Fulton, 1555, Sec. 3.2/ # 2 (X (E) ,Z) zs awen fry ine £erne/ 
o/ £ne map 

(J) M ain<7j — > ^ Mj.n^rkr, 

Corollary 1.70 TTie map 
ker (©* =1 M/ M ai -> ©.^ M/M^.) - ker (©.^ - ©.^ M^na,) 

induces an isomorphism 

PicpT(E)) = # 2 (X(E),Z) 
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Proposition 1.71 [Fulton, 1993, Sec. 3.4] The following conditions are 
equivalent: 

1. X (E) is simplicial. 

2. All Weil divisors on X (E) are Q-Cartier. 

3. Pic (X (E)) <g> Q ^A n _i (X (£)) <g> Q is an isomorphism. 

4. rank (Pic (X (E))) = |E (1)| - n. 

Proposition 1.72 [Cox, Katz, 1999, Sec. 3.2], [Fulton, 1993, Sec. 3.4] 
Suppose X (E) is complete. For any divisor D = Xlres(i) a rD r the global 
sections of the reflexive sheaf Ox(s) (D) correspond to the lattice points of 
the polytope 

A D = {m G M K I (m,r) > -a r Vr e E (1)} 

i.e., 

H° (X (E) , Ox(e) (D)) = Cx m 

rneA D nM 

Remark 1.73 If D is Cartier, then 

A D = {me M R \ (m, -) > $ D on N R } 

Lemma 1.74 [Cox, Katz, 1999, Sec. 3.2], [Fulton, 1993, Sec. 3.4] A Cartier 
divisor D = X)reE(i) a rDr on a complete toric variety X (E) is generated by 
global sections if and only if for all a e S 

(m (D, a) , f) > — a r Vr G E (1) with f a 

Note that by definition 

(m (D, a) , f) = —a r Vr G E (1) with f G a 

Hence by <3>£> (r) = a T , it follows that D is generated by its global sec- 
tions if and only if the graph of $d lies below the graphs of the functions 
(m (D, a) , — ) for all a G E ; i.e., & D is upper convex. 

Reformulating via the polytope of sections: D is generated by global sec- 
tions if and only if 

A D = convexhull {m (D, a) | a G E (n)} 
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So in particular A D is a lattice polytope and 

$ n (111) = min (m (D,a) ,w) = min (m,w) 

cr€£(n) m£A D nM 

/jence $d or equivalently the T-Cartier divisor D can be reconstructed from 
A D . 

Lemma 1.75 [Cox, Katz, 1999, Sec. 3.2], [Fulton, 1993, Sec. 3.4] A Cartier 
divisor D = ^r-es(i) a rD r on a complete toric variety X (£) is ample if and 
only if for all a G £ 

(m (D, a) , f) > — a r Vr G E (1) r a 

i.e., for all a G £ £/ie orap/i o/$d on £/ie complement of a lies strictly below 
the graph of (m (D, a) ,—), i.e., $ D strictly upper convex. 

Reformulating via the polytope of sections: D is ample if and only if A D 
is a polytope of dimension n with 

vertices (A D ) = {m (D, a) | a G £ (n)} 

and all m (D, a), a G £ (n) are pairwise different. 

Lemma 1.76 [Fulton, 1993, Sec. 3.4] Any ample Cartier divisor on a com- 
plete toric variety X (£) is generated by its global sections. 

Lemma 1.77 [Cox, Katz, 1999, Sec. 3.2], [Fulton, 1993, Sec. 3.4] A Cartier 
divisor D = X]r-es(i) a rD r on a complete toric variety X (£) is very ample if 
and only if §d is strictly upper convex and for all a G £ (n) 

a(lM = (m-m(D,a) | m G A D n M) 

Lemma 1.78 [Fulton, 1993, Sec. 3.4] If X (£) is complete and non-singular, 
then a T -divisor is ample if and only if it is very ample. 

1.3.5 Dualizing sheaf of a toric variety 

Suppose X (£) is a nonsingular toric variety, e±, ...,e n form a basis of N and 
Xi = x e i , i — 1, ...,n are the corresponding coordinates, then the divisor of 
the rational section 

dx\ dx„ 
uo = — - A ... A — - 

X\ x n 

of Q," (2) is - E^ e s(i) D v, hence: 
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Proposition 1.79 [Fulton, 1993, Sec. 4-3] If X (E) is a nonsingular toric 
variety, then 

\ «6E(1) 

Suppose X (E) is any toric variety of dimension n, then X^eE(i) ^ s no ^ 
Cartier or Q-Cartier in general, but still the coherent sheaf 

^X(E) = Ojf(E) I ~ ^ Dy 
\ weE(i) 

gives the dualizing sheaf. 

Proposition 1.80 [Fulton, 1993, Sec. 4-4] Suppose X (E) is a tone variety 
given by the fan E. 

If E' zs a refinement of E inducing a resolution of singularities 

/:X(£')-X(E) 

/* (^X(E')) = ^X(E) 

and #/„ (^x(E')) = Vi > 0. 

//X (E) is complete, then for any line bundle L on X (E) 

H n i (X (S) , L* ® Q^ (s) ) = PT (X (E) , L)* 
1.3.6 Projective toric varieties 

The normal fan If P C Mr is a polyhedron and w G iV K , then define 

face^, (P) = {m' G P | (m', iu) < (m, u>) for all m G P} 
With respect to Minkowski sums, face w has the property that 
face™ (P + P') = face w (P) + face„, (P') 
If P is a face of P define the normal cone of P as 
ap (P) = {w G iV R | face w (P) = P} 
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The normal cone has dimension dim (o> (P)) = n — dim (F). F' is a face of 
F if and only if <jp (F) is a face of <jp [F'\ Hence the set of normal cones 
op (F) for all faces F of P forms a fan, the normal fan NF (P) of P. 
Any polyhedron P may be written as 

P = A + C = {to + to'|togA and m! G C} 

with a polytope A and a cone C. The cone C is unique and C* is the support 
supp (NF (P)) of the normal fan of P. It is the set of linear forms on P, which 
have a bounded minimum on P. If P is a polytope, then NF (P) is complete. 
The normal fan £ = NF (A) of the polytope A consists of all duals 

Op (P) = {w G iV R | (to', w) < (to, w) for all to G A and m' G P} 

of the cones 

{A (m-m')Gl 8 |mGA, to' G P, A > 0} 

for all nonempty faces P of A. 

If G int (A), its normal fan NF (A) is the fan over the dual polytope 

A* = {n G N R | (m, n) > -1 Vm G A} 

The projective toric variety associated to an integral polytope 

Given an integral polytope A C M, we can associate to it the polytope 
ring 

5(A) = C [t k x m | m G kA] deg t k x m = k 

with 

k 

kA = {km | m G A} = A + ... + A 

and multiplication t k x m ■ t l x m ' = t k+l x m+m ' ', and hence define a projective 
toric variety P (A) = Proj S (A). 

On the other hand we can associate to A its normal fan E = NF (A) and 
a piecewise linear continuous integral convex function 

$ : iV M -> R 

$ (iu) = min (m, iu) = min (to, u>) = min (to, iu) 

meA ' meAnM ' mGvertices(A) 
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giving a Cartier divisor 



Da — > — mm (to, r) D r 

reE(l) 



which satisfies A^ A = A and is ample. 



Theorem 1.81 [Batyrev, 1994], [Cox, Katz, 1999, Sec. 3.2], [Fulton, 1993, 
Sec. 3.4] With this notation 

P(A) X(NF (A)) 
Cp(A) (1) — Cp(A) (Da) 

If X (E) zs complete and D is an ample T-Cartier divisor on X (E) 7 then 
NF(A D ) = E. 

Remark 1.82 Choosing a basis of M gives coordinates ti, ...,t n on the torus 
T = Hom z (M, C*). Wrift?i0 m = (ai, a n ) we have x m = ULi ='■ t m - 
Given A choose k such that kD^ is very ample on P(A). The lattice points 
kADM = {m , ...,m r } of kA correspond to monomials t m ° , ...,t mr . P (A) is 
the closure of the image of the map 

T -> P r 

1 1-» (t" 10 ,...,^) 

Example 1.83 For 

A = convexhull ((-1, -1) , (2, -1) , (-1, 2)) 

the normal fan is the fan 0/P 2 given in Example 1.54 an d P (A) is t/ie closure 
of the image of the torus under the degree 3 monomials in 3 variables, hence 
it is the degree 3 Veronese embedding 0/P 2 . 



1.3.7 The Cox ring of a toric variety 

In [Cox, 1995] the representation of P n as 

F n ={C n+1 -V((y ,...,y n )))/C* 

was generalized to arbitrary toric varieties X (£). In order to do so, introduce 
the homogeneous coordinate ring of a toric variety X (E): 
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Definition 1.84 The homogeneous coordinate ring or Cox ring of 

X(£) is 

S = S(X(Ti))=C[y r |reE(l)] 

with the grading 

deg(n r ^ r ) = [E r a ^] e A»-i(^(S)) 

If .D = ^ r a r .D r write y D = f| r y" r , so deg (i/ 15 ) = [£)]. The homogeneous 
coordinate ring is the direct sum 

aeA„_!(X(S)) 

with 

S a = 

[D]=a 

and it holds S a • Sp C S a+ p. 



1.3.8 Global sections as Cox monomials 

Proposition 1.85 [Cox, Katz, 1999, Sec. 3.2] The global sections of the 
reflexive sheaf of sections Ox(t.) (D) of a Weil divisor D is isomorphic to the 
degree [D] -part of the Cox ring 

H° (X (E) , Ox& (D)) — > S [D] 

r 

where D — ^2 b r D r . 

In particular S[d] is finite dimensional of dimension dime (S[d]) = | fl M 

Remark 1.86 The homogeneous coordinate ring contains all possible poly- 
tope rings associated to ample divisors of a projective toric variety. Indeed if 
D is ample on Y , then 

oo 

S{k D ) = Q)S k[D] 

d=0 
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Given D — ^ b r D r , we can describe S[d] explicitly: In the presentation 
of the Chow group of divisors of X (E) 



M 4 Z S W 

( a r)reT.(l) 



deg 



SrSE(l) a rD r 



with the rows of A being the minimal lattice generators of the elements of 
E (1), we have image (A) = ker (deg). Hence the Cox monomials of the same 
Cox degree as D, i.e., giving divisors linearly equivalent to D (so these torus 
invariant elements form a vector space basis of the space of global sections 
of D), are 

jy a | a e (b r ) + image (A) , a e zg 1} j 

Example 1.87 For X (£) given by the fan over the faces of 

convexhull ((4, -1, -1, -1) , (-1, -1, -1, 4) , (-1, -1, -1, -1)) 

as in Example 1.67 the Cox monomials in Sr_ Kx ^y i.e., the monomials of 
the same degree as the anticanonical class, are 

( ( 1\ / 4 

1 

1 + image -1-1 4 -1 nZ 



V 



1 

V 1 / 



-1 -1 -1\\ 

-1 4 -1 -1 
-1 -1 4 -1 



-1 -1 -1 4 

V-i -l -l -i J 



>o 



/ 



r / 1 \ 

i 

i 
i 

IV 1 / 



/5\ 




v o y 



/o\ 





W 



i.e., the monomials yf, yf, y± ■ ... ■ y 5 . 

For P 4 7 which is given by the fan over the faces of the polytope 

convexhull ((1, 0, 0, 0) , (0, 0, 0, 1) , (-1, -1,-1, -1)) 

the Cox monomials in S\ „ i are 



nz 5 >0 



/ 


( 1 ^ 




/ 


1 

















1 









1 














1 


+ image 










1 











1 















1 






\ 


w 




V 


-1 


-1 


-1 


-1 


) 


J 



yielding all monomials of homogeneous degree 5 in 5 variables. 
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Algorithm 1.88 In order to compute S[d] for given D E 7LP^ consider a 
basis Vi,...,v s o/ker(A*) and consider the cone C c (IR S W)* © R with the 
rays 

hull{(e r ,0)} forr E S(l) 
and lineality space (i.e., largest linear space contained in C) spanned by 

{(vi, -Vi- D)\i = 1, ...s} 

Then the intersection of C* with the hyperplane defined by setting the last 
coordinate equal to 1 is the polytope P = (D + image (i))nE7. Consider 
the preimage in Mr of this polytope under the map m \— > A • m + D. The 
lattice points of this polytope map via m i— > A • m + D to a basis of S[£>] . 

For y D ,y E G S define 

y D < y E & 3y F G S such that [F] = [E] , y D | y F and y D ^ y F 

Under this condition [E] — [D] = [F] — [D] = [F — D] is the class of an 
effective divisor. 

Lemma 1.89 [Cox, 1995] If X (E) is complete, then > is a transitive, anti- 
symmetric, multiplicative ordering on the monomials of S. 

1.3.9 Homogeneous coordinate presentation of toric varieties 

Quotient presentations Let q : Y' — > Y be a surjective morphism of 
toric varieties with tori T CY and V C F', and denote by g* : Div T (Y) — > 
Div T the pullback. With f/ = TU Ures(i) ( r ) there is the strict trans " 
form 

Div T ([/) ^ Div T , ([/') 

n 

|| WDiv T , ([/') 

n 

WDiv T (y) ^ WDiv T / (y) 

If y is a toric variety, then a quotient presentation of Y is a quasiaffme 
toric variety Y' and a surjective, affine toric morphism q : Y' — > y such that 
g# is bijective. This can be tested locally for all invariant affine open U C Y. 
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Theorem 1.90 [A'Campo-Neuen, Hausen, Schrder, 2001] SupposeY — X (E) 
and Y' — X (£') are toric varieties given by fans E C iV K and E' C 
and q : Y' ^ Y is a toric morphism given by a homomorphism of lattices 
ip : N' — > iV as described in Section 1.3.3. Then q is a quotient presentation 
if and only if the following conditions are satisfied: 

• coker (ip) is finite. 

• there is a strongly convex rational polyhedral cone a C such that E' 
is a subfan of a fan E" spanned by a (so Y' C U (o 7 ) / 

• the map a ^ Vr (a) is a bijection E /max -> E max and E' (1) — > E (1). 

• /or a// rays r' G E' (1) the image ip (f') o/ a minimal lattice generator 
f' is a primitive lattice element of N. 

If q : y — > y is a quotient presentation of y, then via the isomorphism 
g# we get a commutative diagram 


I 

— >■ M WDiv T (y) 

I / 
M' 

Definition 1.91 A triangle is a lattice M' and a commutative diagram 

M ^ WDiv T (y) 

I / 
M' 

such that M — ► M' is injective and for all T -invariant open U C Y there 
is an m' G M' such that the associated divisor on Y is effective with support 
Y\U. 

Theorem 1.92 [A'Campo-Neuen, Hausen, Schrder, 2001] Let Y be a toric 
variety. Above commutative diagram associated to a quotient presentation is 
a triangle. Up to isomorphism, this assignment is a bijection between quotient 
presentations and triangles. 
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Example 1.93 The triangle given by M' = WDiv T (Y) ^ WDiv T (Y) de- 
fines the Cox quotient presentation explored in detail in the following Section 
1.3.9. 

Example 1.94 If D is an ample Cartier divisor on Y , then 

M -> M ® ZD -> WDiv T (Y) 

is a triangle and the corresponding quotient presentation is the associated 
C* -bundle ofO Y (D). 

Suppose q : Y' — > Y is a quotient presentation given by the triangle 
M -> W -> WDiv T (y). Denote by T and T' the tori of Y and y' and let 

G = ker (T" -> T) 

With A = M'/M we have G = Spec (C [A]) and G = A. Then g„<9y* is 
graded by A with CV-modules -Ra 

q*O v > = i?a 

The group G acts on Y' and the morphism g is a good quotient if 

(q*0 Y ,f = Oy 

One can test this condition locally, so assume that q is given by an inclusion 
C[d v nM]cC [a' v n M']. One can show 

C [a N n M'] G = C [a v n M] 

hence: 

Proposition 1.95 [A'Campo-Neuen, Hausen, Schroer, 2001] Any quotient 
presentation of a toric variety is a good quotient. 

The morphism q is a categorial quotient and for all closed invariant Wi 

it holds g (rWi) = ru(wi)- 

If y is simplicial, then q is a geometric quotient. Any quotient presenta- 
tion is geometric in codimension 2. 
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Cox quotient presentation of toric varieties Suppose E (1) spans ATr. 
Applying Hom z (— , C*) to the presentation 



0^ M 4 WDiv T (X(E)) A n _x(X(S)) ^0 

of A n _i (X (E)), we get an exact sequence 

l-> G (E) -> Hom z (WDiv T (X(E)),C*) -> Hom z (M,C*) 

n n 
(C*) s(1) T 



with the kernel 

G(E) =Hom z (a,-i(a:(i:)),c*) 

of the map of tori, hence the inclusion of G (E) in Hom z (Z E W, C*) gives an 
action 

G (E) x Hom z (WDiv T (X (£)) , C*) -> Hom z (WDiv T (X (E)) , C*) 

( n 9a: WDiv T (X (E)) - C* 

[9, } D r » g([D r ])a(D r 

which induces an action of G (E) on 

Hom S9 (WDiv T (X (E)) , C) = Specm (S) = C s{1) 

considering C = C* U {0} as a semigroup with respect to multiplication. This 
action is given by 

G (E) x Hom S9 (WDiv T (X (E)) , C) -> Hom SJ (WDiv T (X (E)) , C) 

( n n)» ga '- WDiv T (X(E)) -> C 

[9 > } D r » g([D r ])a(D r 

The group G (E) is isomorphic to the product of a torus (c*) rank ( A «- 1 ( x ( s ))) 
and the finite group Hom z {A n ^ (X (E)) tor , Q/Z). 

Definition 1.96 If a E T, is a cone define the divisor 

rGS(l), r(2<r 
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and the irrelevant ideal of X (E) by 

£?(E) = (n D *|oeE) = / J] y r \aeT\cS 

\reS(l), r<£a I 

If a G E is a cone, then 

U a = C s « - V (y *) 
is invariant under the action of G (E). So 

C s «-\/( J B(E))= IJ^ 



o-es 



is invariant under G (E). The localization S a = S y $ is the coordinate ring of 
the affme variety U a and the invariants under the action of G (E) are 



(S„f (E) = (U = CNM] 



so 



U a /G (E) = Spec ((S CT ) G(E) ) = Spec C[a f] M] = U (a) 
is the affme toric variety U (a) C X (E). 

Theorem 1.97 [Cox, Katz, 1999, Sec. 3.2] Suppose E (I) spans N R . Then 
with the above action of 

G (E) = Hom z (4»-i (E)),C*) 

on C s<1 ) and above irrelevant ideal B (E) it holds 

X(E) = (C s{1) -V (£(£)))//£(£) (1.3) 

T/ie quotient is geometric if and only if E zs simplicial. 

Example 1.98 i/ E zs i/ie /an over the degree 5 Veronese polytope o/P 4 as 
considered Example 1.67 



A 3 (X(T,)) = ZxH 
{(a ,...,a 4 ) G Zi | Eto°i = 0mod5} 

Z5 (1,1, 1,1,1) 
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and Hom z (A3 (X (£)) , C*) = C* x Zjj acts on C 5 fry 
(A, • (j/o, ...,l/4) = (A/i ao y , 

where fj, is a 5th root of unity. Furthermore, 

B (E) = (y , yi, 1/2, 2/3, 1/4) c C [y , yi, 2/2, 2/3, 1/4] 

hence X (E) = P 4 /Z| ; which is precisely the quotient of P 4 ; £/ie Greene- 
Plesser mirror of the generic quintic sits inside (see Example 1.9). 

Remark 1.99 For the practical representation of the action of G (E) on 
we proceed as follows: Choose a numbering of rays o/E 7 let r — |E (1)| 
&e i/ie number of rays and denote by A the presentation matrix of A n ^i (Y) . 
By Smith normal form we obtain W G GL (n, Z) and U G GL (r, Z) and a 
commutative diagram 





A z r - 


- A n _i (Y) 


i w 




1= 


z n 


A' 


-> if 



snc/i £/ia£ A' is a matrix with non zero entries only on the diagonal. Then 

G (E)' = Hom z (if,C) 

acts fry 

G (E)' xC r ^C r 

((*i).(«i))^(n^iCa,-) i=w 

where U = (v,ij), and it holds 

X (E) = (C s{1) - V (£ (E))) //G (E)' 

1.3.10 Homogeneous coordinate representations of subvarieties 
and sheaves 

Let Y = X (E) be simplicial and I C S a graded ideal. Then V (I) — 
V (B (E)) C C s(1) — V(B (E)) is G (E) -invariant. As 

X (E) = (C s(1) -V(B (E))) /G (E) 
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is a geometric quotient, the G (E)-invariant Zariski closed subsets of C^ 1 - 1 — 
V (B (E)) are in one-to-one correspondence to the Zariski closed subsets of 
X(E). Denote by Vy (I) the Zariski closed subset of Y corresponding to 
V(I)-V(B(E)). 

So V Y (I) = if and only if V (I) C V {B (£)), which is equivalent to 
the existence of an m with B (E) m C / by the Nullstellensatz. 

Proposition 1.100 [Cox, 1995] Let Y = X (E) be a simplicial toric variety. 
Then 

1. For any graded ideal I C S 

V Y (I) = 0^3m:B (E) m C / 

2. There is a one-to-one correspondence 

{graded radical ideals I C S with B (E) C /} — > {Zariski closed subsets ofY} 

I ^ V Y (I) 

A graded ^-module F has a decomposition into a direct sum 

F = Q) F a 

with SaFp C F a+P . 

Let a E E be a cone. The degree part (F CT ) of the graded ^-module 

F a = F <g) 5 ^ is an (S' cr ) -module, which defines a quasi-coherent sheaf (F a ) 
on the affine toric variety U (a) = Spec ((S a ) ) C X(E). According to the 

fan the sheaves (F a ) patch to a quasi-coherent sheaf F. 

Theorem 1.101 [Cox, 1995] Let Y = X (E) with Cox ring S. The map 
F ^ F is an exact functor from the graded S-modules to quasi- coherent 
Oy -modules. It has the following properties: 

• IfYis simplicial, then every quasi- coherent sheaf J 7 arises in this way 
as T = F with 

F= H (Y,F® OY S\a)) 

aeA n _i(X(£)) 

where S (cx)p = S a+ p. 
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• If F is finitely generated, then F is coherent. 

• IfYis simplicial, then every coherent sheaf on Y is of the form F with 
F finitely generated. 

F = if and only if there is some k > such that B (E) fc F a = {0} for 
all a G Pic (Y). 

• IfYis smooth, then F = if and only if there is some k > such that 
B (E) fc F = {0}. 

Theorem 1.102 [Cox, 1995] Let Y = X (E) with Cox ring S. 

1. IfYis simplicial, then any closed subscheme ofY is given by a graded 
ideal I C S, and graded ideals I, J C S correspond to the same closed 
subscheme of Y if and only if (I : B (E) 00 )^ = (J : B (E) 00 )^ for all 
aGPic(F). 

2. If Y is smooth, then graded ideals I, J C S correspond to the same 
closed subscheme of Y if and only if (J : B = (J : B (S)°°) 7 so 
there is a one-to-one correspondence between the graded ideals I C S 
which are saturated in B (E) and the closed subschemes ofY. 

1.3.11 Kahler cone and Mori cone 

Suppose Y = X (E) is a simplicial projective toric variety of dimension n 
given by the fan E C N R . Then 

A n _! (Y) <g) R = H 2 (Y, R) 

The Kahler cone K (Y) of Y is the cone of all Kahler classes on Y 
considered subset in A n ^ (Y) <g> R or H 2 (Y, R). 

The cone A^_i {Y) ® R is defined as the cone generated by the divisor 
classes [D r ] G A n _ x (Y) for r e E (1). 

Proposition 1.103 If a = J2 r em) a ' r \ D r\ e A n-i ( Y ) ® R, M any a E T, 

there is an m a e snc/i i/ioi (m CT , f) = — a r /or a// ra?/s r C a. If (m a , r) > 
—a r for all r (jL o , then a is called convex. The set cpl (E) of all convex 
a G (y) ® R is a |E (1)| — n dimensional convex cone. 
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a is in the interior of cpl (E) if and only if (m a , f) > —a r for all maximal 
dimensional cones a G £ and all r <f_ a. 

Proposition 1.104 [Cox, Katz, 1999, Sec. 3.3.] The Kahler cone of Y is 
the interior of cpl (E) . 

Corollary 1.105 The Mori cone NE {Y) R of effective 1-cycles in A x (Y)® 
R = H 2 (Y, R) is dual to cpl (E) . 

Proposition 1.106 [Reid, 1983] NE (Y) R is generated by the torus orbit 
closures V (a) where a G E is a cone of dimension n — 1. 

Suppose a G E is a cone of dimension n — 1 generated by t>i, i> n _i G TV. 
The cone a is contained in exactly two n dimensional cones C\ and C 2 . There 
are v n , v n+ i G iV such that 

Ci = hull (ui,...,u„_i,u„) 
C 2 = hull D n+ i) 

There are relatively prime integers Ai,...,A n+ i G Z with A n , A n+ i > such 
that Y^=\ ^i v i = 0- Denote the relation (Aj) by A CT . 
Consider 

A Q ={(A,)GQ s «|Er= 1 1 A^ = 0} 
Applying Hom z (— , Z) to the sequence 

-> M -> Z s(1) -> A n _! (X (E)) -> 

and tensoring with Q we get a natural isomorphism 

A x (F) <g> Q = A Q 

and V (a) is mapped to a multiple c a X a G Aq of the relation A CT G Aq given 
by YTi=l^i v i = 0- 

Proposition 1.107 /Cox, Aate, 1555, Sec. 3.3] If a G E (n - 1) arerfui, ...,i> n +i G 
A tuito 

cr = hull (V!, D n _i) = hull (v i, D n ) fl hull D n _i, V n+1 ) 
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and Y^i=i ^i v i = with -Vlj •••) £ ^ anc ^ A n , A n+ i > 0, t/ien t/jere zs a 
c ff > 

V» ^ A tr = c tr .(A i ) 

^4 Cartier divisor D is ample if and only if D.V (a) > for all a E E (n — 1), 
so: 

.A divisor D = Xlres(i) a r-Dr ample if and only if it is Cartier and 
(a r ) • A CT > for all a e £ (n - 1) . 

Note that by the sequence 

0^ HoniM (A n -i (Y) ® R, M) -> Hom ffi (R E «R) ^ iV R ^0 
the Mori cone of F is 

ATE (y) R = hull {\a\o~ e S, dim (<r) = n - 1} 

C ker (A*)* = Hom R (A n -i (F) (g) R, R) = A 1 (Y) <g> R 

1.3.12 Toric Fano varieties 

Recall that any Cohen-Macaulay variety F of dimension n has a dualizing 
sheaf Cl Y and that this is a line bundle if and only if Y is Gorenstein. 

Definition 1.108 A complete Gorenstein variety Y is called Fano if the 
dual of Cl Y is ample. 

For any toric variety Y 

Cl y = Oy I - D v) 

\ weE(i) / 

so a toric variety Y is Gorenstein if and only if — Ky = X^eE(i) ^ * s Cartier, 
hence: 

Lemma 1.109 If Y is a complete toric variety Y , then it is Fano if and 
only if YlfveT.ii) ^ Cartier and ample. 

Definition 1.110 A polytope A C Mr = R n of dimension n is called re- 
flexive if A and its dual A* are integral and contain 0. 
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If A C M K is reflexive, then the vertices of A* are in the lattice M, hence, 
for each facet F of A there is an m F £ M with 

F = A n {w e N K | (m F , w) = -1} 

and A is cut out by the inequalities (mp, w) > —1 for all F, so for any lattice 
point in the interior of A we have (m F ,w) > —1 and (m F ,w) G Z for all 
facets F of A, hence, is the unique interior lattice point of A. 

Lemma 1.111 If A C M R is reflexive, then is the unique interior lattice 
point of A. 

Theorem 1.112 [Cox, Katz, 1999, Sec. 3.5], [Voisin, 1996, Sec. 44] The 
Gorenstein toric Fano varieties P (A) of dimension n, polarized by — i^p(A) 
are in one-to-one correspondence with the reflexive polytopes A C Mr, rank M = 
n. Hence duality of reflexive polytopes is an involution of the set of Goren- 
stein toric Fano varieties. 

This involution is used by Batyrev in his mirror construction for hyper- 
surfaces in toric varieties. 

Example 1.113 The polytope 

A = convexhull ((2, -1) , (-1, 2) , (-1, -1)) 

which is shown in Figure 1.6, giving the degree 3 Veronese off 2 is reflexive 
with dual 

A* = convexhull ((1, 0) , (0, 1) , (-1, -1)) 
shown in Figure 1.7. 

1.3.13 The automorphism group of a toric variety 

Suppose X (£) is a complete toric variety given by a simplicial fan E and 

X (E) = (C s(1) -V(B (E))) /G (E) 
G(E) =Hom z (A„_ 1 (X(E)),C*) 

the homogeneous coordinate representation. The following three possible 
types of automorphisms of X (E) are given as automorphisms of C^ 1 ) — 
V (B (E)) commuting with the action of G (E) on C s(1) - V (B (E)): 
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Figure 1.6: Polytope representing the degree 3 Veronese of P 2 




Figure 1.7: Dual polytope of the degree 3 Veronese polytope of P 2 



1. By exactness of 



!-►(?(£)-> (C 



T -> 1 



the elements of (C*) S( ' 1 ' ) induce the automorphisms of X (£), which are 
in the torus T C Aut (X (£)). 

2. A root of X (£) is a pair (y v , n r es(i) 2/r r ) °f a Cox variable y„ and 
a Cox monomial rireE(i)^r r 5 which are not equal, but have the same 
Cox degree, i.e., 



a r D r 

reS(l) 



[Djel-i (V(E)) 
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The Cox monomial n r ^r r i s n °t divisible by y v , as otherwise the quo- 
tient would be a nontrivial degree Cox monomial. 

Any root (t/«,n r 2/? r ) induces a 1-parameter family of automorphisms 
of C S W - V (B (£)) commuting with G (E) 

y v ^ Vv + A rLs(i)-M l/s r 

y r i-> y r for r G E (1) - {v} 

where y v denote coordinates on C S( - 1 - ) . 

Denote by Roots (X (E)) the set of roots of X (E). 

3. Any automorphism of N, which permutes the cones of the fan, gives a 
permutation of the rays of E, i.e., of the Cox variables. 

Theorem 1.114 [Cox, 1995], [Cox, Katz, 1999, Sec. 3.6] If X (E) is sim- 
plicial, then torus, root and fan automorphisms generate Aut (X (E)). Torus 
and root automorphisms generate the connected component of the identity of 
Aut (X (E)) and 

dim Aut (X (E)) = dim (T) + (Roots (X (E))| (1.4) 

Note that 

(Roots (X(E))| = ( dim (*V])"l) 

reS(l) 

see also Section 1.3.8. 

If X (E) is simplicial and Gorenstein, then there is a one-to-one corre- 
spondence between the lattice points in the relative interior of the facets 
(i.e., codimension one faces) of the polytope 

A_^ X(E) = {meM R \ (m, f) > -lVr G E (1)} 

and the roots of X (E): 

. Ifp= (l/.n^tD-wf) is a root of X (E), then deg ( n - w»> ) = 
0, so (6 r ) G Z S W with 

6 = / ^ ifrGS(l)-W 1 
— 1 if r = v J 
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is in the image of A in 

0^ M A Z s « -> A n ^{X{T)) ^0 

m i-> (K^)) reS (i) 

i.e., there is a unique m p G M such that 

(m p ,v) = -1 

and 

{m p , f) = a r for all r ^ v 

By 

A_ Xx(E) = {m G M R | (m p ,f) > -lVr G E(l)} 

and (m p ,f) = a r > > — 1 for r/t) and (m p ,v) = — 1 we conclude 
that m p is in the interior of the facet of A_ Kx(s) given by (m, -0) = — 1, 



i.e., 



m p G int (a_ Kx(s) n {(m,£) = -1}) n M 

If m p G int ^A_^ X(E) fl {(m,v) = — l}j flM is a lattice point in the 
relative interior of a facet of A_^ X(E) , then 

K,^> = -i 

{m p , f) > —1 Vr G S (1) with 

so with 

a r = (m p ,r) G Z>_ x 

for r 7^ t> we have 

rire£(l)-M 



Vv 

i.e., 



a r 

= A (m p ) 



dog | Hr^D-M^ ] = 



so p= (y v , rirGS(i)-{t.} Vr r ^j is a root °f Summarizing: 
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Proposition 1.115 [Aspinwall, Greene, Morrison, 1993] If X (E) is sim- 
plicial and Gorenstein, then the roots of X (E) are in one-to-one corre- 
spondence with the lattice points in the relative interior of the facets of 
A_^ x(s) C Mr. 

The polytope A_ Kx(s) is not a lattice polytope in general. 

Corollary 1.116 If X (E) is simplicial and Gorenstein, then 

dim (Aut (X (£)))= dim + \™t M (Q)\ 

Q facet o/ A_^ X(E) 

with intAf denoting the set of lattice points in the relative interior of Q. 

Example 1.117 For X (E) = P n the roots are the pairs (x i: Xj) for i ^ j , 
hence 

dim (Aut (P n )) = n + (n + l) 2 - (n + 1) = (n + l) 2 - 1 
i.e., the dimension of PGL (n + 1 , C) . 

1.3.14 Toric Mori theory 

Recall that for normal varieties X and Y a proper birational morphism / : 
X — > Y is called small if it is an isomorphism in codimension one. A normal 
variety X is called Q-factorial if all prime divisors on X are Q-Cartier. 

Lemma 1.118 [Reid, 1983] A toric variety Y is Q-factorial if and only if 
Y is simplicial. 

Recall that for any toric variety X there is a small projective toric mor- 
phism X' — > X such that X' is Q-factorial. 

Let X and Y be normal varieties and / : X — > Y be a proper morphism. 
A 1-cycle of X/Y is a formal sum J^ajCj with G Z of complete curves Cj 
in the fibers of /. Denote by 

Z l (X/Y) = {1-cycles of X/Y} 
Z x (X/Y) Q = Z 1 (X/Y)®Q 

There is a bilinear pairing 

Pic(X)xZ 1 (X/F) Q - Q 

(£,C7) ^ deg c (£) 
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Consider two line bundles respectively 1-cycles numerically equivalent = if 
they induce the same linear form on Z\ (X/Y)q respectively Pic (X). So we 
get with 

N 1 (X/Y) = (Pic (X) ® z Q) / = 
N, (X/Y) = {Z x (X/Y) Q ) / = 

the induced perfect pairing 

N 1 (X/Y) x JVi (X/Y) -> Q 

Consider the cone of effective 1-cycles 

NE (X/Y) = jc G Ni (X/Y) \ C = J2 a i°i with °* > °} 

Definition 1.119 A subcone W of a cone V is called extremal, if for all 

u,v G V with u + v G W it holds u,v G W. An extremal ray is an extremal 
cone of dimension 1 . 

So for a strongly convex cone V a subcone W is extremal if there is a 
linear form I such that 

W = {v G dV | I (v) = 0} 
The relative Picard number of X/Y is 

p (X/F) = dim Q (N l (X/Y)) 
DeN 1 (X/Y) is /-nef if D > on iV£ (X/F). 

Theorem 1.120 (Cone Theorem) [Fujino, Sato, 2004] If f X —> Y is 
a proper toric morphism, then NE (X/Y) is a convex polyhedral cone. If f 
is projective, then NE (X/Y) is strongly convex. 

Theorem 1.121 (Contraction Theorem) [Fujmo, Sato, 2004] Let f '■ x 
Y be a projective toric morphism and let R be an extremal face of NE (X/Y). 
There is a projective surjective toric morphism g : X — > W over Y such that 

• Z is a toric variety which is projective over Y , 
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• g has connected fibers, 

• if C is a curve in a fiber of f , then [C] e R if and only if g (C) is a 
point. 

If R is an extremal ray and X is Q-factorial, then also W is Q-factorial 
and if g is not small, then p (W/Y) = p (X/Y) — 1. 

Theorem 1.122 (Existence of flips) [Fujino, Sato, 2004] Suppose f '■ A - 
Z is a small toric morphism, D is a torus invariant Q-Cartier divisor on X 
and —D is f -ample and r is an integer with rD Cartier. Then there is a 
small projective toric morphism 

h:X + = Proj z (0 m > o /*0x (m ■ r ■ D)) — > Z 

such that the proper transform D + of D on X + is an h-ample Q-Cartier 
divisor. Then the birational map 

X — X + 
f\ /h 
Z 

is called the elementary transformation with respect to D. If X is Q-factorial 
and p(X/Z) = 1, then X + is Q-factorial and p(X + /Z) = 1. 

As the 1-skeleton of the fan is not changed by elementary transformations 
we have: 

Theorem 1.123 (Termination of flips) [Fujino, Sato, 2004] Let 
X — ► Xi — ► x 2 — ► 

\ / \ / \ 

Zq Z\ 

be a sequence of elementary transformations with respect to the divisors D i} 
i = 0,1,... where D i+ i is the proper transform of D{. Then this sequence 
terminates after finitely many steps. 

Algorithm 1.124 (Toric minimal model program) [Reid, 1983] Given 
a Q-factorial toric variety, a projective toric morphism f : X — > Y and a 
Q-divisor D on X we have two possibilities: 
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1. D is f-nef, i.e., D.C > for all curves C contracted by f . 

In this case the process stops, and we call X a relative D -minimal 
model over Y. 

2. D is not f-nef: 

In this case the Cone Theorem 1.120 gives the existence of an extremal 
ray R in NE (X/Y) D<0 and the Contraction Theorem 1.121 yields the 
associated extremal contraction g : X — > W over Y and we have 

(a) if dim W < dimX then the process stops with a Mori fiber space. 

(b) if g is birational and contracts a divisor, then p (W/Y) = p (X/Y) — 
1 and g is called a divisorial contraction. 

Continue with W — > Y and the divisor g*D. 

(c) if g is small, then by Theorem 1.122 there an elementary trans- 
formation h : X — > X + with respect to D. The birational map h 
is also called a log-flip . 

Continue with X + — > Y and the divisor h*D. 

This process stops, as p (X/Y) drops by divisorial contractions and any 
sequence of log-flips terminates by Theorem 1.123. 

In the standard Mori theory for toric varieties / is birational, Y is pro- 
jective and D = Kx- Note that Kx is /-nef if and only if Kx = f*Ky in 
the sense of Q-Cartier divisors. 

Theorem 1.125 [Fujino, 2003] Let X be a ^-factorial toric variety, Y a 
complete toric variety and f : X — > Y a birational toric morphism. If E is a 
subset of the exceptional divisors of f , then f factors 

X Y 
9\ /h 
Y' 

such that the birational map g : X — >■ Y' 

1. contracts all divisors in E 

2. is a local isomorphism at every generic point of the divisors not in E 
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3. g^ 1 :Y'^X contracts no divisor 

4- Y' is projective overY and Q-factorial. 

So if E is the set of f -exceptional divisors then h is a small projective 
Q-factorialization. 

Proposition 1.126 [Fujino, 2003] If Y is a complete toric variety and fi : 
Yi — > Y, % — 1, 2 are small projective Q-factorializations, then there is a finite 
composition of elementary transformations Y% — > Y2. 

Remark 1.127 We illustrate in the following example the contraction pro- 
cess, the corresponding Mori cones and the linear forms Kx { : 

• Let fx : Xi — > Xq = P 2 be the blowup of Xq in a point p\ and E\ 
the exceptional. X\ — P (Opi © Opi (1)) has a fibration over P 1 by the 
0-curves. Denote by H a line in X Q not meeting p\. The map f\ has a 
toric representation as a map of fans Hi — > S. 




• Further consider the blowup f2 '-^-2 -^1 of Xi in a point P2 G Ei 
with exceptional E 2 and denote E\ the strict transform of E\ . Denote 
by L the line through pi such that L meets E\ in p2- 
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Any of the depicted maps corresponds to the contraction of a curve, 
whose class [E] generates an extremal ray of NE pQ) R . To see this, 
we calculate the Mori cones: 



1. NE (P 2 ) R .' 

jVi (P 2 ) = r, We (p 2 ) 



and K P 2 = —3H 



K=0 K<0 

-I H 



From the toric point of view 

NE (P 2 ) = hull {(1, 1, 1)} C ((1, 1, 1)) C M E « 



2. NE(X 1 



H 



and [Ex] form a basis of N\ (Xi) = M 2 , and we choose 



H 



I) ! 



H, E x e Nx (Xj) are determined by H 2 = 1, H.E 1 = and E\ = 
-I. 

From E\ = — 1 and L 2 = we know that [E{\ generates an ex- 
tremal ray of NE (Xi) R and L is on the boundary of NE {X\), 

so we can conclude that they span NE (X%) M C 1R 2 and 



L 



gen- 



erates an extremal ray. By L.H = L.H — E\.H = 1, L.E\ = 1 we 
calculate 

1 

-1 



K Xl = —SH + E% hence 



K Xl - [xi 



H 



+ x 2 [Ei] ) = -3xi - x 2 
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We observe that X± is Fano. 

From the toric point of view NE (Xi) m is a cone in the subvec- 
torspace 

/1\ /o\ 



ker 



10-11 
1-11 



1 
1 

V o y 





1 

V 1 / 




NE (Xi) H = hull 



hull 



C 



hull 







1 

-1 



c 



Finally we compute the coordinates of the classes C for all re- 
duced irreducible curves CcF 2 : 

We have C ~ dH with d = C.H, and C = f*C - m Pl (C) E^with 
the multiplicity of C inpi, hence 

H.C = H.C = d and E X .C = f u (E x ) .C - m Pl (C) E\ = m Pl (C) 
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c 



d 

-m Pl (C) 

in particular the classes from P 2 all lie inside the cone generated 
by H and L, i.e., the dark grey area. 



NE {X 2 \ 



H 



E 1 



and [E 2 ] form a basis of Ni (X 2 ) = M 3 , and we choose 



coordinates 



1 






E 1 




1 




[E 2 





1 



• H,Ei,E 2 e Ni (X 2 ) are determined by H = I, E x = -2, El = 
-I, H.E[ = 0, H.E 2 = and E\.E 2 = I. 

• From El = —1, L = — 1 and E\ = —2 we know that [E 2 \ , E\ 
and L generate extremal rays of NE (X 2 ) R . From 

L.H = (f*L - E 2 ^j .H = L.H = 1 

L.Ei = 0, L.E 2 = 1 we get for the coordinates of L = XiH + 
x 2 E 1 + x 3 E 2 that X\ = 1, —2x 2 + x 3 = 0, x 2 — x 3 = 1, hence 









L 


■I 











To check that NE (X 2 ) R is really the cone generated by E t , [E-_ 



and 



, we check that it contains all classes 



C 



for reduced 



irreducible curves C C P 2 / 
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Let d = C.H , m Pl (C) be the multiplicity of C in p\ and m P2 (^C^j 
the tangency of C to the line L. 

H.C = H.C = H.C = d 

E[.C = - E 2 ) . (f*C - m P2 (d) E 2 ) = E X .C - m P2 (c) E\ 



m pi (C) -m p2 [C 



E 2 .C = m p2 (C 



we get for the coordinates of C = X\H + x 2 E\ + x%E 2 that xi = d, 
—2x 2 + x 3 = m Pl (C) — m P2 \ C) , x 2 — x 3 = m P2 \ C) , hence 



( 



C 



d 

-m pi (C) 
\^ -m pi (C) - m P2 (CJ J 



All the classes from P 2 lie inside the cone spanned by 




1 



1 




H 




i.e., the part of NE (X 2 ) R with non positive E\ and E 2 coordinate 




We see that X 2 is no longer Fano. 
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In the following for a given finite set TZ of 1-dimensional rational cones 
we describe the set of all Kahler cones of projective simplicial fans E with 
E (1) C TZ. These Kahler cones fit together as the maximal cones of a fan. 
We will relate this fan to the birational geometry of the toric varieties given 
by projective fans E with E (1) C TZ. 

Given a toric variety X (E), the Chow group of divisors A n _ x (X (E)) has 
the presentation 

0^ M -> Z s « -> A„_!(X(E)) ^0 

m ^ (K^)) reS( i) 

hence depends only on the 1-skeleton 7?. = £ (1) of the fan E. So denote 
A n _! (X (£)) by A n _! (ft) and A n _x (X (£)) <g> R by A n ^ (TZ) R . If E is a 
projective simplicial fan with S (1) = TZ then the Kahler cone K (X (Y,)) 
canonically lies in A n _i (TZ) R = R n /M K . 

So in the following let TZ be a finite set of 1-dimensional rational cones 
in ATr, which is the set of rays of a complete fan in N R . For any projective 
simplicial fan E with E (1) = TZ we get the cone cpl (E) of dimension \TZ\—n 
which is the closure of the Kahler cone K (X (E)) and lies in the cone of 
effective divisor classes A^_ x (TZ) R . In the same way: 

Lemma 1.128 [Oda, Park, 1991] Let E be a projective fan with E (1) C TZ. 
If a — Sres(i) a r [Dr] G ^n-i C^)r> ^ en / or an ?/ °" £ E there is an m a G M ffi 
s^c/i i/iai (m a ,f) = —a r for all rays r C er. If (m a ,r) > —a r for all r G TZ, 
r <f_ a, then a is called T,-convex. The set of all T,-convex a G A\_ x (TZ) R is 
an \TZ\ — n dimensional convex cone, which we also denote by cpl (E). 

Theorem 1.129 [Oda, Park, 1991] The set of all cpl (E) for projective fans 
E with E (1) C TZ form the set of the \TZ\ —n dimensional cones of a fan with 
support A£_i (TZ) R . It is called the Gelfand-Kapranov-Zelevinsky decomposi- 
tion GKZ (TZ) associated to TZ. 

Non simplicial fans E with S (1) C TZ correspond to cones in GKZ (TZ) 
of dimension less than \TZ\ — n. Note that the converse is not true. 

Proposition 1.130 [Oda, Park, 1991], [Cox, Katz, 1999] Two cones cpl (E) 
and cpl (E') of dimension \TZ\ — n of GKZ (TZ) have a common facet if and 
only if the toric varieties X (E) and X (E') are related by a birational ex- 
tremal contraction. 
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The fan GKZ (TV) may be extended to a complete fan E (TV) in A n _i (TV) R : 

Definition 1.131 A marked polytope is a pair (P, M) where P ER n is 
a convex polytope and M C P is a finite subset with vertices (P) C M. 

So we may view a marked polytope as just a finite set M of points in R n , 
and P = convexhull (M). 

Definition 1.132 A polyhedral subdivision of a marked polytope (P, M) 
in R n is a set of marked polytopes (Pi, Mi) with dim (Pi) = dim (P) such that 

UiPi = p 

and for alii,] the intersection F = PidPj is a face of Pi and Pj (which may 
be empty) and 

Mi OF = MjDF 

i.e., Mi n convexhull (Mj) = Mj H convexhull (Mi). 

A polyhedral subdivision is called triangulation, if all Pi are simplices 
and the Mi is the set of vertices of Pi. 

If {(Pi, M^} and {(Pj,Mj)} are polyhedral subdivisions of (P,M), then 
{(P t ,M t )} refines {(i^Mj)}, if for all j 

{(P^MJI^CP;} 

is a polyhedral subdivision of (Pj, Mj) . 

Hence the set of polyhedral subdivisions of (P, M) form a poset and the 
triangulations are the minimal elements. 

Lemma 1.133 [Gelfand, Kapranov, Zelevinsky, 1994, Sec. 7.2.] Let(P,M) 
be a marked polytope in W 1 . If f : M — > lR n ; i.e., f G 1R M , is a function let 

G f = convexhull {(x, y) E W l © R | x E M, y e R with y < f (x)} 

Then 

g f :P^R 

gf (x) = max {y E R \ (x,y) E G f} 

is a piecewise linear function on P. Denote by Pi the domains on linearity 
of gf and let 

Mi = {xEMnPi\g f (x) = f(x)} 
= {x E M f]Pi\ (x,f (x)) E dGf} 

Then {(Pi, Mi)} is a polyhedral subdivision of (P, M) denoted as S (f). 
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Definition 1.134 A polyhedral subdivision of a marked polytope (P,M) is 
called coherent, if it is of the form S (/) for some f G IR M . 

Let 7Z be a set of 1-dimensional rational cones in N R , denote by f, r G TZ 
the primitive lattice generators of the elements of TZ. With 

TZ' = {(f, 1) | r G TZ} U {(0, 1)} C N R © R 

we have an exact sequence 

-> M R © R ^ R 7 *' A A n _! (ft) R -> 

with the elements of 72.' forming the rows of A'. Consider the marked polytope 
(P, M) = (convexhull (TV) , W) in N w © R. 

Definition 1.135 If S = {(Pi, Mi)} is a coherent polyhedral subdivision of 
the marked polytope (P, M), then let 

C(S) = |?r (/) | / Gl K ' , S is a subdivision of S (/)} 

fre £/ie image under ir of the cone of those functions f G R^' such that S is 
a subdivision of S (f). 

Proposition 1.136 [Gelfand, Kapranov, Zelevinsky, 1994, Sec. 7.2.], 
[Cox, Katz, 1999, Sec. 3.4-] The cones C (S) form a complete fan in A n _i (71) 
This fan is called the secondary fan E (71) ofTZ. 

Lemma 1.137 [Cox, Katz, 1999, Sec. 3.4.] Let S = {(P h Mi)} be a coher- 
ent polyhedral subdivision of (P, M) . Then 

C(S) = fl, hull {tt (e r ,) I / i Mi} 

where e r i G R^' denotes the standard basis vector corresponding to r'. 

If C (S) is a coherent polyhedral subdivision involving (0, 1), then the 
cones over the polytopes of S form a complete fan in N R = N R x {1}, and 
any complete fan in ATr arises this way. 

Lemma 1.138 [Cox, Katz, 1999, Sec. 3.4-] The secondary fan S (71) con- 
tains GKZ (7Z) as a subfan. The cones of GKZ (7Z) are those corresponding 
to coherent polyhedral subdivisions of (convexhull (TV) ,TV) involving (0, 1). 
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Example 1.139 Consider the fan E given by the rays spanned by 

n = (1, 1) , r 2 = (-1, 1) , r 3 = (1, -1) , r 4 = (-1, -1) e N = Z 2 

m AT K = ]R 2 and denote r 5 = (0,0). We choose a basis of ker(_o A) 
((1, 0, 0, 1, —2) , (0, 1, 1, 0, —1)), so we have the sequence 








Mm 



Mm © M 



A' 








with 
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/ 1 1 1\ 

-1 1 1 
A! = 1-11 B = 

-1 1 1 

V o o i ; 

Hence considering the secondary fan as a subfan ofM 2 = A n _i (7£) K i/ie cones 
corresponding to triangulations are 



C 

c 
c 



hull 
hull 
hull 




1 

-2 
-2 

-2 
-2 



TTie secondary fan is shown in Figure 1.8. 



Algorithm 1.140 IflZ = {r 1; ...,r s } C = Z n ®M is a set of \- dimensional 
rational cones, which are the rays of a projective fan, the following algorithm 
computes the secondary fan E (TZ) of 71: 

1. Let TZ = {ri, r s , 0} be the set of minimal lattice generators of the 
rays ri together with 0. 

2. Let E (71) = {}. 
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3 1 



3 1 




4 2 



3 1 



4 2 



Figure 1.8: Secondary fan of Pi x Pj 



5. Choose a random f G Z> . Lei 

G/ = convexhull { (f is / f .) , (f i5 -1) | j = 1, s} C N R © R 

and compute the set S' of all faces of Gf which do not involve one of 
the vertices (fj, — 1). 



4- Compute the set S of projections of the faces of S' under iV R ffiR 
5. Let 

K' = {(f, 1) | r G 11} U {(0, 1)} C iVflj © R 
and A' 6e t/je linear map with rows (f, 1) , (0, 1) and it the map 

A [ Tall' T. 



Compute 



-+ M K © R A R w A A n _! (ft) R -> 
C(5) = n Fe<s ,hull{7r(e r |r'£F} 
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6. If dim (C (S)) < s — n then we found a non maximal cone of the sec- 
ondary fan (which we may remember), and we go back to 3. 

Otherwise we set £ (71) = £ (71) U {C (S)}. 

IfT, (7Z) is not complete, then we go back to 3. 

In order to get the fans associated to the cones in the GKZ decompo- 
sition, we may also remember for each cone C (S) the corresponding 
triangulation S . 

Remark 1.141 The Maple package tropicalmirror (see also Section 12.4) 
provides an implementation of this algorithm. Given a set 1Z = {ri,...,r s } 
of lattice vectors in Z n ; which are the primitive lattice generators of the rays 
of a projective fan, the function Triangulations takes 1Z as an argument and 
computes all triangulations of the marked polytope (convexhull (71) , 7Z) . Let 
B be a matrix such that the sequence 







on+l 



os+l 



B 







with 



A' = 



/n l\ 



r l 

r s 




/ 



is exact, so choosing an isomorphism A n _\ (71) R = M. s ~ n . The function 
SecondaryFan takes as argument the list (ri,...,r s ) and B and computes the 
secondary fan as a fan in W~ n . In the same way the function GKZFan takes 
the argument (r\, ...,r s ) and B and computes the GKZ decomposition of 71. 



1.4 Grobner basics 

To compute combinatorial objects in tropical geometry, we will use Grobner 
basis techniques, so we recall some notation and make some remarks about 
their implementation in the Macaulay 2 library mora.m2 which is part of the 
computer algebra implementation of the mirror construction given here. 
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1.4.1 Semigroup orderings 

Definition 1.142 (Semigroup ordering) A semigroup ordering (mono- 
mial ordering) on the semigroup of monomials in the variables xi,...,x n is 
an ordering > of the monomials with the following properties 

1. > is a total ordering 

2. > is compatible with multiplication, i.e., x a > x 13 =>- x a x" f > x^x 1 . 

Definition 1.143 (global ordering) A global ordering > is a semigroup 
ordering with the following equivalent properties 

1. Xi > lWi 

2. x a >1 for alla^O 

3. > is a well ordering. 

4. a> (3 and a ^ (3 =>• x a > x? 

Definition 1.144 (local ordering) A local ordering > is a semigroup 
ordering with 

Xi < 1 Wi 

Local orderings are not well orderings. This leads to problems with the 
termination of normal form algorithms. 

Remark 1.145 In one variable all global (resp. local) orderings are equi- 
valent. 

Definition 1.146 (weighted degree ordering) A monomial ordering > 
is called a weighted degree ordering if there is some w G W l with non 
zero entries such that 

wa > w(3 =^> x a > x^ 

Example 1.147 If> is any monomial ordering and w G M. n , then > w given 
by 

x a > w x^ wa > wf3 or (wa = w(3 and x a > ar ) 

is a monomial ordering. It is a weighted degree ordering, it is global ifwi>0 
for all i and it is local if Wi < for all i. 
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Proposition 1.148 [Greuel, Pfister, 2002, Sec. 1.2] Given any finite set of 
monomials M and any semigroup ordering >, there is some w G Z n such 
that 

for all x a , x 13 G M. 

w can be choosen such that Wi > if Xi > 1 and Wi < if Xi < 1. 
w is called a weight vector inducing > on M. 

Example 1.149 The following orderings are semigroup orderings: 

• lexicographical ordering \p: 

x a < x 13 31 < i < n : ct\ = Pi, ctj-i = Pi-i, en < Pi. 

• reverse lexicographical ordering rp: 

x a < x 13 <^> 31 < i < n : a n = P n , a i+1 = p i+1 , a t > fa. 

• weighted reverse lexicographical ordering wp (w) for w 6 1": 

X a < X 13 -v^ J2 W i a i < J2 W iPi 0T J2 W i a i = ^2 w iPi an & 31 < 2 < U : 
«n = Pn, Cti+l = Pi+1, Oii > Pi. 

• weighted lexicographical ordering Wp (w) for w G W 1 : 

X a < X 13 <^ Yl W i a i < ^2 w iPi or Yl W i a i = 12 W iPi an( ^ 31 < 2 < n : 
Ctx= Pi,..., Cti-i = Pi-i, (Xi < Pi. 

• degree reverse lexicographical ordering dp = wp (1, 1). 

• negative lexicographical ordering Is: 

x a < x 13 31 < i < n : ai = Pi, a^i = Pi-i, on > Pi- 

• matrix ordering associated to 

I ai \ 

A = : G Mat (m x n, R) 
\a m J 

with rank (A) = n, is given by: 

x a < x 13 31 < i < m : aia = a\P, ai-ia = ai-iP,aid < aiP 
Aa < lex Ap. 

Note: 
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• Ip = Wp (0) and rp = wp (0). 

• // all weights are non negative, then wp and Wp are global orderings. 

• Is is a local ordering. 

Remark 1.150 ws(w) = vjp(-w) is denoted as local weighted reverse 
lexicographical ordering, Ws(w) = Wp (—w) is denoted as local weighted 
lexicographical ordering. 

The local degree reverse lexicographical ordering is ds = ws (1, 1). 

Example 1.151 On a finite set of monomials the ordering Ip can be re- 
presented by the weight vector w = (t> n_1 , ...,v, 1) if all monomials are con- 
tained in a cube of side length < v. 

Remark 1.152 The above monomial orderings are implemented in the 
Macaulay 2 package mora.m2. They are selected by the value of the global 
method monord, which can be given the values lp ; dp, wp, Is, Ws, ws, Wp and 
Mat for matrix orderings. The weight vector, if needed, is represented by the 
global list ww and the matrix inducing above matrix ordering by the global 
Macaulay 2 type matrix mm. 

Remark 1.153 Any matrix ordering can be represented by a matrix in Gl (n, R) . 
Note that one can add multiples of to any lower row aj with j > % without 
changing the monomial order. 

Example 1.154 The weight ordering Wp (wi, w n ) can be represented by 
the matrix ordering given by 



/ Wi 

1 



W n \ 



\ 



1 / 
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Ifwj 7^ and Wj + i = 0, ...,w n = 0, then this ordering is equivalent to 

( W\ • ■ ■ uij-i Wj • • • \ 
1 



Wi 



Wj-! 

1 



• 



hence to 



\ 

( Wi 

1 



Wj-\ Wj 



1 



1 



V 

i.e., to the matrix ordering given by 

( W\ • • • Wj-i Wj 
1 



V 



1 J 

\ 





1 ) 



1 / 



Proposition 1.155 [Robbiano, Sweedler, 1990] Every semigroup ordering is 
representable by a matrix ordering. 

Definition 1.156 Let > be a monomial ordering on the monomials of K [xi, .. 
For f G K [xi, x n ], denote by L(f) the lead monomial, i.e., the largest 
monomial with respect to > appearing in f , by LC (/) the lead coefficient, 
i.e., the coefficient of L (/) in f, and by LT (/) = LC(f)L(f) the lead 
term of f. 
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1.4.2 Localizations 

Let K be a field. 

Remark 1.157 The rings 

K[x u ...,x n ] {xu Xn) C K {{x u ...,x n }} C K[[x 1 ,...,x n }} 
correspond to looking at increasingly smaller neighborhoods of the origin: 

1. Elements of K [xi, x n ]( xi Xn) are defined in the complement of an 
algebraic set, i.e., in a Zariski open neighborhood of the origin, e.g., - 
is defined in the complement ofV(g). 

2. Elements of K {{x±, ...,x n }} are defined in a neighborhood of the origin 
in the analytic topology, which can be much smaller, e.g., the geometric 
series YlT=o xh ^ s defined for \x\ < 1. 

3. Elements of K[[xi, ...,£„]] are defined just at the origin in general. 

Nevertheless, they all share the property of being local rings (forK [[#!,..., x n ]] 
this is shown by using the geometric series). 

Remark 1.158 For any semigroup ordering > on K [x±, ...,x n ] 

L (gf) — L(g)L (f) 
L (g + f)< max {L(g),L(f)} 

hence, 

S > = {ueK [ Xl , ...,x n ] \{0}\L (u) = 1} 

is multiplicatively closed. 
S> = K* > is global. 
S > = K [xi, ...,x n ] \ (xi, x n ) > is local. 

Definition 1.159 Let > be a semigroup ordering on K [xi, ...,x n ]. The lo- 
calization of K [x 1: x n ] associated to > is 

K[xi, ...,!„]> = Sz}K[xi,...,x n \ = (- | f,u e K[x 1: ...,x n ] ,L(u) = l) 
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Lemma 1.160 [Decker, Schreyer, 2005], [Greuel, Pfister, 2002, Sec. 1.5] 
Given a semigroup ordering > on the monomials of K [xi, ...,x n ], there is a 
natural extension of the leading data to K [x±, ...,x n ] > : If f G K[xi, ...,x n } > , 
then there is a u G K [xi, x n ] with LT (u) = 1 and uf G K [xi, x n ]. 
The element L (uf) is independent of the choice of u and is called L (/), in 
the same way define LT (/) := LT (uf) and LC (f) := LC (uf). 

LT (f) corresponds to a unique term in the power series expansion of f 
and subtracting this term gives the tail of f denoted by tail (f). 

Definition 1.161 Given a semigroup ordering > for any subset G C K [x±, x n ] > 
define the lead ideal of G as 

L(G)= K [xi ,..., Xn] (L(g)\geG\{0}) 
1.4.3 Normal forms 

Fix a semigroup ordering > on K[x 1 , x n ] and let R = K [x 1 , x n ] > . 
Definition 1.162 Let Q be the set of all finite lists of elements in R. A map 

NF : Rx G -> R 
is called a weak normal form on R if 

1. NF(0,G) = VG G Q 

2. For allG eG and f eR 

NF(f,G)^Q^L(NF(f,G))£L(G) 

3. For all G = {gi, g r } G Q and f G R there is a unit u G R* with 
either 

• uf — NF (/, G) or 

• uf — NF (f, G) = YH=i a i9i w tth a i ^ R an d for all i with a^gi ^ 

L(f)>L(a l9l ) 

Furthermore: 
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NF is called a normal form if one can always take u — 1 . 

NF is called polynomial if f and G are in K [x±, ...,x n ], then also u 
and di can be taken in K [xi, ...,x n ]. A normal form is called reduced 
if no monomial of NF (/, G) is divisible by some L (gi). 

• If the above properties are satisfied for some fixed G G Q we call 
NF(—,G) : R — > R a (weak, polynomial, reduced) normal form 
with respect to G. 

Remark 1.163 If NF is polynomial, then u G R* fl K [xi, x n ] = S>. 

From any weak normal form NF, we can build a normal form by dividing 
by u, but the result will no longer be a polynomial. 

Weak normal forms are introduced because they allow finite algorithmic 
computations in R = K [xi, x n ] > and in R a weak division expression 
uf — NF (/, G) = YH=i a i9i i s as 9°°d as a division expression given by a 
normal form. 

Definition 1.164 If f,g G R\ {0}, then their S-polynomial is 

qpi • Uf , 1cm (L(f),L(g)) f LC (f) lcm (L (f) , L (g)) 
SPolynom ia l (f,g) = ^ / - ^ ^ g 

Remark 1.165 This is implemented in mora.m2 in the function SPolynomial. 

Algorithm 1.166 (Grobner normal form) [Decker, Schreyer, 2005], 
[Greuel, Pfister, 2002, Sec. 1.6] Let > be a semigroup ordering and G G Q. 

Let divmon := (h, G) \— > (g G G | L (g) divides L(h)); 

For any ordering of the sequences produced by divmon, the following al- 
gorithm is a normal form f \— > NFG (/, G) := h with respect to G. 

h:=f- 

while (h ^ and divmon (h, G) ^ 0) do ( 
g := divmon (h, G) #0; 
h := SPolynomial (h, g) ; 

); 

h; 

This algorithm terminates if > is a well ordering. Otherwise NFG may 
compute a power series convergent in the (x±, ...,x n )-adic topology. 

Remark 1.167 This is implemented in mora.m2 in the function NFG. 
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Algorithm 1.168 (Grobner reduced normal form) [Decker, Schreyer, 2005], 
[Greuel, Pfister, 2002, Sec. 1.6] Let > be a semigroup ordering and G G Q. 
The following algorithm is a reduced normal form f i— > redNFG (f,G) : = 
1/LC (h) • h with respect to G: 

(>:.,/: f\ 
while g ^ do ( 
g :— NFG (g, G) ; 
if g 7^ then ( 

h:=h + LT (g) ; 

g:= g-LT (g) ; 

); 

); 

l/LC (h) ■ h- 

This algorithm terminates if > is a well ordering. 

Remark 1.169 This is implemented in mora.m2 in the function redNFG. 

Remark 1.170 If we apply NFG for the anti-degree order on K [x], then 
dividing x by x — x 2 , we get in K [[x]] 

x= [y^ J x k \ (x-x 2 ) +0 

\fe=0 / 

If we use a weak normal form, we can write 

(1 - x) ■ x = 1 • (x - x 2 ) + 

Algorithm 1.171 (Mora weak normal form) [Mora, 1982], 
[Decker, Schreyer, 2005], [Greuel, Pfister, 2002, Sec. 1.6] Let > be a semi- 
group ordering and G G Q. For polynomial input and any ordering of the 
sequences produced by mecart the following algorithm f \— > NFM (/, G) := h 
is a polynomial weak normal form with respect to G: 
Let 

ecart := / i-> deg (/) - deg LM (f) ; 

mecart := L \—>the element of the sequence L with minimal ecart and 
minimal index; 

h:= /; 
T := G; 
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while (h ^ and divmon (h, T) ^ 0) do ( 
g := mecart (divmon (h, T)) ; 
if ecart (g) > ecart (h) then T := append(T, h); 
h : = SPolynomial(/i, g); 

); 

h; 

The algorithm terminates. 

Remark 1.172 This algorithm is implemented in mora.m2 in the function 
NF. 

Remark 1.173 The Mora algorithm allows reductions also by the results of 
previous reductions, in the above example 

x = 1 • (x — x 2 ) + x 2 

so we also allow reduction by x 2 , i.e., 

x = 1 • [x - x 2 ) + 1 • x 2 + 
which, as desired, also can be written 

(1 - x) ■ x = 1 • (x - x 2 ) + 

Remark 1.174 For homogeneous input ecart is 0, hence NF and NFG 
agree (for the same choice of the ordering of the list produced by divmonj. 

If> is a well ordering, then any element h appended to T will not be used 
in further steps: If it would be used, then L(h) \ L(h new ), hence L(h) < 
L (h new ) or L(h) = L (h new ), as > is a well ordering. On the other hand the 
lead term of h was canceled in a previous step, so L(h) > L (h new ). 

1.4.4 Standard bases 

Let R = K [xi, ...,x n ] > and fix a semigroup ordering >. 

Definition 1.175 Let I C R be an ideal. A finite subset G <Z I is called a 
standard basis (or Grobner basis if > is global) of I if L(F) = L(G), 
equivalently, if for any f e I\ {0} there is some g G G with L (g) \ L (/). 
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Proposition 1.176 [Decker, Schreyer, 2005], [Greuel, Pfister, 2002, Sec. 1.6] 
Let G G I G R be a standard basis of the ideal I and NF (—,G) a weak nor- 
mal form with respect to G, then: 

1. For all f G R it holds 

feI&NF(f,G) = 

2. If NF(—,G) is a reduced normal form, then it is uniquely determined 
by > and I and denoted by NF (— , I). 

Proposition 1.177 [Decker, Schreyer, 2005], [Greuel, Pfister, 2002, Sec. 1.6] 
If G G I G R is a standard basis of the ideal I and NF (—,G) a weak normal 
form with respect to G, then it holds: 

1. If J G R is an ideal with I G J and L(I) = L (J), then I = J. 

2. 1= (G). 

Theorem 1.178 (Buchberger test) [Decker, Schreyer, 2005], [Greuel, Pfister, 2002, 
Sec. 1.6] Let NF be a weak normal form, G G Q and I G R an ideal. Then 
the following properties are equivalent: 

1. G is a standard basis of I . 

2. I = (G) and NF (SPolynomial (g h gj) , G) = for all i,j. 

3. NF (/, G) = for all f el. 

This leads to the following algorithm: 

Algorithm 1.179 (Grobner basis, Standard basis) [Mora, 1982], 
[Decker, Schreyer, 2005], [Greuel, Pfister, 2002, Sec. 1.6] Let NF be a weak 
normal form. Given G G Q , the following algorithm computes a standard 
basis S of (G) G R: 
S := G; 

P--={(f,g)\f,geS,f^g}; 

while P ^ do ( 
choose (/, g) G P; 
h := NF (SPolynomial (/, g) , S) ; 
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if h ^ then ( 

P:=PU{(hJ)\fES}; 
S:=SU{h}; 

); 



); 



This algorithm terminates. 
Remark 1.180 This algorithm is implemented in mora.m2 in the function 



Remark 1.181 Note that termination is only up to termination of NF. 
For a well- ordering NFG terminates, otherwise NFG may compute a power 
series convergent in the (xi, ...,x n )-adic topology. In this case we can use the 
Mora normal form instead, which for polynomial input will terminate with 
polynomial output, hence also the standard basis algorithm will. 

Given any semigroup ordering > on the monomials of K [xi, ...,x n ], the 
following ordering, introducing one additional variable s to homogenize the 
equations, can be used to compute standard bases via the Grobner normal 
form. 

Definition 1.182 For f e K [x\, ...,x n ] of degree d define 



to be its homogenization. 

Definition 1.183 Let A e GL (n, R) be the matrix associated to > and the 
semigroup ordering on the monomials of K [s, xi, x n ] given by the matrix 



Std. 



f h = s d f p,...,^) 

\ s s / 



e K [s,x 1 , ...,£„] 



/ 1 1 



1 \ 







A 



V 



/ 



i.e., 



s a x a > s b xP <£> a+\a\>b+\p\ 



or 

a + \a\ = b + \(3\ and x a > x 13 
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Algorithm 1.184 (Lazard method) [Greuel, Pfister, 2002, Sec. 1.7] Given 
polynomial G = {g±, ...,g r } G Q the following algorithm computes a standard 
basis S of (G) C K [xi, ...,x n ] (note that we do not need R = K [x±, ...,x n ] > 
coefficients): 

Using the Grobner normal form NFG, apply the standard basis algorithm 
to gfy with the induced monomial order from Definition 1.183 to 

compute S and put s = 1 . 

Remark 1.185 This algorithm is implemented in mora.m2 in the function 
LStd. 

Being a standard basis depends only on finitely many monomials. 

Theorem 1.186 [Greuel, Pfister, 2002, Sec. 1.7] For any ideal I C K [x u x n ] 
and standard basis S of I with respect to >, there is a finite set of monomials 
F (i.e., all monomials appearing in the Buchberger test computations) with 
the following property: 

For all monomial orders >i identical to > on F 

1. L> (g) = L >x (g) V 5 G G. 

2. G is also a standard basis with respect to >i. 

Hence for computing standard bases any monomial order can be re- 
presented by an appropriate weight vector. 
Now consider the question of uniqueness: 

Definition 1.187 A finite subset G C R is called 

• interreduced (or minimal) ifO^G and L (/) \ L (g) for all f ^ g. 

• reduced if it is interreduced and for all f, g no term of tail (g) G 
K [[xi, x n ]\ is divisible by some L(f). 

Remark 1.188 If > is global no term of tail (g) is divisible by L(g), hence 
G is reduced if for all f ^ g no term of g is divisible by L (/). 

By Proposition 1.177 the following algorithm computes an interreduced 
standard basis of /: 
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Algorithm 1.189 Let G be a standard basis of I . Deleting successively all 
elements g with L (/) | L (g) for some f e G, f ^ g leads to an interreduced 
standard basis of I. 

Remark 1.190 This algorithm is implemented in mora.m2 in the function 
MinimizeStd and MStd computes an interreduced standard basis using Mora 
normal form and applying MinimizeStd. 

Algorithm 1.191 If the input generators of I for the standard basis algo- 
rithm were reduced, and the standard basis algorithm used a reduced normal 
form NF, then after minimalization the output is also reduced. If the in- 
put was not reduced and G = {gi, g n } is the interreduced output of the 
standard basis algorithm using a reduced normal form NF, then 

M = {NF> (g { , {g u g i+ i, ...,g n }) \ i = l,...,n} 

is the reduced standard basis of I . 

Remark 1.192 Then {L (gA \ i — 1, ...,n} is the minimal generating set of 
L (I) and 

M = {NF > (L(g l ),G)\t = l,...,n} 
Hence M is uniquely determined by I and >, as NF> (— , G) is. 

Algorithm 1.193 As reduced normal form NF one can use the reduced 
Grobner normal form redNFG > . If > is global, thenredNFG > terminates 
with an element in K \ }, otherwise redNFG> computes an element 

in K [[xi, ...,x n ]] in general. 

If G = {g±, g n } is an interreduced standard basis of I with respect to >, 
computed using any weak normal form (e.g., Mora normal form), and NF 
is a reduced normal form (e.g., Grobner normal form), then 

{L ( 9i ) + NF> {tail ( 9i ) , G) | % = 1, n} C K [[x 1: x n \] 

is the unique reduced standard basis of I with respect > . 

Remark 1.194 This is implemented in mora.m2 in the function ReduceGb. 
For the non global case the number iterations can be limited by the global 
variable iterlimit. 
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1.4.5 Localization in prime ideals 

Proposition 1.195 [Greuel, Pfister, 2002, Sec. 1.5] Let K be a field, > a 
local ordering on the polynomial ring K [x±, x n ]. Then the localization of 
the polynomial ring K [x±, x n , yi, y m ] at the prime ideal (xi,...,x n ) is 
the localization of K (y ± , ...,y m ) [x±, ...,x n ] with respect to > 

K (y u ...,y m ) [x u x n } > = K [x u ... 

i -^ni V\i ■■■1 Vra\l x , ... x ) 

Recall that 

K(y 1 ,...,y m ) [ x±, x n \ > = (K (y 1 ,...,y m ) [x!,...,x n ]) 

f,ue K(y u ...,y m ) [x u ...,x n ],L(u) = l| 

with 

U> = {u E K (yi, y m ) [xi, x n \ \ {0} | L (u) = 1} 

This allows to do Grobner computations in localizations at prime ideals 
(xi, ...,x n ), e.g. at the ideals of the strata of a toric variety in the Cox ring. 




2 Mirror constructions to generalize 

2.1 Batyrev's construction for hyper surfaces in toric 
varieties 

Let Y = P(A) be a toric Fano variety of dimF = n represented by the 
reflexive polytope A C M M and let = Horn (M, Z). 

Proposition 2.1 [Batyrev, 1994], [Cox, Katz, 1999, Sec. 4. 1.1], [Reid, 1980] 
A general element in |— i^p(A)| is a Calabi Yau variety of dimension n — 1. 

Theorem 2.2 [Batyrev, 1994], [Batyrev, Borisov, 1996-1] For any reflexive 
A general elements X of |— ifp(A)| an d X° of |— ifp(A*)| are stringy topolog- 
ical mirror pairs (indeed mathematical mirror pairs), and there are explicit 
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formulas computing h d st 1,1 (X) and h)£ (X) from the polytope: 

h d - 1A (X) = \AHM\ -n- 1 - l int M(Q)| (2.1) 

Q facet of A 

+ H M (Q)\ ■ \mt N {Q*)\ 

Q face of A 
codim Q=2 

h 1 / (X) = | A* n M\ -n- 1 - J] |intjv(g*)| 

Q* facet of A* 

+ ^ |intjv (Q*)j - lintjwr (Q)| 

Q* face of A* 
codim Q*=2 

Here, mi M (Q) denotes the set of lattice points in the relative interior of the 
face Q with respect to the lattice M. 

Example 2.3 As discussed in Examples 1.67 and 1.87 the reflexive degree 5 
Veronese polytope A o/P 4 and its dual yield P (A) = P 4 and P (A*) = P 4 /Z^. 
General anticanonical hypersurfaces X and X° inside satisfy 

h 1 ' 1 (*) = /# (X°) = (6-l)-4=l 

h 2 ' 1 (X) = hll 1 (X°) = (126 - 1) - 24 = 101 

As noticed in Example 1.98, X is given by a general element in S^_ K ^y 

which is a general degree 5 polynomial in C [x±, x$\ and X° by a general 
element in S\ „ 1 , which is 

[— K P(A*)\ ' 

5 

Y^yf + c y 1 ■ ... -y 5 
i=i 

Modulo automorphisms o/P (A*), this is the one parameter family obtained 
from the Greene-Plesser construction, see Example 1.9. 

The singularities may be resolved crepantly via maximal projective sub- 
divisions E of the fan E. 

Definition 2.4 Given a reflexive polytope A C M K; a fan £ in N R is called 
a projective subdivision of the normal fan E of A if 
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1. E refines E. 

E(l) C A*niV- {0} 
3. X (E) projective and simplicial. 

E m//ed maximal iff] (1) = A* n iV - {0}. 

Proposition 2.5 (Oda, Par*;, 1551/, /Cox, Fate, 1555, ^.i.i/, /Cox, Fate, 1555, 
5.^y For any reflexive A, there exists a maximal projective subdivision of the 
normal fan E of A. 

Proposition 2.6 [Batyrev, 1994], [Cox, Katz, 1999, 4-1.1] For any reflex- 
ive A, any projective subdivision E of the normal fan E of A gives a birational 
morphism 

/:X(E)^P(A) 

and 

1. X (E) is a Gorenstein orbifold. 

2. f is crepant, i.e., /*i^p(A) = -^x(s)- 

3. If the subdivision E maximal, then X (E) /ias terminal singularities. 
Furthermore, for a general element X in 

1. X is a Calabi-Yau orbifold. 

2. If the subdivision E is maximal, then X is called a maximal projec- 
tive crepant partial (MP CP) desingularization of X and has 

the following properties: 

(a) X is a minimal Calabi-Yau orbifold in the sense of Mori theory. 

(b) X is the proper transform by f of a general element X in | — ifp(A) | ■ 
The induced map f : X — > X is crepant. 

(c) 7/dimX = 3, then X is smooth, as Gorenstein orbifold terminal 
singularities are smooth in dimension 3. 



-K 



X(E) 



it holds: 
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Example 2.7 Consider the weighted projective space P (1, 1, 2, 2, 2) given by 
the fan E over 

A* = convexhull ((-1, -2, -2, -2) , (1, 0, 0, 0) , (0, 1, 0, 0) , (0, 0, 1, 0) , (0, 0, 0, 1)) 

hence, via the Cox ring it has the description 

P(l,l,2,2,2)^ C5 - y( fa°"-^ 

with C* -action 

A (s/o, y 4 ) = (At/o, At/i, A 2 y 2 , A 2 y 3 , A 2 y 4 ) 

^4 toric variety given by a fan X is smooth if and only if for every cone in S 
£/ie minimal lattice generators are a subset of a Z-basis of the lattice N. So 
hull ((— 1, —2, —2, —2) , (1, 0, 0, 0)) is singular. The only lattice point of A* , 
which is not a vertex is 

X - ((-1, -2, -2, -2) + (1, 0, 0, 0)) = (0, -1,-1,-1) 

Hence, considering the fan £ obtained by splitting all maximal dimensional 
cones of £ into two via the new ray, we obtain a MPCP desingularization 
and indeed a smooth toric variety X (S) , which is a blowup off (1, 1, 2, 2, 2). 
Via its Cox ring, X (S) is given by 

x ^ -V{(y ,yi) n (y 2 -, 2/4, 2/5)) 

with (C*) 2 -action 

(A, //) (s/o, y 5 ) = fao, Ayi, //y 2 , m, 

2.2 Batyrev 's and Borisov 's construction for complete 
intersections in toric varieties 

Consider a toric Fano variety Y = P (A) represented by the reflexive polytope 
A C Mir with normal fan E C N R . A disjoint union 

E(1) = / 1 U...U/ C 

is called a nef partition if all Ej = J2 veI . D v are Cartier, spanned by global 
sections. By YTj=i^j = — -^V, general sections of O (Ei) ,...,0(E C ) give a 
Calabi-Yau complete intersection X C Y. 
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Proposition 2.8 [Batyrev, Borisov, 1996-11] The polytopes Aj = A#. of 
sections of Ej are lattice polytopes (see Section 1.3.4), an d it holds 

A = Ai + ... + A c 

Example 2.9 Let 

A = convexhull ((-1, -1, -1) , (3, -1, -1) , (-1, 3, -1) , (-1, -1, 3)) 

be the reflexive degree 4 Veronese polytope ofF 3 . By the partition of the 4 
vertices of A* into I\ and I 2 each with 2 elements 

/ 1 = {(-1,-1,-1), (0,0,1)} 
J 2 = {(1,0,0), (0,1,0)} 

a general (2, 2) complete intersection elliptic curve in P 3 is given and 

A, = convexhull ((1, -1, 0) , (-1, -1, 0) , (-1, -1, 2) , (-1, 1, 0)) 
A 2 = convexhull ((0, 0, -1) , (0, 0, 1) , (2, 0, -1) , (0, 2, -1)) 

are degree 2 Veronese polytopes, which add up to A = Ai + A 2; as shown in 
Figure 2.1. 




Figure 2.1: Batyrev-Borisov polytopes Ai, A 2 and their Minkowski sum A 
for the (2, 2) complete intersection elliptic curve in 
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Define the lattice polytopes 

Vj = convexhull {{0} U Ij} 

and define V bb by 

V^s = convexhull (A x U ... U A c ) 

Proposition 2.10 [Batyrev, Borisov, 1996-11] Vbb = Vi + ... + V c . 

In particular V bb is a lattice polytope containing 0, hence: 

Corollary 2.11 Vbb is reflexive. 

Example 2.12 In the above Example 2.9 

Vi = convexhull {(0, 0, 0) , (-1, -1, -1) , (0, 0, 1)} 
V 2 = convexhull {(0, 0, 0) , (1, 0, 0) , (0, 1, 0)} 

Figure 2.2 shows the polytopes Vi, Vi and their Minkowski sum Vbb- 



Figure 2.2: Batyrev-Borisov polytopes Vi, V2 and their Minkowski sum V 
for the mirror of the (2, 2) complete intersection elliptic curve in 
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Let Y° = P (Vbb) be the toric Fano variety associated to Vbb- Then 

c 

i=i 

is a nef partition, and X° given by general sections of O (-DvJ , O (TVJ 
is a Calabi-Yau complete intersection in Y°. 

Theorem 2.13 [Batyrev, Borisov, 1996-1] X and X° form a stringy topo- 
logical mirror pair. 

A maximal projective subdivision E of S = NF (A) gives a maximal 
projective partial crepant desingularization 

/:X(E) -P(A) 

such that the T-divisors of the projective toric variety X (S) correspond 
to the lattice points of the boundary of A*. Then / induces a resolution 
X — > X of the complete intersection IcP (A) such that X is a complete 
intersection, has at most Gorenstein terminal abelian quotient singularities 
and K x = O x , for a reference see [Batyrev, Borisov, 1996-11]. In particular, 
if dim (X) < 3, then X is smooth. 

2.3 R0dland 's orbifolding mirror construction for the 
degree 14 Pfaffian Calabi-Yau threefold in P 6 

Consider a 7-dimensional C-vector space V and the trivial vector bundle V 
with fiber V on P (/\ 2 V) . Define M as the degeneracy locus of the universal 
skew symmetric linear map 

a: V*(-l) -> V 

i.e., as the locus rank a < 4. 

M is given by the 6x6 Pfamans of a, is locally Gorenstein of codimension 
3 in P (/\ 2 V) and has K M = O m (— 14). Its singular locus is given by 
ranka < 2 and has codimension 7 in M. 

Intersecting M with a general P d+3 C P (A 2 V) gives X d = M n P 3+d of 
dimension d and = Cx d (3 — d) and X d is smooth for d < 6. 

X = X 3 is a local complete intersection Calabi-Yau threefold with h 1 ' 1 (X) = 
1 and /i 1 ' 2 (X) = 50: 
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Remark 2.14 By 



-> C p6 (-7) -> C p6 (-4)® 7 -> C p6 (-3)® 7 -> C p6 -> 



/T (X, C x ) = # l+3 (P 6 , C P6 (-7)) 



i = l,2 
C i = 3 



and using the resolution of J Xl , the Euler sequence, the definition of the 
normal sheaf and the conormal sequence 



321 



P e (-7) 



348 



-> O v e (-8)' 

- fi p6 | x - O x (-1) 07 - O x 



O p6 (-6) 








one computes 



h 1 ' 1 (X) = 1 
fc 1 . 2 (X) = 50 

The mirror is constructed via Greene-Plesser orbifolding in an analogous 
way to [Greene, Plesser, 1992] and Example 1.9. As one expects for the 
mirror to hold ft, 1 ' 2 (X°) = h 1 ' 1 (X) = 1, to apply Greene-Plesser orbifolding, 
one looks for a 1-parameter subfamily, i.e., a 1-parameter family of P 6 C 
P (A 2 ^)- Choosing a basis (e^) of V R0dland considers the action of the 
group G = (a, r) C Aut P (/\ 2 V) of order 49 generated by 

/000000 1\ 

1 

1 

1 

1 

1 

yoooooio/ 

dia § (C%=0,...,6 
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on P (A 2 ^)- Taking coordinates on P 6 , the subfamily X y invariant under 
the action of G is given by the skew symmetric matrix 






yixi 




2/3^3 


-2/3^4 


-2/2^5 


-2/1^6 


-yixi 





yi%3 


2/2^4 


2/3^5 


-2/3^6 


-2/2^0 




-yix 3 





yix 4 


2/2^6 


2/3^0 


-2/3^1 


-V3X 3 


-y2%4 


-yi%4 







2/2^1 


2/3^2 


2/3^4 


-y3%5 


-y2%6 


-yix 





2/1^2 


2/2^3 


2/2^5 


2/3^6 


-2/3^0 


-2/2^1 


-yix 2 





2/1^4 




2/2^0 




-2/3^2 


-2/2^3 


-2/1^4 






(2.2) 



/ 



with (yi : 2/2 : 2/2) ^ P 2 , and its general element has the 49 double points 

G • (0 : 2/1 : 2/2 : 2/3 : -2/3 : -2/2 : -yi) 
The induced action on P 6 is given by 

a (Xi) = X (i+2 ) m od7 t (xi) = ( 2l Xi 

Let H = (t) and consider the P 1 -subfamily X s = X( 0:1 . s y The general 
element of X s has 56 double points and X s degenerates for s = 0, 00 into a 
configuration of 14 P 3 . 

Theorem 2.15 [R0dland, 1998] The quotient of the general X s by H has a 

crepant resolution X s /H, and the Hodge numbers of X s /H coincide with the 
mirrored Hodge numbers of the general X . 

R0dland conjectured [R0dland, 1998] and Tj0tta [Tj0tta, 2000] proved 

that the Picard-Fuchs equation of X s /H at s = 00 coincides with the A- 
model of the general degree 14 Pfaffian IcP 6 . 



3 Degenerations and mirror symmetry 

Degenerations to monomial ideals in toric varieties play an important role in 
almost all known mirror constructions. For the concept of flat families see 
Section 5. 
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3.1 Degenerations associated to complete intersections 
in toric varieties 

We want to associate to any complete intersection inside a toric variety P (A), 
given by a nef partition and represented by an ideal in the Cox ring S of P (A) , 
a monomial degeneration: 
Suppose 

E(1) = / 1 U...U/ C 

i.e., 

-Ky = jy£D v 

j=i veij 

is a nef partition, i.e., all Ej are Cartier, spanned by global sections. 
Example 3.1 Consider I C C [t] <g) S defined as 

mj = Y[ y v (3.1) 

veij 

h = (™j I 3 = l,-,c) 

I={fj = t- 9j + mj \j = l, c)cC[f]®5 

where gj G S^.j corresponds to a general section of O(Ej), i.e., a general 
linear combination of the lattice points of A E . for j = 1, c. Then I defines 
a flat degeneration X C Y x SpecC [[£]] of a Calabi-Yau complete intersec- 
tion in Y = P(A) 7 given by general sections of O (Ei) , O (E c ), to the 
monomial special fiber given by Iq. 

We may assume that the fj are reduced with respect I in the sense of 
Grobner bases. Flatness of this family will be discussed in Section 8.1. 

Example 3.2 In particular, a degeneration X of a Calabi-Yau hypersurface 
X in Y = P(A) ; defined by a general section of —Ky, to the monomial 

special fiber defined by ^rLeE(i) Vvj ^ s given by 

1=1 1- (Am | m E <9A) + f f y v \ j = 1, c \ C C [t] (8) S 
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Example 3.3 The partitions for the above Example 2.9 induce degenerations 
given by the following ideals: 

1. With variables Xo, x 3 of the Cox ring SofF (A) = P 3 corresponding 
to the vertices of A* consider the ideal 

I — (t ■ gi + xix 2 , t-g 2 + x x 3 ) cC[t]®S 

where gi, #2 £ C [x±, x^[ 2 are general not involving monomials in I = 
(x±X2, X0X3) . The ideal I defines a flat degeneration X CY x Spec C [[£]] 
over Spec C [[£]] of an elliptic curve X given as the complete intersection 
of two quadrics in P 3 to the monomial special fiber defined by I . 

2. With variables y 1 , y s of the Cox ring S° ofY° = P (V) corresponding 
to the vertices of V* consider the ideal 

1° = (t- (ai • y\y\ + a 2 ■ + ymysy^ 

t-(a 3 - ylyl + a 4 • y\yf) + y^y&yiys) c C [t] ® S° 

with general coefficients ai. The ideal 1° defines a flat degeneration 
X C Y° x SpecC [[t]} of the mirror X° of X to the monomial ideal 

Iq = (ymyzy^yby&yiys) 

Note that the subvariety ofY° defined by the ideal Iq decomposes into 4 
one- dimensional toric strata intersecting in 4 zero -dimensional strata. 

The stratification of the vanishing locus of reduced monomial ideals in 
the Cox ring of a toric variety is explored in detail in Section 9. 3. 

3.2 Degenerations of Pfaffian Calabi-Yau manifolds 

Flatness of the following Pfaffian degenerations, which is obtained from the 
structure theorem of Buchsbaum and Eisenbud [Buchsbaum, Eisenbud, 1977], 
is explored in Section 10.1. 

Example 3.4 Let S be the Cox ring ofF 4 , i.e., the homogeneous coordinate 
ring 0/P 4 . By the 4x4 Pfaffians in C [t] <S> S of the matrix 

A t = t ■ A + A 



138 



where 



( 








X\ 


—X4 


















X2 


-x 






-Xi 











x 3 








-x 2 













\ 





x 


-x 3 








/ 



and A is a general skew symmetric 5x5 matrix linear in Xq, ...,X4, we obtain 
a flat degeneration X C Y x Spec C [[t]] over Spec C [[£]] of a generic Pfaffian 
elliptic curve in P 4 to the monomial special fiber given by the 4x4 Pfaffians 
ofA . 

Recall that for a skew symmetric matrix A the determinants of the ma- 
trices Aj obtained by deleting the j'-th row and column are squares, and the 
■\J det Aj are called the Pfaffians of A, for details see Section 10.1. 

Example 3.5 Let H be the group given in Section 2.3. The Cox ring of the 
quotient of P 6 by H is a polynomial ring S = C[x , ...,x 6 }. By the 6x6 
Pfaffians in C [t] <S> S of 






tX\ 


x 2 








-x 5 


-tx 6 


— tXi 





tx 3 










-x 


-x 2 


-tx 3 





tX4 


Xq 











— X4 


— tX4 





tx 


Xi 











-Xq 


-tx 





tx 2 


x 3 










-x x 


—tx 2 





tX4 


tXQ 


x 








-x 3 


— tX4 






a flat degeneration X C (P 6 /if ) x Spec C [[t]} over Spec C [[t]] with monomial 
special fiber is given. 

This is the one parameter family used to construct the mirror of a general 
degree 14 Pfaffian Calabi- Yau threefold in P 6 via Greene- Plesser orbifolding 
byH. 

Example 3.6 Let S be the homogeneous coordinate ring o/P 6 . By the 6x6 
Pfaffians in C [t] <S> S of 

A t = t ■ A + A 
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where 



f 








X2 








-x 5 





\ 













£4 








-Xq 






-x 2 











x 6 















—X4 











X\ 















-Xq 











^3 






x 5 








—Xi 













\ 





Xo 








-X3 








/ 



and A is a general skew symmetric 7x7 matrix linear in x ,...,x e , one 
obtains a flat degeneration X C Y x Spec C [[£]] over Spec C [[t]] of a general 
degree 14 Pfaffian Calabi- Yau threefold in P 6 to the monomial special fiber, 
given by the 6x6 Pfaffians of A . 

Example 3.7 Let S be the homogeneous coordinate ring 0/P 6 . The 5x5 
Pfaffians in C [t] <S> S of A t = t ■ A + A , where 



f 










—xix 2 





\ 













x 7 


x 6 






-X3X4 











-x 5 






XIX2 


-x 7 













\ 





-x 6 


x 5 








/ 



and A is a general skew symmetric map £* (—1) — > £ with 

one obtains a flat degeneration X C Y x SpecC [[£]] over SpecC [[t]] of a 
general degree 13 Pfaffian Calabi- Yau threefold in P 6 with monomial special 
fiber given by the 5x5 Pfaffians of A . 

The special fiber X is obtained from a simplicial 4-polytope with 7 vertices 
given in [Griinbaum, Sreedharan, 1967]. 

For more monomial Calabi- Yau ideals obtained in this way see Section 13.5. 

4 Tropical geometry ingredients 

Tropical geometry will be interpreted as a tool to explore one parameter 
degenerations inside toric varieties, as it associates to such a degeneration a 
combinatorial object. 
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4.1 Amoebas 

Definition 4.1 Let Y be a toric variety with torus (C*) n and V C Y a 
subvariety. The amoeba of V is given as the image of V under 

log : (C*) n -> R n 
(z u ...,z n ) i-> (log |zi | , ...,log|z n |) 

Remark 4.2 TTie amoeba can be considered as a subset of a lower half sphere 
via 

R n -> 5" n < 0} 

= {(w t , Wl , w n ) E R n+1 | + w{ + ... + w 2 n = 1, w t < 0} 
(wi, ...,«;„) >-> ik-!,^ 1 ,,.,,^)!! (-1, wi, ...,«;„) 

VFe refer to £/ie points on the equator of the sphere, i.e., the points with 
w t = 0, as the points at infinity of the amoeba. 

Example 4.3 The amoeba of the line L = {2x + y + 1}, shown in Figure 
4-1, is the image of 

p: M> x[0,27r[ -> C -> C 2 -> 
(r,</?) i-> re^ i-> (re ilp , -1 - 2re^) 

— > M 2 -> s 2 n {w t < o} 

i-> (K)gr,iog|i + zre |j ||(_i > i ogr) i og |i +2r e**'|)|| 

Considered as a subset of a lower half sphere via the last map the points at 
infinity are 

hmp(r,tp) = (0,1,0) 

^ (r '^ ) = (°'7!'71 

lim p(r,tp) = (0,1,0) 

(r,v)-(!,T) 

TTie amoeba of the conic {x 2 + 2y 2 — 3xy + x + y — 1 = 0} shown in Figure 
12. 

Example 4.4 Replacing log by \og t the amoeba is rescaled, Figure 4-3 shows 
the limit t — > oo of both amoebas given in Example 4-3. For the conic one 
has to assign multiplicity 2 to each leg. 

This limit process can be formalized in the following way: 
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Figure 4.1: Amoeba of a line 



4.2 Non-Archimedian amoebas 

Consider the field of Puisseux series C (i), which is equipped with a valuation 

val : C(t) -> QU {00} 
a^t- 7 1 — > min J 

satisfying val (f + g) > min {fa/ (/) , waZ (#)}, and with a norm ||/|| = e~ val ^\ 
Consider further the metric completion K of C (t) containing those elements 
Yljej a jV 1 which satisfy the condition that any subset of J has a minimum. 
Denote the corresponding valuation and norm on K again by val and || — 1|. 
K is a complete algebraically closed non-Archimedian field with surjective 
valuation 

val : K -> MU {00} 
The term non- Archimedean means that the norm on K satisfies the inequality 

||/ + s||<max{|m|,|M|} 

for all f,g £ K. This in particular implies that the Archimedian axiom is 
not satisfied. If f,g £ K with ||/|| < ||g||, then for all natural number n we 
have ||n- /|| < 11/11 < y|, indeed \\n ■ f\\ = \\f\\. 

Let I be an ideal in K [xx, x n ] and Vk {I) be the algebraic variety given 
by / in (K*) n . 
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Figure 4.2: Amoeba of a conic 



As the norm is given by || — 1| = e val ( the corresponding amoeba map 
log || — 1| over K is given by the valuations 



Definition 4.5 The non-Archimedian amoeba o/Vk (I) is val_ (Vk (I))- 

A proof of the following theorem for hypersurfaces can be found in 
[Gelfand, Kapranov, Zelevinsky, 1994, Sec. 6.1], the general statement in 
terms of the Bergman fan (see Section 4.5) in [Sturmfels, 2002, Sec. 9.4]. 

Theorem 4.6 The limit lim^oo log t V (I t ) exists as the limit in the Haus- 
dorff metric on compacts, and 



Recall that the distance of two closed subsets of a metric space in the 
Hausdorff metric is given by 



val_ = log || -|| : (K*) n ^R n 
Oi, z n ) h-> (-val (zx) , -val (z n )) 



vaL (MI))= lim log t V (I t ) 



d (A, B) = max < sup d (a, B) , sup d (A, b) 

laeA b&B 




so above convergence means that for any compact D C W 



n 



t— >oo 



lim d (D n log t V (I t ) , D n val V K (I)) = 
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Figure 4.3: Limit amoeba 



From the point of view of degenerations it will turn out to be more natural 
to consider the image 

val (y Jf (/)) = -val_ (V K (I)) 
of Vk (I) under the map 

val : (K*) n -> W n 
(zi, z n ) h-> (val (z x ) , fa/ (z n )) 

associating to each component the minimal weight term. 

Example 4.7 val (Vk (I)) for the ideal of a plane quadric with coefficients 
in K is shown in Figure 4-4- 

Example 4.8 val (Vk (I)) for the degeneration of general plane cubics 

{x xix 2 + tf = 0} 

with f a general element in C [xq, x\, is shown in Figure 4-5. Note that 
for an ideal I, homogeneous with respect to the grading degXj = 1 Vz on 
K [xi, ...,x n ], one can consider val (Vk (I)) as a subset of R ^ ^ = IR 2 , this 
will be explored in detail in Section 6. 7. 

Having made the geometric connection between degenerations and trop- 
ical geometry, we consider the algebraic connection: 



144 



Figure 4.4: val (Vk (-0) for the ideal of a plane quadric with coefficients in K 

4.3 Tropical varieties 

Definition 4.9 A tropical variety is a subset 

tropvar (/) = val_ (V K (I)) C R n 

where I is an ideal in K [x±, ...,x n ]. 

For w G M. n the initial form in w (/) of / G K [xi, ...,x n ] is the sum of 
the terms of maximal weight with respect to w and weight (c) = —val (c) for 
c G K. For any ideal J C K [ 1 its initial ideal is 

m m (J) = (in w (/) | / G J) 

Theorem 4.10 [Richter-Gebert, Sturmfels, Theobald, 2005, Sec. 2], [Sturmfels, 2002, 
Sec. 9.2], [Speyer, Sturmfels, 2004, Sec. 2] Every ideal I C K [xi, x n ] has 
a finite subset Q , called a tropical basis of I, such that 

1. For all w G tropvar (J) the set {in w (g) \ g G Q} generates in w (I). 

2. For all w ^ tropvar (J) the set {in w (g) | g G Q} contains a monomial. 

tropvar (J) is a finite intersection of the tropical hyper surj 'aces tropvar ((g)) 
forg G Q , it is a polyhedral cell complex, its dimension is the Krull dimension 
of ^ n 2S equidimensional ifVx (I) is, and 

tropvar (/) = {w G K n | in w (I) contains no monomial} 
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Figure 4.5: val (Vk (I)) for the degeneration of plane cubics 



Selecting the maximal weight term and defining the weight of a constant 
c G K as weight (c) = —val (c) is the Grobner basis point of view. With 
respect to degenerations it is more natural to look at the minimal weight 
term and take weight (c) = val (c) for c G K, i.e., to consider val (Vk (I)) = 
-vaL (V K (I)). 

Example 4.11 The monomial initial ideals and the sets of weight vectors 
leading to them for the plane cubic case as in Example 4-8 are depicted in 
Figure 4-6. For w G tropvar (/) the initial ideal is generated by a sum of the 
initial terms appearing in a neighborhood of w. 

4.4 Tropical prevarieties 

Definition 4.12 The tropical semiring is IRU{ — oo} with tropical ad- 
dition and multiplication 

a © b = max (a, b) 
a b = a + b 

The tropical semiring satisfies (a©6)0c = aQcQ)b&c, the additive unit 
is — oo, the multiplicative unit is 0. In general there is no additive inverse in 
the tropical semiring. 
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Figure 4.6: Tropical variety and initial ideals for the degeneration of plane 
cubics 



Definition 4.13 A tropical polynomial is a polynomial formed with © 
andQ, i.e., a piecewise linear function 

F : W n — > R F (xi, ...,x n ) = max {a^-Xi + ... + a n jX n + Cj \ j} 

Definition 4.14 The tropical prevariety T (F) of F is the set where the 
maximum is attained at least twice, and T (Q) = f] ge gT(g) for any set of 
tropical polynomials Q. 

Definition 4.15 For any polynomial f 6 K [x\, ...,x n ] 

f = J2 b a (t)-x a 
define its tropicalization as 

trop(/) = a -val (b a (t))Qx ea 

So, consistent with the amoeba, the non-Archimedian amoeba and the 
tropical variety, we again adopt the Grobner basis point of view, looking at 
the maximal weight term and take weight (c) = —val (c) for c G K. 
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Theorem 4.16 [Richter-Gebert, Sturmfels, Theobald, 2005, Sec. 2], [Sturmfels, 2002, 
Sec. 9.2], [Speyer, Sturmfels, 2004, Sec. 2] Any tropical variety tropvar (I) , 
I C K [xi, x n ) is a tropical prevariety. For any ideal I C K [xi, x n ] 

tropvar (J) = T (trop (/)) 

Example 4.17 For the general plane elliptic curve in Example 4-8 the tropi- 
cal variety tropvar (/) is the non differentiability locus T (F) of the piecewise 
linear function 

F = max {3xi — 1, 2xi + x-i — 1, x% + 2x2 — 1, 3x2 — 1, —1, x\ + ^2} 
Figure 4-7 shows the graph of F. 




Figure 4.7: Piecewise linear function associated to the degeneration of plane 
cubics 

Not every tropical prevariety is a tropical variety: 

Example 4.18 The intersection of the tropical lines Li = T (trop (x + y + 1)) 
and L 2 = T (trop (tx + y + 1)), as depicted in Figure 4-8, is a tropical pre- 
variety, but not a tropical variety. 

4.5 Tropical varieties and the Bergman fan 

Let / be an ideal in C [t, xi, x n ]. 
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Figure 4.8: Intersecting two tropical lines 



Theorem 4.19 [Bergman, 1971], [Bieri, Groves, 1984], [Sturmfels, 2002, Sec. 
9.3] Define 



If V (I) is an irreducible subvariety of (C*) n+ of dimension d + 1, then 
suppBF_ (I) is a finite union d + 1- dimensional convex polyhedral cones. 
The intersection of any two is a common face. 

Denote by BF_ (I) the corresponding fan and by BC^ (I) the correspond- 
ing complex of dimension d. 

Note: 

• V(I)C (C*) n+1 

• These definitions are consistent with the Grobner basis (max, +) point 
of view looking at the maximum weight terms. 

• The definitions of BF^ (I) and BC^ (I) are symmetric in all variables 




p E S n | 3 sequence (Pj),- eN with pj G log (V (I)) fl jS n C W 

and lim^oo -pj = p 



and 




t, X\, 



x 
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• The complex _BC_ (/) and the fan BF_ (I) are known in the literature 
as Bergman complex and Bergman fan respectively. However with 
degenerations in mind, i.e., the power series point of view, it is more 
natural to consider the reflection of these objects at the origin. So we 
use the following definition: 

Definition 4.20 Analogous to K denote by L the metric completion of the 
field C (s) of Puisseux series in a new variable s. If I is an ideal in C [t, xi, ...,x n ], 
then Bergman fan BF (I) of I is the image of the vanishing locus ofV^ (I) 
of I over L under the map 

(L*) n+1 -> R n+1 
(t, Xi, ...,x n ) i— > {yal {t) , vol (x±) , ...,val (x n )) 

The intersection of BF (I) with the unit sphere S n is called the Bergman 
complex BC (I) of I. 

Note that this non- Archimedian type definition has the advantage that it 
avoids problems with limit processes. 

If you prefer the (max, +) point of view you may replace in this definiton 
vol by —vol. 

Consider the stereographic projection n, visualized in Figure 4.9, of the 
upper half sphere 

S n n{w t > 0} = {(w u w xi , ...,w Xn ) e R n+1 | w 2 t + < + ... + w 2 Xn = 1, w t > 0} 

from to R" = {w t = 1}- Here we denote the coordinates of IR n+1 corre- 
sponding to the variables of C [t, x±, x n ] by w t , w Xl , w Xn , as they are 
weights on the variables. 

In the same way denote by 7r_ the stereographic projection of the lower 
half sphere from to M n = {w t = — 1}. 

Connecting the Bergman complex to the tropical variety via n (see [Sturmfels, 2002, 
Sec. 9.4]) and summarizing: 

Theorem 4.21 For any ideal I in C [t,Xi, ...,x n ] it holds 

lim (log; V {I t )) = val_ (V K (I)) = tropvar (I) = T (trop (/)) 

= tt_ (BC- (I) n {w t < 0}) C R n 

If I C C [xi, ...,x n ], then BF_ (I) C R n coincides with the above when con- 
sidering I as an ideal in C [t,xi, ...,x n ]. 
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Figure 4.9: Stereographic projection relating the Bergman complex and the 
tropical variety 

Remark 4.22 Reflecting at the origin, we have 

val (V K (/)) = 7T (BC (I) n {w t > 0}) 

= - lim (log t V (I t )) = - tropvar (I) = -T (trop (/)) 

t^oo 

Our non-Archimedian definition of the Bergman fan relates to the limit definition 
by 

BC (I) = -BC- (/) 
BF (I) = -BF_ (I) 

Going from the Bergman complex BC (I) to val(Vx(-0), i- e -> intersecting 
with the plane {w t = 1}, amounts to the identification of the parameters s 
and t. 

For the subset of BC (I) lying inside the equator {wt = 0} of the sphere, 
we introduce the notation: 

Definition 4.23 BC (I) fl {w t = 0} is called the tropical variety at in- 
finity. 

Example 4.24 For the plane elliptic curve in above Example 4-8 the Bergman 
fan BF (I) is shown in Figure (extending the depicted faces to infinity). 
Applying n to the w t > part of Figure which is visualizing the Bergman 
complex BC (I), gives val Vk (/)■ 
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Figure 4.10: Bergman fan of the degeneration of plane elliptic curves 




Figure 4.11: Bergman complex of the degeneration of plane elliptic curves 

5 Flatness, Grobner bases and the normal 
sheaf 

5.1 Flatness 

Definition 5.1 Let A be a ring. An A-module M is called flat over A if for 
every injective homomorphism N — > L the induced map N ®a M — > L Cgu M 
is injective. 

Proposition 5.2 [Hartshorne, 1977, Ch. 9] Let A be a ring and M an A- 
module. M is flat over A if and only if for all finitely generated ideals a G A 
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the map 

a(g) M ->• M 

is injective. 

Definition 5.3 Given a morphism of schemes f : Z — > Y , an Oz-module T 
is called fiat over Y at z G Z if T z is flat over Of^^y, which is considered as 
an O 'f(z),Y --module via the natural map Of^^y @z,z- J~ is called flat over 
Y if it is flat over Y for all z G Z . 

Z is called a flat family over Y if Oz is flat over Y . 

Proposition 5.4 [Hartshorne, 1977, Ch. 9] Let A\ — > A 2 be a ring homo- 
morphism and 

f : SpecA 2 — > Spec A x 

the corresponding morphism of affine schemes. If M is an A 2 -module, then 
M is flat over Spec A 1 if and only if M is flat over A 1 . 

5.2 First order deformations and the normal sheaf 

Definition 5.5 If X C Y is a closed subscheme of a scheme Y over k, a 
first order deformation ofX in Y is a flat family X C Fx fc Spec k [t] / (t 2 ) 
over Spec k [t] / (t 2 ) such that the fiber over Spec k C Spec k [t] / (t 2 ) is X . 

The tangent space of the Hilbert scheme M Y of subschemes with Hilbert 
polynomial P of the projective scheme Y at the point X is the space of first 
order deformations of X in Y. 

We show that if X C Y is a closed subscheme of a scheme Y over k, 
the space of first order deformations of X in Y coincides with the space of 
global sections of N Xq /y- 

Suppose X C Fx Spec k [t] / (t 2 ) is a subscheme such that X is isomorphic 
to the fiber product 

£ x k[t]/{t 2 ) Spec A; ^ X 

Spec k ^ Speck [t] / (t 2 ) 

and fix an isomorphism of X and X x k[t]/{t 2 ) Spec k. Consider an affine open 
set U C Y: 
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Let 77 = O y (U) be the coordinate ring of U and I (X D U) C 77 the 
ideal of X n U. Then N Xq /y \x nu is the sheaf associated to 

Hom R (7 (X n 17) , 77/7 (x n U)) 

The coordinate ring of U x Spec [t] / (t 2 ) is 77® k [t] / (t 2 ), so write the ideal 
of the intersection il of (U x Spec k [t] / (t 2 )) and X as 

I (Hi) = (f 1 +t-g 1 ,...,f r + t-g r ) 

with I (X n(/) = (/i,.., f r ) and & G 77. 

We give different characterizations of flatness of il over Spec k [t] / (t 2 ): 
il is flat over Spec k [t] / (t 2 ) if and only if 

(t>®0*(il)-0z(U) 
is injective, i.e., if and only if for all / G 77 it holds 

tfei(il)=>fei(x nu) 

• This is equivalent to the existence of a (pu £ Hom/j (7 (X fl U) , 77/7 (X fl [/)) 
with (^f/ (/i) = gi. 

First note that if / G 77 and tf £ I (il) C 77(g) A; [£] / (t 2 ), then there are 
Oj, 6j G 77 such that 

*/ = 5^ («i + (/» + %) = ^2 a "^ i + 1 ( ai9i + 

i i i 

hence £\ a*/* = 0. 
<=: If there is a 

<Pu:I(X nU)^R/I(X nU) 
with (/,) = g h then 

aift + I{X nU) a Mu (/») = I ^ a»/* I 

j i \ i / 

= y^ (0) = 0G77/7(X nf/) 
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hence 

f = Y t a i 9i + Y l b i f i ei(x nu) 

i i 

i.e., for all / G R with tf e I (il) we have f E I (Xq fl U). 

=^>: On the other hand if for all / G R with tf £ I (il) it holds 
f & I (Xq H [/), then the homomorphism 

^:i(i n[/)^i?//(x n[/) 

is given in the following way: If / = J2i a ifi e ^ (^o H £/), define 
by 

(/) = X Oi9i + i(x nu)e R/i (x n £/) 

This is well defined: If 

X a»/i = 

i 

then 

* X a%9i = ^2 a i (fi + f 9i) e J 

i i 

hence X). G / (X Q fl Z7). 
• Existence of 

^ G Hom R (/ (x n C/) , i?// (x n U) ) 

with (fi) = g,i is equivalent to the condition that any syzygy between 
fi, f r can be lifted to a syzygy between 

fi + tgi,...,f r + tg r 

=^>: Suppose Yl,i a ifi = G i? and there is ipu with </?{/ (/j) = g { , then 
as above 

i.e., Ei a^j G / (X fl [/), hence there are bi G R such that — £V = 
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hence 

J2 (°* + th i) (/< + =OeR®k[t}/ (t 2 ) 

i 

<=: On the other hand if / = X^ a «./« e ^C^o H ^0 an d an Y s Y z ygy 
lifts, define as above (pu by 

^ (/) = a & + HX nu)e R/i (x n £/) 

This ist well defined: If J2i a ifi = 0> then there are hi E R such that 
i + =^2(oi + tbi) (fi + t 9i ) = OeR(g>k[t]/(t 2 ) 

\ i i / i 

hence J2i a i9i e I(X nU). 

Summarizing these statements: 

Proposition 5.6 [Eisenbud, Harris, 1992] Let X C Y be a closed sub- 
scheme of a scheme Y over k and X C Y x Spec k [t] / (t 2 ) a subscheme such 
that X = 3£><k[t]/{t 2 ) Spec k. Consider an a ffine open U CY, set R = Oy (U) 
and write the ideal of the intersection il of X and (U x Spec k [t] / (t 2 )) as 

/(it) = (fi+t- gi ,...,f r + t-g r ) 

with I (X fl U) — (fi, f r ) and gi G R. Then the following statements are 
equivalent: 

1. U-> SpecA; [t] / (t 2 ) is flat 

2. (t) <g> O x (it) -> O x (il) is infective 

3. For all f e R it holds 

tfei(il)=>fei(x nu) 

4- There is a unique 

ifu e Rom R (I (x n U) , R/i (x n 17) ) 

</?t/ (/<) = 9i 
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5. Any syzygy between fi, f r lifts to a syzygy between fi+tgi, f r +tg r , 
i.e., if 

J2aifi = 0e R 

i 

with a,i G R, there are b; L G R such that 

(°< + th >) + *&) —0 & R<S>k[t]/ (t 2 ) 

i 

So if X — > Spec k [t] / (t 2 ) is flat, then for any affine open set U there is a 
unique <fu, and the ipu patch together to a section of N Xo /y- On the other 
hand, if f is a global section of N Xo /y, then define the associated first order 
deformation X by the local equations 

{f + t.<p(f)=o\fei(x nu)} 

on U x Spec fc [t] / (t 2 ) hence: 

Theorem 5.7 If Xq G Y is a closed subscheme of a scheme Y over k, the 
space of first order deformations ofX in Y equals the space of global sections 
ofNx /Y- 

5.3 Flatness over k[[t}} 

The statement analogous to Proposition 5.6 for base Spec k [[t\] is given in 
the following. 

Proposition 5.8 Let Xq C Y be a closed subscheme of a scheme Y over k 
andX C Y x Spec A; [[t]] a subscheme such that X = Ix^^ Spec k. Consider 
an affine open U C Y , let R = Oy (U) and write the ideal of the intersection 
it of X and (U x Speck [[t]]) as 

/(it) = (f\ + t- gi ,...,f r + t-g r ) 

with I (X fl U) — (fi, f r ) and g { G R® k [[t]]. Then the following state- 
ments are equivalent: 

1. it — > Spec k [[t]} is flat 

2. (t) ® O x (it) -> O x (il) is injective 
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3. For all f e R it holds 

tfei(U)=>fei{x nu) 

4. Any syzygy between f u f r lifts to a syzygy between f 1 +tg 1 , f r +tg r , 
i-e., if 

a ifi = e R 

i 

with cii G R, there are bi e R® k [[t]] such that 

+ tbi) (fi + t 9i ) = e R ® fc [[t]] 

6 Grobner fan, state polytope, Hilbert scheme 
and stability 

6.1 Concept for computing the Bergman fan 

Let / be an ideal in C [xq, x n ] and w a global weight vector on the variables 
of C [xo, x n ], i.e., Wi > for all i. Given a monomial ordering > we 
have L > {in w {g)) = L >w (g) for every g e C [x , x n ], so the subsets of 
monomials in L > {in w (I)) and L >w (I) are equal, hence: 

Proposition 6.1 If > is any monomial ordering, then 

L> {m w (/)) = L >w (/) 

Corollary 6.2 If g = (gi,...,g r ) is the reduced Grobner basis of I with re- 
spect to > w , then 

(in w (gi) I % = 1, ...,r) 
is the reduced Grobner basis of in w (I) with respect to > . 

Proposition 6.3 If g — (gi,...,g r ) is the reduced Grobner basis of I with 
respect to > w , then in w (I) contains a monomial if and only if 

{{in w (gi) I i = 1, r) : {x • ... • x n )°°) = (1) 

Remark 6.4 To speed up computations, one first checks if any of the in w (gi), 
i = 1, ...,r is a monomial, before doing the saturation. 
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Let / be an ideal in C [x 1 , x n ] and J C C [x , x±, x n ] be the ideal of 
the projective closure of V (I). 

Proposition 6.5 [Sturmfels, 2002, Sec. 9.2] 

BF (I) = {w eR n \ in(p - w ) (J) does not contain a monomial} 

This allows to homogenize, so any monomial ordering will be equivalent to 
a global ordering, hence the reductions in Grobner computations stay finite. 

To compute BF (I) we have to understand, which initial ideals can occur. 
This is described by the Grobner fan. 

6.2 Tropical representation of Grobner cones 

Although there are infinitely many global semigroup orderings on the mono- 
mials of C [x±, x n ], if we fix an ideal J C C [x±, x n ] and consider >! and 
> 2 equivalent if L >x (J) = L >2 (J), there are only finitely many equivalence 
classes of monomial orderings. 

Definition 6.6 Given a global ordering > on the monomials ofC [xi, ...,x n ] 
and an ideal J C C[x , x n ] define 

C> (J) = {w' G W 1 | in w , (J) = L> (J)} 

If J Q = L > (J) for some ordering >, then define Cj (J) = C> (J). 

By Proposition 1.148 and Proposition 1.186 we have: 

Lemma 6.7 Given a global ordering > on the monomials of C [xi, x n ] 
and an ideal J C C [x , ■■■,x n ], there is some w & Z n with positive entries, 
such that in w (J) = L > (J), hence, C > (J) is non empty. 

Definition 6.8 Given w G Z n with positive entries and J C C [xo, x n ] 
define 

C w (J) = {w' G R n | in w > (J) = in w (J)} 

Consider some tie break ordering > and the unique reduced Grobner basis 
Q = (<7i, ...,g r ) of J with respect to > w , then 

C w (J) = {w' G W 1 | in w , ( gi ) = in w ( 9i ) = 1, r} (6.1) 
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To see this, suppose w' G R n with in w i (<&) = in w (gi), then 
in w (J) = (in w > (g^ \ i = 1, r) C m w / (J) 

so 

L >ro (J) = L> (m^ (J)) C L> (m w , (J)) = L >w , (J) 

therefore the lead ideals L >w (J) and L >m , (J) are equal, hence by Proposition 
1.177 

in w (J) = in w , (J) 

i.e., w' G C w (J). 

On the other hand if w' G W 1 with 

in w (J) = m w / (J) 

then by Corollary 6.2 the reduced Grobner basis of in w i (J) with respect to 
> is given by G = (in w (gi) , in w (g r ))- So for all i = 1, we have 
NF > {in w i (g^ , G) = 0, hence m; = L >tu (<?j) is a monomial of m„/ (^), as by 
reducedness, is the only monomial of ^ in L >w (J). Write 

(gi) =rrii + hi 
in w > (gi) =m i + h' i 

then hi and do not involve monomial of L >w (J). The first step of the divi- 
sion with remainder, calculating NF > (in w i (gi) , G), gives h\—hi G in w i (J) = 
in w (J). On the other hand, no term of h\ — hi is in L >w (J) = L > (in w (J)), 
hence, h\ = h iy i.e., in w > (gi) = in w (g,j). 

Suppose now w G K n is representing the monomial ordering >, then 
define 

rrii = dx ai = LT> (gi) = in w (g { ) 

and write gi = mi + hi with the tail hi of By the description of C w (J) 
via Equation 6.1 

C w (J) = {w' G W 1 | w'bi < w'di V monomials x bi of the tail hi and V i = 1, ... 
= {V G M n | trop - in w (g)) (w') < trop (in w (g)) \/g G Q} 

so summarizing: 
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Theorem 6.9 Ifw G Z n with positive entries, J C C [x±, ...,x n ] and > some 
global ordering on the monomials of C [xi, x n ] and Q = (g 1 ,...,g r ) is the 
unique reduced Grobner basis of J with respect to > w , then 

C w (J) = {w' G R n | %n w > (gi) = in w (&) \/i = 1, r} 

in particular C w (J) is a relatively open convex polyhedral cone. 
If in w (J) = L > (J), then 

C w (J) = {w' G R n | trop (g - in w (g)) (w') < trop (in w (g)) V(? G G} (6.2) 

Remark 6.10 If in w (J) is not monomial, then C w (J) is given by these 
inequalities together with the equalities coming from the condition that for 
each g G Q all monomials of the initial form in w (g) have the same weight. 

Definition 6.11 Let J C C [x±, ...,x n ] be an ideal. The Grobner region of J 
is 

GR{J) = {w G R n | 3w' G M> with in w (J) = in w > (J)} 

Lemma 6.12 [Sturmfels, 1996, Ch. 1] If J C C [xi, ...,x n ] is homogeneous, 
thenGR(J) =W l . 

Definition 6.13 Let J C C [xi, x n ] and suppose GR(J) = IR n . The 
Grobner fan GF (J) is the set of all closures C w (J) of cones C w (J) for 
allw G R n . 

If / — Ea c « :ra ^ S a Laurent polynomial in the variables x±, ...,x n , then 
its Newton polytope is 

N (f) = convexhull {a \ c a ^ 0} C R n+1 

Lemma 6.14 [Gelfand, Kapranov, Zelevinsky, 1994, Section 6.1] The New- 
ton polytope of f lies in the hyperplane {a G IR n+1 | w ■ a = a} for some a G Z 
and w G Z n+1 if and only if f is w -homogeneous, i.e f (t wo xi, t Wn x n ) = 
t a f (xi,...,x n ). 

If f, g are Laurent polynomials, then N (/ • g) = N (/) + N (g). 



161 



Lemma 6.15 If w G 7L n with positive entries, I C C [x±, x n ], > some 
global ordering on the monomials of C[xq, ...,x n ] and Q the unique reduced 
Grobner basis of J with respect to > w , then 



Using this representation of C w (J) one can conclude: 
Proposition 6.16 [Sturmfels, 1996, Ch. 2} GF (J) is a fan. 

6.3 Computing the Grobner fan 

Algorithm 6.17 Given an ideal J C k [x±, ...,x n ] with GR(J) = W 1 and a 
subfanF C M n of the Grobner fan of I the following algorithm findRandomCone 
computes some cone of the Grobner fan which is not in F: 

Choose some random weK"- supp (F) ; 

Let > w be the corresponding weight ordering; 

g := redStdvi/ P («)) (J), i-e., the reduced Grobner basis of J with respect to 
Wp (w) ; 

if hiy, (J) = (in w (gi) \ i — 1, ...,r) contains a monomial repeat with dif- 
ferent w; 

Compute C w (J) from g via 6.2; 



The following randomized algorithm computes the Grobner fan: 

Algorithm 6.18 Given an ideal J C k [xi, x n ] with GR(J) = W 1 the 
following algorithm computes the Grobner fan of J: 

Let F be the empty fan in M. n . 

while isComplete (F) = false do 

F := the fan generated by the cones of F and findRandomCone (J, F) ; 



The following algorithm avoids searching a weight vector in the comple- 
ment of the support of a non complete fan and it integrates the test for 
completeness: 



C w (J) = oq (face w (Q)) 
is the normal cone of the face face w (Q) of Q with 




return [C W (J) 




od; 
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Algorithm 6.19 Given an ideal J C k [ ] iwtt GR(J) = R n the 

following algorithm computes the Grobner fan: 

F := the fan generated by findRandomCone (J,F); 
remaining f acets := facets (cones (F) [1]) ; 
while remaining f acets <> {} do 
fc := remaining f acets [1] ; 
outernormal := — rays (dual (fc)) [1] ; 
internal := sum (rays (fc)) ; 
s:=l; 

w := s • internal + outernormal; 
while u> G support (F) do 
s := 10 • s; 

w :— s • internal + outernormal; 
od; 

F := the fan given by the cones of F and all faces of C >w (J) ; 
for all fct £ facets (C >w (J)) do 

if fct G remaining facets then 

remaining f acets := remaining f acets — {fct} ; 

else 

remaining f acets := remaining f acets U {fct} ; 

fi; 

od; 
od; 

Note that this algorithm necessarily stops with a complete fan, as the set 
remaining f acets is empty if and only if all facets of cones have appeared 
twice. 

Remark 6.20 To compute the Bergman fan out of the Grobner fan, it is 
computationally important to note that if a cone F of the Grobner fan is 
not contained in the Bergman fan, then also all higher dimensional cones 
containing F are not in the Bergman fan. 
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6.4 Hilbert scheme and state polytope: Projective setup 
6.4.1 Grobner fan and state polytopes 

Let / C S — C [xq, x n ] be a homogeneous ideal. For d > 1 define 

Pd (I) = convexhull < J j x a \ M = m> (/) , > a monomial ordering > C R n ~ 

If do is the maximum degree appearing in a minimal universal Grobner basis 
of /, define 

P(/) = f>(/) 
d=i 

Definition 6.21 A state polytope for I is a polytope P C Mr with 
GF (I) = NF (P). 

Proposition 6.22 [Sturmfels, 1996] The Grobner fan GF (I) of I is the 

normal fan of P (I) 

GF(I) = NF(P(I)) 

so P (I) is a state polytope for I . 
If w = (w ,...,w n ) E R n+1 , then 

face™ {P d {I))=P d (m w (/)) 

and 

dp 

face w {P(I))=Y / P d (in v> (/)) 

d=l 

If> and >' are monomial orderings, then Y[ x ^&n > {i) d X<X = Ylx"ein > ,(i) d X<X 
if and only i/m> (I) d = in^ (I) d - 

Proposition 6.23 [Sturmfels, 1996] If Q is a universal Grobner basis of I 
which is reduced with respect to any monomial ordering, then 

is a state polytope for I . 
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6.4.2 State polytope and the Hilbert scheme 

Suppose V = c (xo, x n ) = C n , S = Sym (V) = C [x , x n ] and / C S is 
a homogeneous ideal such that S/I has Hilbert polynomial P = Ps/i- 

Lemma 6.24 [Bayer, 1982] There is a degree d such that for alld > d and 
all homogeneous saturated ideals J C S with Hilbert polynomial Ps/j = P 

• J is determined by the degreed part J d of J , i.e., J — ((J<j) : (x , x n )°°) 

• dim c (S d /J d ) = P(d) 

• For all semigroup orderings > 

in> (J) = (m> (/) | / e J deg (/) < d) 

Definition 6.25 With above notation Id is a point in the Grassmannian 
G (P (d) , Sd) of subspaces with codimension P (d) . This point is denoted 
as the d-th Hilbert point H (I) of I . The Hilbert point H (I) determines 
(I : (x , ...,x n )°°). 

The set of all d-th Hilbert points H (J) of homogeneous ideals J C S 
with P s /j = P is a closed subscheme W% cG(P (d) , Sd), the P-th Hilbert 
scheme. 

Remark 6.26 Let > be a total ordering of the monomials of degree d of S 
and x ai , ...,x as with s = (™ + ^ X ) « monomial basis of Sd ordered with respect 
to >. If B — (fi, f r ) with r = s — P (d) is a basis of Id, then writing 

fj — 0-j,a% 
\a\=d 

we obtain the >-Hilbert matrix of I 

A = (aj,ai) j=lj _r t i=i,... )S e k rxs 
representing H (I) with respect to above bases 

Id ^ Sd 

C r £ C s 

If B' = (/{,.. ., ft) is another basis of Id and A' the corresponding >-Hilbert 
matrix, then there is a Q e GL (r, k) with A' = QA. 



165 



Let s = dimS d and r = s — P (d). The Pliicker embedding 

p: G(P(d),S d ) - V(A r S d ) 

(/l,...,/r> ^ /lA...A/ r 

of G (P (d) , S d ) in the projective space P (W) with 

W = [\S d 

is given by the positive line bundle L = detU*, where U is the universal 
subbundle U -> G (P (d) , S d ) of C s x G (P (d) , S d ) -> G (P (d) , S d ) with 
fiber over a point of G (P (d) , S<j) the corresponding subspace of C s . 

Remark 6.27 With respect to the basis 

x B = x ab i A ... A x abr 

with B = {bi,...,b r } C {l,...,s}, \B\ = r of /\ r S d the Pliicker embedding is 
given by the r x r minors of the matrix representative 

A = (a ia .). , . , e C rxs 

\ J><-*i/ j=l,...r, i=l,... ,s 



\a\=d 



Denoting by Ab the matrix formed by the columns of A with indices bi,...,b r 

p: G(P(d),S d ) - PW- 1 

(mi,...,m r ) I— > (det | |P| = r) 

iVote t/ia/: i/ A' = UA is another matrix representative, then det A' B = 
detU det A B hence the homogeneous coordinates are well defined. 

The action of SL (V) on V gives a representation of SL (V) on S d = 
Sjm d {V) and on W = /\ r so inducing an action 

SL(V) x P(W) -> P(W) 

The Grassmannian G (P (d) , S<i) P (W) and the Hilbert scheme M.^ C 
G (P (d) , Sd) are invariant under this action. 
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Let T C SL (V) be a maximal torus. For x £ T define the subspace 
W x = {v G W | Av = x (A) u VA G T} 

and 

State (W) = {xeT | W x ^ {0}} 



so 



1^ = O) w x 

VL/ V (=Sta.terW1 X 



XeState(VK) 

If if (J) is the d-th Hilbert point of I and h* E W is a representative of 
p (H (I)), then we get the corresponding decomposition 



h* = Y h x (J) 



XeState(W) 

with h x (I) G W x . The statements h x (I) = and h x (I) ^ are independent 
of the choice of h*, as different representatives are C* multiples of each other. 

Definition 6.28 The d-th state polytope of I is 

State (I) = convexhull {x G State (W) | h x {I) ^ 0} C f ® z R 

If the elements of T C SL (V) are diagonal with respect to the basis 
x , x n , then any one parameter subgroup A : C* — > T is of the form 

\{t) =di&g{t W0 ,...,t Wn ) 

with weight vector w = (w , ...,w n ) G Z n+1 and XliLo' 11 '* = 0- By the action 
of SL (V) a one parameter subgroup A : C* — > T C SL (V) assigns a weight 
to any monomial of S and to any Plucker coordinate. 

Definition 6.29 A one parameter subgroup A : C* — > T zs called d-generic 
if it induces a total ordering on the monomials of S of degree less or equal to 
d. 



Remark 6.30 As seen in Section 1.4 for any d and any semigroup ordering 
> there is a d-generic one parameter subgroup A : C* — > T representing > 
on the monomials of degree at most d. 
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Suppose A : C* — > T, A (t) = diag (t w °, f") is representing > on the 
monomials of degree at most d and 

A = { a im)j=i,... r , i=i,..., s e k rxs 

is the >-Hilbert matrix representing the d-th Hilbert point H (I) of / with 
respect to the basis 

s 

fj = ^ ] a j,ai X % J = l;---; r 
i=l 

of I d and the >-ordered basis x ai , ...,x as of S^. Then 

™> (fj) = aj,a b .x abj 

if and only if aj t0ll = V/ = 1, bj — 1 and % iQ6 . 7^ 0. 

Suppose that j = 1, r is a basis of such that A is in row echelon 
form 





x ai ■■■ 




■ x as 


h 


a>i, abl ■ ■ ■ 








a j,o'b J 






fr 




a r,a br 





Then the Pliicker coordinate p (H (I)) B 7^ for 

B — (h, ■■; K) 

Note that the Pliicker coordinates are independent of the choice of the basis 

If B' = (b[, b' r ) 7^ B is some other Pliicker coordinate with x b j > x ab i 
for some j, then p (H (I)) B , — 0, hence: 

Lemma 6.31 /5ayer ; Morrison, 1988] Let H (I) e E£ c G (P (d) , S d ) be 
the d-th Hilbert point of I. Fix a basis V — & (xq, ...,x n ) and let A : C* — > 
T 7 A (t) = diag t Wn ) 7 u> = (u>o, u> n ) fre a d-generic one parameter 

subgroup of the torus T. 

Then there is a unique Pliicker coordinate x B with p(H(I)) B 7^ such 
that all Pliicker coordinates B' 7^ B with p (H (I)) B , 7^ have smaller weight 
w (x B >) < w (x B ). 
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If x ai , ...,x as is a X-ordered basis of Sd and fi, f r is a basis of Id such 
that the corresponding Hilbert matrix of I is in row echelon form as in Equa- 
tion 6.3, then fi, f r form a standard basis of I>d and 

in> (I> d ) = (z Q \...,z Q <-) 

If A : C* — > T is a 1-parameter subgroup, then C* acts on G (P (d) , S d ) 

by 

C* xG(P(d),S d ) -> G(P(d),S d ) 
(t, z) ^ A (t) z 

Consider C* ^ A 1 via C [t] ^ C[M _1 ], so C* = A 1 - {0}. If z e 
G(P(d),S d ) and C* — > G (P (d) , S d ), t h- > A (t) z extends to a morphism 
A 1 — > G (P (d) , Sd), then call the image of G A 1 the limit of z under A, 
written lim^ A (t) z. 

Lemma 6.32 Let H (I) e C G (P (d) , S d ) 6e the d-th Hilbert point of I 
and let A : C* — > T &e a d-generic one parameter subgroup. With the action 
ofSL(V) onG(P(d),S d ) 

lim A (£) P (J) = H' e M.^ C G (P (d) , S d ) 

as zs projective, so there is a homogeneous ideal I' C S with Ps/r = P 
such that 

H' = H (/') 

Lemma 6.33 [Bayer, Morrison, 1988] With the setup of Lemma 6.32 

i n> (/) = I' 

Proposition 6.34 [Bayer, Morrison, 1988] The monomial initial ideals in> (I) 
for all semigroup orderings > correspond to the vertices of the d-th state poly- 
tope State (/) . 

Proposition 6.35 The Grobner fan GF (I) considered as a fan in 

M n+1 



R(l,..,l) 

is the normal fan of the d-th state polytope State (I) 

GF (I) = NF (State (/)) 
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6.4.3 State polytope and stability 

Definition 6.36 Suppose d > do as in Lemma 6.24, let H (I) = Id € 

G (P (d) , S d ) be the d-th Hilbert point of I and let h* be a lift of p (H (I)) to 

W = G) W x 



The ideal I is called semi-stable if ^ SL(V)h*, otherwise it is called 
unstable. 



Theorem 6.37 [Bayer, Morrison, 1988] With the setup of the previous definition, 
the following conditions are equivalent: 

1. I is semi-stable. 

2. For any choice of a basis V = & (x , ...,x n ) and any 1-parameter sub- 
group A : C* -> D c SL (V), A (t) = diag (t w °, t Wn ), w = (w , w n ) 
with YM=o Wi = ^ there are Plucker coordinates Xb and Xb> such that 
p(H (I)) B 7^ and p (H (I)) B , ^ and for the corresponding weights 
it holds 

w (xb) < < w (xb 1 ) 

3. For any choice of a basis V = & (xo, x n ) the state polytope State (/) 
contains the origin. 



6.5 Hilbert scheme and state polytope: Polarized toric 
setup 

6.5.1 Linearizations 

Before reformulating and generalizing this setup, we need some general facts 
about linearizations of group actions on line bundles. 

If G is an affine algebraic group over K acting rationally on an algebraic 
variety Y via 

a : G x Y -> Y 
then the pair (Y, a) is called a G- variety. 
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Definition 6.38 If Y is a G-variety by a : G x Y — > Y and L is a line 
bundle on Y , then a G -linearization of L is an action a : G x L — > L swc/i 
t/jat t/ie diagram 

G x L ^ L 

id X 7T J | 7T 

G x y ^> y 

commutative and the action is linear on the fibers, i.e., for all y E Y the 
maps a y (g) : L y — > L^.j, are linear. 

The pair (L,a) is called a G -linearized line bundle. 

Here i\ : L — > y denotes the projection of the total space of L to y. If 
g G G, then the group action induces an isomorphism 

<7(</): X ^ X 

X I— > (? • X 

and for y G y the maps cr^ (g) : — > L g . y are isomorphisms of vector spaces 
giving an isomorphism of line bundles 

a(g):L^g*L 

With 

pr 2 : G x y ^ y 

the isomorphisms of vector bundles <7 (g) for g G G form an isomorphism of 
vector bundles 

$ : pr 2 * (L) - a* (L) 
Indeed also the converse is true: 

Lemma 6.39 [Kraft, Slodowy, Springer, 1989, Knop, Kraft, Luna and Vust, 
Sec. 4] If G is a connected affine algebraic group, Y is a G-variety and L is 
a line bundle on Y , then L has a G -linearization if and only if there is an 
isomorphism of line bundles 

$ : pr\ (L) - a* (L) 

The set of G-bundles on the G-variety X carries the structure of an 
abelian group, the group of G-bundles by Pic G (Y): If L and V are G- 
bundles with linearizations given by the isomorphisms <3> : pr% (L) — > a* (L) 
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and $' : pr% (L f ) — > a* (I/) , then on L <g> L' a G-linearization is given by the 
isomorphism 

pr*(L®L') -> a* (L ® L') 
ii n 
pr^ (L) <g> pr^ (£,') -> a* (L) <g> a* (L') 

The neutral element of Pic G (F) is the line bundle F x K — > F with the 
G-linearization 

axid:Gxyx^^yxi( 

If L is a G-bundle with linearization given by $ : pr^ (I/) — > c* (L) , then its 
inverse is L* with the linearization 

■ Pr* 2 (L*) -> <x* (I/*) 

The map 

a : Pic G (F) -> Pic (y) 
forgetting the linearization is a homomorphism. 

Proposition 6.40 [Dolgachev, 2003, Sec. 7} If Y is connected and proper 
over C, then 

ker (a) - x (G) 

Lemma 6.41 [Kraft, Slodowy, Springer, 1989, Knop, Kraft, Luna and Vust, 
Sec. 4] If G is a connected affine algebraic group, Y is a normal G-variety 
and E is a line bundle on G x Y , then for all y e Y 

E = pr\ (L \ G x{ yo }) ®W*2 {L l{e}xy) 

So if y G y, define the homomorphism 

5: Pic(y) -> Pic(G) 

L i-> pr*(L) ®a*(L*) \ Gxyo 

which has ker (5) = image (a) . 

Theorem 6.42 [Dolgachev, 2003, Sec. 7] If G is a connected affine alge- 
braic group and Y is a normal G-variety, then the sequence 

-> ker (a) -> Pic G (Y) -> Pic (y) -> Pic (G) 

exaci. 
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If G is a connected affine algebraic group, then Pic (G) is finite, see 
[Kraft, Slodowy, Springer, 1989, Knop, Kraft, Luna and Vust, Prop. 4.5], 
so: 

Remark 6.43 Pic G (Y) has finite index in Pic (Y), hence for all L e Pic (Y) 

there is an m such that L® m is a G-bundle. 

IfG is GL(n,C) or a torus (C*) n orSL(n,C), then Pic (G) = 0. 

Hence if T = (C*) n is a torus and Y is a T -variety, then we have an 
exact sequence 

-> f -> Pic T (Y) -> Pic (y) -> 

so any line bundle LonY has a T -linearization and any two linearizations 
differ by a translation in the lattice T = Z n . 

Remark 6.44 If Y is a toric variety with torus T, then the sheaf of Zariski 
differential forms Q Y has a canonical linearization given by the pullback of 
differential forms with respect to the isomorphism 

a(g): X - X 
x I— > g ■ x 

6.5.2 Setup for subvarieties of a projective toric variety 

Let y = X (S) be a simplicial toric variety of dimension n given by the fan 
Z C N R = N ® Z R with N = Z n and let L = O y (D) be a very ample line 
bundle on Y. The lattice 

M = Horn (N, Z) = Horn (T, C*) = f 

is the character group of the torus T cY. Let S — C [y v | v e E (1)] be the 
Cox ring of y, 

-> m 4 z s{1) -> A n _! (y) -> o 

the presentation of the Chow group and 

1 -> -> (C*) s(1) -> T -> 1 
G(E) =Hom z (A,-i(X(E)),C*) 

the corresponding sequence involving the tori (C*) E ^ and T. 
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By Section 6.5.1 there is a linearization of the action of T on Y on the 
line bundle L 

T x L ^ L 

id X 7T I I TV 

T x Y ^ Y 

With 

V = H° (Y,L) = S [D] 
the line bundle L defines an embedding 

<Pv ■ Y^F(V*) 
<Pv (y) = {seV\s(y) = 0} 

identifying elements of P (V*) with hyperplanes in V. The map <py is T- 
equivariant with respect to the action 

t xP(r) ->p(y*) 

g-H = g- 1 (H) 

The toric variety Y embedded by 0y is isomorphic to the projective toric 
variety 

P(A D )=Proj,S(A D ) 
and the polytope ring S (Ad) is isomorphic to 

oo 

S(A D ) = @S d[D] cS 

d=0 

which is Z> -graded by d. 

If I C S is a homogeneous ideal, then it corresponds under the embedding 
4> v of Y via L = Oy (D) to the ideal 

oo 

In[d] = @ h[D\ C S (Ad) 

d=0 

The Hilbert function 

hs/i (k) = dim c (S k[D ]l h[D]) 
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agrees for large k with a polynomial P, the Hilbert polynomial of S/I under 
the embedding of Y given by L. 

Furthermore via this embedding there is a do such that for any homoge- 
neous ideal J C S (Ad) with Hilbert polynomial P under the embedding of 
Y given by L 



Jn[d] ■ B (S)^ D] 



>d 



is generated by the Hilbert point 

Jd [D] EG = G (P (d ) , S do [ D ]) 
and these points form the P-th Hilbert scheme 

in the embedding of Y via L. 

The action of T on V = H° (Y, L) = S[d] induces an action of T on 

w = f\s MD] 

with r = dimSdop] — P (do), and the Pliicker embedding 

p : G -> P(W) 

is T-equivariant. With 

W x = { w g W | Aw = x (A) v VA G T} 
for x e T = M and 

State L (W) = { X e M \ W x ^ {0}} 
we get a decomposition 

W = ff) W x 

If h* e W is a representative of p (/<j [d]), there is the corresponding decom- 
position 



h* = V /i v 



with /i x G W x . With 



State L (/i) = {x E M \ h x ^ 0} 
define the state polytope of / with respect to L as the convex hull 
State L (I) = convexhull (State L (h)) C f <S>z M = M M 



175 



6.5.3 Hilbert-Mumford stability 

Suppose G is a reductive group and Y is an irreducible G-variety. 
Definition 6.45 Let L be a G-bundle on Y and y eY. 

1. y is called semi-stable with respect to L if there is an a > and 
anaE H° (Y, L a ) G such that 

Y a = {yeY\a(y)^0} 

is affine and y EY a . 

2. y is called unstable with respect to L if it is not semi-stable with 
respect to L. 

3. y is called stable with respect to L if the isotropy group G y is finite 
and the G-orbits in Y a are closed. 

Denote by Y ss (L) , Y us (L) and Y s (L) the set of semi-stable, unstable and 
stable points of Y , respectively. 

Lemma 6.46 [Dolgachev, 2003, Sec. 8] With the notation from above: 
The sets Y ss (L) , Y us (L) and Y s (L) do not change when replacing L by 

L a forae Z >0 . 

If L is ample and Y is projective, then Y a is always affine. 

6.5.4 Stability on a variety with a torus action 

Suppose X is a projective variety, the torus T acts on X and E is a very 
ample T-linearized line bundle on X. Let W = H° (X, E), s = dime W and 
let (pw : X — > P (W) be the corresponding embedding. So T acts on X via a 
linear representation 

T -> GL (W*) 
If x e X and x* is a representative of (f>w (x), then 

x G X us (E)^Oe T~x* 

So if G A (C*) • x* for some one parameter subgroup A G T* of T 

A : C* -> T 
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then x is unstable. 

Choosing a basis of W such that T acts via diagonal matrices write 

X {%1 1 ■ ■■ i %s) 

with respect to this basis. Then 

\(t)x* = (t /3l x 1 ,...,t^x s ) 

with some 

• If Pi > for all % with Xi ^ 0, then 

K* '■ ^\{0} - A* 
i i-> A (t) 

extends to a regular map 



A 1 -> A s 

i h-> A (t) for i ^ 
0^0 



so G A (C*) • x*, hence x is unstable. 

• If /3j < for all i with Xi ^ 0, then above argument applied to A -1 
shows that x is unstable. 

Define 

fi E (x, A) = min {Pi \ x { ^ 0} 
so if /i E (x, A) > 0, then x G X us (E), hence 

x G X ss (£■) /i £ (x, A) < VA G T* 

On the other hand if fi E (x, A) < VA G f * and there is a A G f * with 
ji E (x, A) = 0, then y* = (y { ) with 



if Xi ^ and # > 
a;,- otherwise 



is in the closure of A (C*) • x*, i.e., 



y* G A (C*) • x* 
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If x would be stable, then it would have to hold that y* G A (C) • x*, but 
this is not possible as 

A (t) -y* = y* for all t G C* 

hence 

x G X s (E) => fi E (x, A) < VA G T* 

indeed both statements are characterizations of the semi stable and stable 
points: 

Theorem 6.47 [Dolgachev, 2003] With the setup from above 

x G X ss (E) <£> fi E (x, A) < VA G T* 
xeX s (E) fi E (x, A) < VA G f * 

6.5.5 State polytope and Stability 

The bilinear pairing between characters and one parameter subgroups of T 

f x f * -> C* = Z 
(x,A) i-> (x,A) = x°A 

corresponds via the identification T = M and T* = N to the canonical 
bilinear pairing 

(-, -):MxJV->Z 
Fix a T-invariant basis xo, x n of T and let 

x B = x bl A ... A x br 

with = {bi,...,b r } C {0,...,n}, |.B| = r be the corresponding T-invariant 
basis of W, which is compatible with the decomposition 

W = (£) W x 

With respect to the basis (xb) the representation 

p : T -> GL(W) 
given by the action T x IT — > IT is of the form 

p (x) = diag (a; mi , . . . , x mdim w ) 
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with rrii G M. 
If 

A : C* -> T 

A(i)=dia g (r\...,r") 

is a one parameter subgroup of T, then the composition is 

poA: C* -> GL(W) 

t ^ diag(*< w>mi \...,*< w>rn « UmW >) 

Now suppose /i* G is a representative of the image of the Hilbert point 
Id [D] under the Pliicker embedding p, and write 

h* = V hy 



with /i x G W x . Write 



/l* — (ttl, ttdimw) 

with respect to the basis (x.b). So 

A (*) • h* = diag (t^a u ...,&' m ^a dimW ) 
hence with the line bundle 

E = p* (O nw) (1)) 

where p : H£ — > P (W) is the embedding of the Hilbert scheme induced by 
the Pliicker embedding, we have 

jj, E (h, A) = min {(w, mi) \ on 7^ 0} = min (x, A) 
so by Theorem 6.47 we obtain: 



xeSta,te L (h) 



Theorem 6.48 Suppose Y = X (E) is a toric variety given by the fan E C 
N-r, L = Oy (D) is a very ample T-line bundle on Y and S is the Cox ring 
ofY. If I C S is homogeneous, then stability and semi-stability of the Hilbert 
point 

H L (I) g m = e£ 

are characterized via the state polytope States (/) C Mr as follows: 

H L (I) G U ss (E) G State L (/) 

H L (I) G HP (E) G int (State L (/)) 
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6.6 Hilbert scheme and state polytope: Cox homoge- 
neous setup 

6.6.1 Grassmann functor 

Let k be a commutative ring. 

Definition 6.49 Let N be a finitely generated k-module. The Grassmann 

functor G r N :k — Alg^Set is defined as 

G r N (R) = {L\L<zR®N submodule with (R® N) / L locally free of rank r} 

An i?-module W is locally free of rank r if there are f\, fk € R with 
(f u f k ) = (l) c R such that W fj R r f . for all j = 1, k. 

The Grassmann functor G r N is represented by the Grassmann scheme 
G r N described in coordinates as follows: 

• UN — k m : 

Let i>i, v m be a basis of N and let B = {v^, v ir }. The subfunctor 
G km \ B of G km is defined as 

G r km \ B (R) = {L | L C i? m submodule with i? m /L free with basis B} 

It is represented by the affine space A r ( m ~ r ) associating L e G£,m\ s (i?) 
to (Aj) with 

r 

i? m /L 9 W = ^ A)— lor i i {h,...,i r } 

Via the Pliicker embedding the Grassmann functor G£ m is represented 
by a projective scheme covered by affine open subsets representing 

< G T k m \B- 

• If N = k rn j J is a finitely generated /c-module: 
Then R®N^ R m /RJ for any fc-algebra R and 

(i?) = {Le G r km (R) \RJ cL} 
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If Vi, ...,v m is a basis of k m and B = {v^, v ir }, then the subfunctor 
G r km ^ B fl G r N of G r km is represented by the subscheme 

( A 5) I a l + E < A 5 = V« G J Vj = 1, r I c A'<™--> 

i^{ii,...,i r } J 

where for -u G J the a" G are defined by 



u 



= < L G G^f (i?) 



Proposition 6.50 [Haiman, Sturmfels, 2004] If N is a finitely generated 
k-module, then the functor G r N is represented by a closed subscheme of the 
scheme representing G r km . 

Let N be a finitely generated A;-module and M C N & submodule and 
consider the subfunctor G r N , M C G^ 

G r NW (R) = {LeG r N (R) \(R®N) /L locally free with bases in M} 

3f 1 ,...,f k eRwith (A,..,/ fc ) = <i) 
such that ((R® N) /L)f. has a basis in M 

= {LeG r N (R) | M generates (R ® N) / L} 

Proposition 6.51 [Haiman, Sturmfels, 2004] ^at\m ^ s represented by an 
open subscheme of the scheme representing G r N , so by a quasiprojective scheme 
over k. It is called the relative Grassmann functor of M G N . 

If A is a finite set and N = @ agj4 N a is a finitely generated graded k- 
module and h : A — > N is some function, then the graded Grassmann 
functor G% is defined as 



G^ (R) 



L C R® N homogeneous submodule with 
' (R ® N a ) /L a locally free of rank h (a) Va G A 

and G% is naturally isomorphic to riaeA^JV^ hence is projective. 

If M C N a homogeneous submodule the relative graded Grassmann 
functor of M C N is defined by 

g n\m ( R ) = {L^G h N (R) | (R ® N a ) /L a locally free with bases in M Ma G A] 

and is represented by a quasiprojective scheme over k. 

G% and G^ M are subfunctors of G^ respectively G^ M with r = J2 aeA h (a) 
and the corresponding morphisms of schemes are closed embeddings. 
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6.6.2 Hilbert functor 



Let k be a commutative ring, A a set and let 

S = © Sa 

a<=A 

be a graded /c-module. For all a,b £ A let F a (, C Hom^ (S a , S b ) a subset such 
that F bc oF a , b C F a>c Va, b E A and id 5a G F a>a Ma E A and call F = Ua.teA ^»,6 
a set of operators on S. So (£, F) is a small category of /c-modules. 
If R is a A;-algebra, then 

is a graded F-module with operators 

F* = (1 R ® fe _) (F a , b ) = {l R ® k f\fe F afi } 

A homogeneous submodule L = aeyl L a C i? <E> 5 is called an F- 
submodule if F^ b (L a ) C L 6 for all a, 6 G A. 

Definition 6.52 If h : A — > N a function and R is a k-algebra, then 
define 

, , _ J | L d R® S is an F -submodule with 

If <f> : R —>■ R' is a homomorphism of commutative rings and L G Hl^g m (R), 
then V = R' ®r L is an F -submodule of R' <8> S and (R' ®fc S a ) / L' a is locally 
free of rank h (a) for all a G A, so define H^ F) (0) : H^ F) (i?) -> (#'), 
L I— > L' . These assignments make mto a functor k — Alq^ Set , the 

Hilbert functor. 

If D C A is a subset the restriction (S'd, Fd) of (S*, F) to degree £) is 
defined by 

It is a full subcategory of (S, F) and there is the natural restriction map 
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Lemma 6.53 If L' C R <8> 5d ^ s <™ F D -submodule and L d R® S is the 
F-submodule generated by L' , then L b = XLeD ^a,b (-^a) / or a ^ b £ A, so 
L D = /.'. 

Theorem 6.54 [Haiman, Sturmfels, 2004] Let k be a commutative ring, A 
a set, S an A-graded k-module with operators F and h : A — > N a function. 
If there are homogeneous k-submodules M C iV C S such that 

1. N is a finitely generated k-module, 

2. N generates S as an F -module, 

3. for all fields K £k — Alg and for all L e f) (-^0 ^e submodule 
M C S spanns (K ® 5) /L, 

^. there is a subset G C F which generates F as a category such that 
GM C N, 



then 



• N spans (K <S> S) / L so oo > dim^ {{K <S> S) / L) = YlaeA ^ ( a ) hence 
h has finite support, 

f) is represented by a quasiprojective closed subscheme of 
over k, the Hilbert scheme. 

Corollary 6.55 [Haiman, Sturmfels, 2004] If A is finite and S a is a finitely 
generated k-module for all a e A, then in above theorem one can choose 
M = N = S and G = F, so H^ SjF ) is represented by a closed subscheme of 
the projective Grassmann scheme &%\ M = G%, hence is projective. 

Theorem 6.56 [Haiman, Sturmfels, 2004] Let k be a commutative ring, A 
a set, S an A-graded k-module with operators F and h : A — > N a function. 
Suppose D C A such that 

Fd ^ is represented by a scheme over k, 

2. for all a G A there is a finite set of operators E C {J b€D ^b,a suc h that 
S a / J2 beD E b>a (S b ) is a finitely generated k-module, 
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3. for all fields K e k - Alg and for all V G U^ SdjFd) (K) 

dim((K®S a )/L a )<h(a) 
for all a G A, where L C K ® S is the F-submodule generated by L' . 

Then HI^^ is a subfunctor of F ^ via the natural restriction map 
L i— > Ld and is represented by a closed subscheme of the Hilbert scheme 
representing R0 Sd Fo y 

If D is finite, then Fd ^ is projective, hence is projective. 

6.6.3 Example: Multigraded Hilbert schemes of admissible ideals 

Let k be a commutative ring, A an abelian group and S = k [xi, x r ] a 
polynomial ring graded by a homomorphism of semigroups deg : N n — > A via 

degx" = degw, so 

S = 

aeA 

and 

S a ■ Sb G S a +b 

The ring 5 comes with operators F = [j a b€A F ab where 

„ { | S a — > iSfc ) TT , „ „ s i m G 5 a monomial with j 
Fa ' b= {{ f - m-/ } eHom *(^)l degm = 6-a j 

If L C R®S = © aej4 R®S a is an F-submodule, then L is a homogeneous 
ideal with respect to the grading of R <E> 5* by A. 

A homogeneous ideal / C S is called admissible if (S/I) a = S a /I a is a 
locally free /c-module of finite rank for all a £ A. Denote by 

h s/I : A -> N 

a rank fe ((S/I) a ) 

the Hilbert function of S*//. Denote by A + ) C A the subgroup 

generated by Oj = degXj. The support of hs/i is contained in A + . 

If h : A — > N is a function with support on A + , then for any R Ek — Alg 

jn\ h ( r>\ — $ t \ I <^ R® S homogeneous ideal such that 1 
m (s,f) \R) ~ Y I ( R0 S ^ j Ia locally free of rank h(a)VaeA J 

= {/|/C-R<g>S' admissible ideal with hs/i = h} 
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consists of the admissible ideals in R <g> S with Hilbert function h. 

An antichain of monomial ideals in S is a set C of monomial ideals such 
that for all h, I 2 G C it holds h <t h- 

Lemma 6.57 [Haiman, Sturmfels, 2004] If C ^ s an antichain in S then C 
is finite. 

So if C is the set of all monomial ideals in S with Hilbert function h then 
C is finite. 

Corollary 6.58 [Haiman, Sturmfels, 2004] If h : A — > N is a function with 
support on A + , then there is a finite set D C A such that 

1. any monomial ideal I C S with hs/i = h is generated by monomials in 
degrees D, 

2. any monomial ideal I C S generated in degrees D satisfies: Ifhg/i (a) = 
h (a) for all a G D, then hg/i (a) < h (a) for all a G A. 

For any finite D C A the assumptions of Theorem 6.54 hold for (So, Fd), 
hence Fd ^ is represented by a quasiprojective scheme. 

For D as given by Corollary 6.58 the assumptions of Theorem 6.56 are 
satisfied, hence: 

Theorem 6.59 [Haiman, Sturmfels, 2004] If h : A — > N is a function with 
support on A + , then ^ SF ^ is represented by a quasiprojective scheme. 

Note that this setup is not directly applicable to the Cox ring of a toric 
variety or the homogeneous coordinate ring of projective space. 

6.6.4 Example: Classical Hilbert functor 

The Grothendieck Hilbert scheme represents the functor with 

(R) = {X | X C P n (R) flat family with Hilbert polynomial P} 

for R ek — Alg. These X correspond to saturated homogeneous ideals / C 
R[xq, ■■■,x n ] with Hilbert polynomial P. 

Given P and n there is a degree do, the maximum of the Castelnuovo- 
Mumford regularities of all saturated monomial ideals in R [xq, x n ] with 
Hilbert polynomial P such that for all saturated homogeneous ideals / C 
R\ Xq, ...,x n ] with Hilbert polynomial P 

hs/i ( a ) = P ( a ) for all a > d 
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Proposition 6.60 [Haiman, Sturmfels, 2004] Consider S = k [x , x n ], 
let F be the multiplication by monomials, P some Hilbert polynomial and 



h (a) 



(^r 1 ) fora<d 
P (a) for a> d 



The Grothendieck Hilbert scheme representing is isomorphic to the Hilbert 
scheme representing F ^ via the bisection 

<(R) ^ %^(R) 

I>a I 

J h-> (J : (x , ...,x n )°°) 



6.6.5 Tangent space and deformations 

Let k be a field, A an abelian group, S — k [xi, x r ] graded by deg : N n — > A 
and F the multiplication by monomials. Let h : A — > N be a function with 
support on A + and let I G ™ (k). The ^-module Hom 5 (7, S/I) is graded 
by A and Hom s (I, S/I) a is a finite dimensional A;- vector space for all a G A 
Let i? = k [t] I (t 2 ) and : i? — * fc, s i— > s/ (t) so the map 

Hf 5>F) (0) : Hfe >F) - Hfe >F) (fc) 

is given by J i— > J/ (t). The Zariski tangent space of the scheme representing 
%F) at / G Hf StF) (fc) is 

{JGHf 5;F) |Hf 5jF) (0)(J) = /} 

J C i? ® 5 an A-homogeneous ideal with J/ (t) — I 1 
such that it! [x± : x r ] / J is a free i?-module J 

and is isomorphic to Hom 5 (J, S/I) by associating to J the homomorphism 
S t • i? [xi, x r ] -> t ■ R [xi, x r ] I (J n t • R [xi, a: r ]) = S/I 

Proposition 6.61 [Haiman, Sturmfels, 2004] The Zariski tangent space of 
the scheme representing H^ Si ^ at I G (&) zs canonically isomorphic to 

Rom s (I,S/I) . 
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6.6.6 Stanley decompositions 

Setup Let Y = X (E) be a smooth complete toric variety of dimension n 
given by the fan E C N R = N ® z R with N = Z n . Let S = C [y r \ r G E (1)] 
be the Cox ring of Y graded by A n ^i (Y), and 

B (E) = (y Ds | a G E) C S 

with D„ = D r 

reE(l), r<£a 

the irrelevant ideal of Y. Write 

o -> m 4 wDiv T (y) A n _! (y) -> o 

for the presentation of the Chow group of Y and set = deg-Dj. Denote by 

y = a s(1) - v (5 (E)) = x (s') -> y 

the Cox quotient presentation of Y as defined in Section 1.3.9 and set Y" = 
J^W — X (E") with the fan E" C Z^ 1 ^ over the standard simplex. For 

D E WDiv T (y") = WDiv T (Y r ) = WDiv T (Y) = Z s(1) 

denote by x D the corresponding (Laurent-) monomial in the Cox ring S. 
Denote by /C the set of integral points in the closure of the Kahler cone 

cpl (E) c A+_ x (Y) ® R cA„_i (y) ® IR = /J 2 (y R) 

as described in Section 1.3.11. 

Primary decompositions and Stanley decompositions of monomial 
ideals Consider first the vanishing locus of a monomial ideal in the affme 
space Y". 

Definition 6.62 If I C S is a monomial ideal, then a Stanley decompo- 
sition of I is a subset 

S C {(D, a) \ D e WDiv T {Y") , D effective, a G E"} 

such that 

S/I= S a (-[D}) 

(D,a)eS 

where S a — C [y r \ r £ a] = S/I (Vy (cr)) is the Cox ring of Uy (cr). Here 
Vyn (cr) C Y" is the torus orbit closure associated to a G E" and Uy" (cr) = 
Spec (C [an M}) C Y" . 
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Remark 6.63 Note that for the Cox quotient representation Y" DF'^y 
it holds 

WDiv T (Y") = WDiv T (Y') = WDiv T (Y) 

and 

E" DE'D E'(l) ^ E(l) 
so E can be considered as a subfan o/E". IfcrET,, then 



Y" 


D 




» 


= G y" | y r = Vr G E (1) , r C a} 


U 




u 






r = y - y (5 (E)) 


D 


Vy> 




= {y G V | y r = Vr G E (1) , r c cr} 


1 




I 






Y 


D 




(*) 





so the prime ideal 

(y r \reJ:(l),rCa)cS 

corresponds to the torus orbit closure Vy (cr) C Y. 
Recall also that with 

reS(l), r<£o 

U Y , (a) = Y"-V (y D *) 

we have 

Uy, (a) /G(Y) = Uy(cr) 

Any associated prime of I is of the form (y r \ r G E (1) , r C a) for some 
o-GE". 

Lemma 6.64 [Maclagan, Smith, 2005] Let I C S be a monomial ideal. 
Then I is B (E)- saturated if and only if all associated primes of I are of 
the form 

(y r | r G E (1) , r C cr) 

for a G E . 

A pair (D,a) with D G WDiv T (y"), D effective and a G E" is called 
admissible if supp (D) fl supp (D$) = 0, i.e., if D C U Y » (a). 
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A partial order on the set of admissible pairs is given by 

l n \ ^ i n \ D 2 — Di > and 

< {D 2 ,a 2 ) # snpp((D 2 -D 1 ) + ^)Csnpp(D 5r ) 



D 2 - D 1 > and 
U Y » (a ± ) C U Y » (<7 2 ) n (y" - supp (L> 2 - Di)) 
& y D *S a2 c 2/ Dl S CT1 



An admissible pair (D, a) is called standard with respect to I if (D, a) 
is minimal with respect to < with the property y D S a C\ I — {0}. 

Lemma 6.65 If S gives a Stanley decomposition of the monomial ideal I C 
S, then 

1= fl (y U r T+1 \re^{i),Td<y,D = Y Jrmi) n r D 



(D,a)eS 

If (D, a) G S is a standard pair, then (y r \ r G E (1) , r C a) — I (Vy (cr)) is 
an associated prime of I. 

Algorithm 6.66 [Maclagan, Smith, 2005] The following algorithm computes 
a Stanley decomposition of the monomial ideal I C S: 

• If I is a prime ideal and I = (y r \ r G £ (1) , r C a) with a G i/ien 
return {(0, <r)}. 

• Otherwise, let r £S (1) snc/i //ia/ I ^ (I : (y r )) ^ (1) ■ 

Compute Stanley decompositions Si ofS/ (I + (y r )) andS 2 ofS/ (I : (y r )). 
.Re/nrn 

5 = {(£>!, ax) | (A, ax) G 5i} U {(D 2 + D r , a 2 ) | (£> 2 , <r 2 ) G 5 2 } 
Example 6.67 A Stanley decomposition of the reduced ideal 

I = (2/12/22/3) c S = C [y , 2/1,2/2] 

<jwen fry 

5/7 = 1- C© 

y ■ C [yo] ©2/1 ■ C [t/i] ©y 2 ■ C [y 2 ] © 

2/02/1 • C [2/0, 2/1] ©2/i2/2 • C [2/1,2/2] ©2/o2/2 • C [y Q , y 2 ] 
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writing I as the intersection 

I = (yo,yi, yz) n (yi,y 2 ) n (3/0,2/2) n (y ,yi) r \(y 2 ) n (y ) n (y^ 

irrelevant associated primes 

corresponding to the toric stratification of I. The ideal (2/0,2/1,2/2) defines 
G F" £m£ does no/ correspond to a subvariety of Y' and Y , hence it is 
irrelevant. The corresponding maximal cone a of the fan E" zs no/ a cone of 
E'. 

T/ie Stanley decomposition given by above algorithm is 

S/I = 1 • C [yi, y 2 ] ©yo • C [y , 2/2] ©2/o2/i • C [2/0, 2/i] 

J = (2/0) n ( yi ) n (y 2 ) 

Note that there are ideals which do not admit a Stanley decomposition, 
where every factor corresponds to an associated prime, e.g., 

1 = (2/1, 2/2) n (2/0, 2/3) c C [y , ...,2/3] 

Example 6.68 Consider the ideal I = (2/12/2,2/02/3) C S = C[y , ...,y 3 ]. 
Then 

S/I= 1 • C© 

y ■ C [y ] @yi ■ C M @y 2 ■ C [y 2 ] ©y 3 • C [2/3] © 

2/02/1 • C [y , 2/1] ©2/02/2 • C [2/0, 2/2] ©2/12/3 • C [2/1, 2/3] ©2/22/3 • C [y 2 , 2/3] 

a Stanley decomposition of I representing the ideal as 

irrelevant 

, * V 

I = (2/0, 2/1, 2/2, 2/3 )n 
(2/1, 2/2, 2/3) n (2/0, 2/2, 2/3) n (2/0, 2/1, 2/3) n (y , y u y 2 ) n 
(2/0, 2/1) n (2/0, 2/2) n (2/1, 2/3) n (y 2 , 2/3) 

V v ' 

associated primes 

The Stanley decomposition given by above algorithm is 

S/I = 1 • C [y 2 , 2/3] ©yi • C [yi, y 3 ] ©y • C [y , y 2 ] ©yoyi • C [y , yi] 
^ = (2/0, 2/1) n (y , y 2 ) n (yi, y 3 ) n (y 2 , y 3 ) 
T"/ie /irst decomposition is obtained from the second by further subdivision: 
1 • C [y 2 , y 3 ] = 1 • C©y 2 • C [y 2 ] ©y 3 • C [y 3 ] ©y 2 y 3 • C [y 2 , y 3 ] 
2/0 • C [y , y 2 ] = yoy2 • C [y , y 2 ] ©yo • C [y ] 
2/1 • C [yi, y 3 ] = 2/12/3 • C [yi, y 3 ] ©yi • C [yi] 
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Stanley nitrations 

Definition 6.69 If I C S is a monomial ideal, then a Stanley filtration 

is a Stanley decomposition with ordering of the elements 

S = {(D 1 ,a 1 ),...,(D s ,a s )} 
such that for all j = 1, s 

Sj = {(£>!, <7l) ,...,(Dj,<Tj)} 

is a Stanley decomposition of 

S/(l+{x D »\...,x D ')) 

So a Stanley filtration gives Stanley decompositions 

S/(l+(x D *,...,x D °}) - S n (-[D 1 ]) 

S/ {l+(x D *,...,x D °)) S ai (- [Di]) © S a , 2 (- [D 2 ]) 

S/I = S ai (- [Di]) © ... © S 0l (- [D,]) 

Algorithm 6.66 computes a Stanley filtration by ordering the leaves of the 
generated tree by listing the (I + (y r )) child prior to the (/ : (y r )) child. This 
algorithm is implemented in the Macaulay2 library stanleyfiltration.m2. 

Example 6.70 For I = (1/12/2,1/01/3) C S = C [y , y 3 ] above algorithm 
computes the Stanley filtration 

S/ {yi,yo} = 1 • C [2/2,2/3] 
S/ (2/12/2, 2/0) = 1 • C [2/2, 2/3] ©2/1 • C [2/1, 2/3] 

sy (2/12/2, 2/02/3, 2/02/1) = 1 • c [2/2, 2/3] ©2/1 • c [2/1, 2/3] ©2/0 • c [2/0, 2/2] 

sy (2/12/2, 2/02/3) = 1 • c [2/2, 2/3] ©2/1 • c [2/1, 2/3] ©2/0 • c [2/0, 2/2] ©2/02/1 • c [2/0, 2/1] 

corresponding to 

(2/i,2/o) = (2/o,2/i) 

(2/12/2,2/0) = (2/0,2/1) n (2/0,2/2) 
(2/12/2,2/02/3,2/02/1) = (2/0,2/1) n (2/0,2/2) n (2/1,2/3) 

(2/12/2,2/02/3) = (2/0,2/1) n (2/0,2/2) n (2/1,2/3) n (2/2,2/3) 
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6.6.7 Multigraded regularity 

Let C = {ci, ...,c e } C A n _i (F) be a finite subset and NC C A n _i (F) the 
semigroup generated by C. A subset D C A n _i (F) is called an NC-module 
if d + c G D for all d G D and c G NC. If D is an NC-module and % G Z, 
then 

£>[<]= |J (sign (i) • E; = i V, + ^) C (F) 

Ai+...+A e =|j| 
Aj6Z>o 

is an NC-module. For m G A n _ x (F) it holds (m + D) [i] = m + D [i] and 
D[i + l]cD[i]. 

Definition 6.71 Let M be a finitely generated A n _\ (Y)-graded S-module 
and let m G A n _i (F). Tnen M zs ca//ed m-regular with respect to C if for 
all i > 1 and /or a// 

a G m + NC [1 - i] 
the local cohomology satisfies 

The regularity of M with respect to C is the subset 

reg c (M) = {m G Ai-i (F) | M is m-regular with respect to C} 

Remark 6.72 With C = {ci, c e } the module M is m-regular if and only 
if 

Hbw (M) a = 

holds for all i > 1 and all 

ae |J (m - V, + NC?) 

Ai+...+A e =i-l 

and for i = and a// 

e 

a € (J (m + + NC) 

j'=i 



192 



Definition 6.73 Letm e A n _i (Y). A finitely generated A n _i (Y) -graded S- 
module M is called m-regular, if it is m-regular with respect to the unique 
minimal Hilbert basis C = {ci,...,c e } of K, giving any element of JC as a 
Z> -linear combination, i.e., with NC = /C. The regularity of M is 

reg (M) = {m G A n _i (Y) \ M is m-regular} 

The local cohomology groups may be computed in the following way: 
Let T be a finite regular cell complex. A function e : F x T — > { — 1,0,1} 
is called an incidence function if 

• e (F, G) ^ G is a face of F. 

• e (F, 0) = 1 for all 0-cells F eT°. 

• If G e r- 2 is a face of F e P, then 

e (F, Hi) e(H 1 ,G)+e (F, H 2 ) e (H 2 , G) = 

for the unique two faces Hi,H 2 G of F such that G is a face of Hi 
and H 2 . 

Lemma 6.74 [Bruns, Herzog, 1993, Sec. 6.3] If V is a finite regular cell 
complex, then there is an incidence function on Y determined by an orienta- 
tion of the cells. 

Associated to a cell complex V of dimension n together with an incidence 
function e there is the augumented oriented chain complex 

C (V) : -> C n _! ±> C n _ 2 -> ... -> Co ^ C_i -> 
with coefficients in R where 

Ci — pgpi-R ■ F 

for F 6 T' and extended linearily. For different incidence functions the 
complexes C (T) are isomorphic. Denote by 

H t (r) = ^ (c (r)) 
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Theorem 6.75 [Bruns, Herzog, 1993, Sec. 6.3] Let Y be a cell complex and 
denote by \Y\ the underlying topological space. Then 

H l {Y) = H l {\Y\) 
is the reduced singular homology of\Y\. 

An algorithm computing Hi (|r|) via the augumented oriented chain com- 
plex is implemented in the Macaulay2 library homology. m2. 

Consider the cell complex V given by the intersection of the fan E with a 
sphere of dimension n — 1 together with the sphere as cell of dimension n — 1 
and as — 1-cell. Let e be an incidence function given by an orientation. By 
abuse of notation identify cones of £ and cells of T. For a e T denote by 

S( a ) = S x d & 

the localization of S in the multiplicatively closed set generated by x D& . This 
relates to the Cox quotient representation of Y = X (£) as follows. We have 
S( a ) = C \a' H Z S W] where a' E £' denotes the cone corresponding to a, 
hence Uy> (&') = SpecS^) and Uy (er) = U Y i (a) For the maximal 

cell = and = S. 

Associate to T the canonical Cech complex 

C* : -> C° ^ C 1 -> ... C n -> 

with 

and boundary map 9 : C i_1 — > C l given by the components 

9 : 5^) -> S {(T2 ) 

defined as e (a±, a 2 ) times the natural map — > if (X2 is a face of <7i, 
and the 0-map otherwise. 

Theorem 6.76 [Bruns, Herzog, 1993, Sec. 6.3] If M is a finitely generated 
A n -i (Y) -graded S -module, then 

H* (M) = H l {M® s C*) 
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Consider the natural Z^^-grading refining the A n _i (F)-grading. Recall 
that E" is the fan over the simplex on E (1) with X (E") = C 2 *- 1 - 1 and that E 
may be considered subfan of E". 

If w G Z S W define 



Then 

For G e E" define 
Then 



G w = hull {r e E" (1) K < 0} 



C if C f 
otherwise 



T G = {FeT\FcG} 



H* {CD = (r-) 
If G w is the maximal cone of E", then T Gw = V is a sphere, hence 

If G w is the zero cone of E", then 

(c;) = (r) = o = ir- 2 (0) fo^i 

If G w lies between zero and maximal cone by Alexander duality 

h 1 {CD = if n _, (r^) = ir-* (r\r^) = ir~ 2 (r G j 

hence: 

Proposition 6.77 For all w G Z s(1) and i 7^ 1 

(^ ( e) (S)) w = h^ (r G j 

and 

(5)) M = 

This allows computation of the local cohomology groups and regularity. 
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Example 6.78 Let 

Y = X (E) = F t = P (C P i © P i (*)) 
be the Hirzebruch surface for t > gwen fry the fan with the rays 

(1,0), (0,1), (0,-1) 

let 

/ 1 \ 

A " -It 
V -1 J 

be the presentation of the Chow group ofY and, with respect to this numbering 
of the rays, let 

S = C [3/1,2/2,2/3,2/4] 

be the Cox ring of Y , and 

B(^) = {yi,y3} n (2/2,1/4) = (2/12/2, 2/22/3, yzVA-ym) 

the irrelevant ideal ofY. Fix an isomorphism 

A 1 (Y) 4- Z 2 

Then 

cpl(E) = hull(( J ),(J)) CZ 2 

and 

/C = cpl (E) n Z 2 = NC 

-IOC)) 

Ift — 0, 1, then the regularity of S is 

reg (S) = K = Z| 
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and for t > 2 

-M(vh-((;h 

shown in Figure 6. 1 for t = 2. 




Figure 6.1: Regularity reg (S) for the Hirzebruch surface F 2 



Proposition 6.79 [Maclagan, Smith, 2004] Let M be a finitely generated 
A n _i (Y)-graded S -module M . Then M is zero if and only if there is a j > 
such that 



Definition 6.80 Let T be a coherent Oy-module and m 6 v4 n -i (Y)- Then 
T is called m-regular with respect to C if 



for all i > 1 and for all a G m + NC [—i] . 
The regularity of T with respect to C is 

reg c (JF) = {m G A n ^\ (Y) \ T is m-regular with respect to C} 

T is called m-regular if it is m-regular with respect to the minimal Hilbert 
basis of TC and the regularity of T is 




Va G K 




reg (J 7 ) = {m G A n -\ (Y) \ JF is m-regular} 
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If T is m-regular with respect to C, then T is a-regular with respect to 
C for all a e m + NC. The regularity of a module M relates to the regularity 
of M as follows: 

Proposition 6.81 [Maclagan, Smith, 2004] If M is a finitely generated A n _ 1 (Y)- 
graded S -module and m e ^4 n -i 00 > £/ien M is m-regular if and only if M 
is m-regular, the natural map 

is surjective for all a e m + NC and 

(#W 5 )) a = 

for all 

e 

ae{J(m + Cj + NC) 

3=1 

Certain truncations do not change the sheafification: 

Lemma 6.82 [Maclagan, Smith, 2004] Let C (Z K, such that the cone spanned 
by C has full dimension, let m e Z/C and let M' be 

0^M| (m+NC) ^M^M'^0 

Then there is j > snc/i that 

(B{Y>) j M'^ = 0VaeZ/C 

so M' = 0, hence 

M = M \ {m+NC ) 

The following proposition allows to pass to initial ideals: 

Proposition 6.83 [Maclagan, Smith, 2004] If > is a monomial ordering on 
S and I C S is an ideal, then 

reg(S/m> (/)) C reg (S/I) 

If I is B (£)- saturated and J = (m> (/) : B then 

reg (S/ J) C reg (S/I) 
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The Hilbert function of S is h s (t) = dim c (S t ) for t G /C. Consider /C as a 
subset of Z a = A n _i (y). The Hilbert function of S 1 is given by a polynomial: 

Lemma 6.84 [Maclagan, Smith, 2005] There is a polynomial Ps G Q [ii, ...,i a ] 
sitc/i t/iat /is (t) = Ps (t) for all t G /C. 

More generally if M is a module, then the Hilbert function is given by a 
polynomial for all t G K, sufficiently far from the boundary of /C. 

Proposition 6.85 [Maclagan, Smith, 2005] Let M be a finitely generated 
graded S -module. There is a polynomial Pm G Q [ti, t a ] such that hu (t) = 
Pm if) for all t in a finite intersection of translates of K. 

Saturation does not change the Hilbert polynomial: 

Lemma 6.86 [Maclagan, Smith, 2005] Let M be a finitely generated graded 
S-module. Then 

p M = P M /h° b{s) (m) 

Lemma 6.87 [Maclagan, Smith, 2005] Let M be a finitely generated graded 
S-module. For all t G A n _i (Y) 

n 

h M (t) - Pm (t) = (-!)* i H m) ( M ))t 

i=0 

If M is m-regular, then ^H l B ^(M)^ = for all i = 0,...,n and all 

i£m + IC with t ^ m, hence on the m-translate of /C the Hilbert function 
of M agrees with its Hilbert polynomial: 

Corollary 6.88 [Maclagan, Smith, 2005] Let M be a finitely generated graded 
m-regular S-module. Then 

h M (t) = Pm (t) 

for all t G m + /C with t ^ m. 

If I C S is a monomial ideal, then a Stanley filtration of S/I gives a 
bound on the regularity of /: 
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Theorem 6.89 [Maclagan, Smith, 2005] Let I C S be a monomial ideal and 
let 

S = {(D 1 ,a 1 ),...,(D s ,a s )} 

with 

S/ (I + (,,■"■ ■ r" )) 9* S ai (- [A]) © ... © S aj (- [Dj]) 

for j = 1, s be a Stanley filtration of S/I. Then 

n (ACT ) e5 (^]+reg(^))Creg(5/J) 

Corollary 6.90 Suppose I is B (E)- saturated. Let 

S = {(D,a) G S | a G £'} 

6e t/ie subset obtained by removing those Stanley pairs from S, which corre- 
spond to irrelevant ideals in the intersection 

1= f| (y? r+1 \reZ(l),rCa,D = ^ rem u r D r ) 

(D,a)eS 

in the sense that they define the empty subset ofY. Then 
niD^esm+^iS^CregiS/I) 

Let > be a monomial ordering on Q [ti, t a ] refining the degree ordering 
with degtj = 1. By > a partial ordering on the fan E is given via 

a 1 > a 2 <S> in> (P Sai (t)) > in> (P s „ 2 (t)) 

refining the ordering of the cones of S by inclusion, i.e., 

V (<7i) C V (<7 2 ) ■v^O" 1 DO"2=^0" 1 <0" 2 

Algorithm 6.91 [Maclagan, Smith, 2005] Let > be a total ordering on £ 
refining above partial ordering. The following algorithm computes a Stanley 
filtration 

S = ((D 1 ,a 1 ),...,(D s ,a s )) 

of the monomial ideal I C S such that if a.i G £ and Di ^ i/iere is a j < i 
with 

(Tj G £ 

(7j < Oi 

D; t = Dj + D r with r G £ (1) and r C o\,- 
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• If I is a prime ideal and I — (y r | r G E (1) , r C a) with a G E ; inen 
return ((0, a)). 



• Otherwise: 



— If I <jL (y r | r G E (1) , r C cr) /or all a £ H then choose r G E (1) 
sncn £/ia£ I ^ (I : (y r )) ^ (1) ■ 

— Otherwise: Choose a G E minimal with respect to > with the 
property 

/C(j, r |reS(l),rC<T) 
and choose r C cr snc/i £na£ I ^ (I : (y r )) ^ (1) 

Compute Stanley decompositions Si of S/ (I + (y r )) and 

^ = ((A,<T 1 ),..,p a ,<7 a )) 

o/S 1 / (/ : (y r )). Return 

S = 5i join((Di + D r ,(Ti) , (A, + D r ,<T a )) 



With appropriate choice of the isomorphism A n _ x (Y) = Z a we may as- 
sume that R> C cpl (E) cl°. From this it follows that the lead coefficient 
of a Hilbert polynomial with respect to any graded ordering of the monomials 
of Q [ti, t a ] is positive. 

Algorithm 6.92 [Maclagan, Smith, 2005] Let > be a total ordering on E 
induced by a graded ordering > on Q [ti, t a ], suppose IR> C cpl (E) and 
let P (t) G Q [ti, t a ]. The following algorithm returns all B (E) -saturated 
monomial ideals with Hilbert polynomial P (t) . 

• Let finished = {} and todo = {(0, P (t))}. 

• Let (S,Q(t)) G todo. 

For all r G E and all E G Z 1 ^ 1 ) , E > with the following properties 

1. If S 7^ there is (D, a) G S with o < r. 

2. in>(Q(t))=in>(P Sr (f)) 

3. LC > (Q (t) - P St (*)) «s positive. 
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4. IfS = 0, then E = 0. 

5. If S ^ 0, £/ien i/iere is an r G X (1) r C r suc/i £/iai = 

ifQ(t) = Ps T (t), then 

finished = finished U {5 U {(£, r)}} 

else 

todo = todo U {(S U {(S,r)},(5(0 - ^ (t))} 
• Return all those monomial ideals 

fl I r G S (1) , r C a, D = J2 rem) u r D r ) 

(D,a)eS 

for S G finished, which have Hilbert polynomial P (t). 

The maximum of \S\ for S G finished is called the Gotzmann number 
ofP(t). 

Proposition 6.93 For given P (t) G Q [t±, ...,t a ] there are only finitely many 
B (E) -saturated monomial ideals with Hilbert polynomial P (t). 

Passing to the initial ideal we get: 

Theorem 6.94 [Maclagan, Smith, 2005] Let I C S be an B (£)- saturated 
ideal, m the Gotzmann number of Ps/iif) and c G f"| rGE( - 1 - ) (degD r + /C) ; 
then 

a eS ((m-l)c + reg(^))Creg(5/J) 

6.6.8 Multigraded Hilbert schemes 

Consider the functor Ely with 

J ideal sheaf of a family of subschemes X C Y x c Spec R — > Spec i? 
with Hilbert polynomial P 
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for R gC — Alg and fixed multigraded Hilbert polynomial P G Q [ti, ...,t s ] 
with s = |E (1)| — n. By Section 1.3.10 there is a one-to-one correspondence 

{ideal sheaves in Ely (R)} ^ {B (E) -saturated ideals Jc5®c^} 
7 <- J 

^ ^0 ^°(V,^®o y O y {a)) 

a€A n -i(Y) 

By Theorem 6.94 there is an m G /C such that all 5 (E)-saturated ideals 
are m-regular. With 

I \m+K— S • 

by Lemma 6.82 it holds 

I \m+K = I 

Define h : A = Z s — > N by /i (a) = P (a) and let F be the multiplication by 
monomials on S. Analogously to Corollary 6.58 there is a finite set D C m+JC 
such that for all fields K ek^-Alg_ and for all L' G HI^^ (X) 

dim((F;®S a )/L a ) </i(a) 

for all a G m + /C, where L C X ® S is the F-sub module generated by 
L' . Hence as D is finite by Theorem 6.56 the Hilbert functor M^ s F ^ is a 
subfunctor of p D )Via the restriction map 

and H?g F n is represented by a closed subscheme of the Hilbert scheme representing 
H^ Sd As the Hilbert scheme representing F ^ is a closed subscheme 
of the Grassmann scheme representing &g , the Hilbert scheme representing 
is projective. 

Theorem 6.95 [Maclagan, Smith, 2005] If P G Q [ti, ...,t s \ is a multigraded 
Hilbert polynomial, then My is represented by a projective scheme over C. 

Algorithm 6.96 [Maclagan, Smith, 2005] The following algorithm computes 
a subset D C m + /C such that for all fields K Ek — Alg and all V G 

dim((K®S a )/L a ) <h(a) 
for all a G m + IC, where L C K ® S is the F-submodule generated by L' . 
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1. D := {m} 

2. Compute by Algorithm 6.92 the finite set M of all monomial ideals I 
generated in degrees D with h s /i (t) — P (t) Wt G D. 

3. Suppose I G M with hs/i (t) ^ P (t) for some t G m + K,, then D : = 
D U {t} and goto 2. otherwise return D. 

If I G M , then J = (I : B is m-regular and has Hilbert polynomial 

Ps/j = P. Hence J \ m+ ic is generated in degree m. As 

hs/i (m) = h s /j (m) = P (m) 
it holds J m = I rn , so by I C J we have I \ m+ jc= J \ m +K, hence 

h s/J (t) = P(t) Vt G m + K. 
So in any step D satisfies the property required above. 
Remark 6.97 IfY is just simplicial, then one could replace S by the ring 

aGPic(y) 

IfY is a non- simplicial toric variety, then one has to introduce an equivalence 
relation identifying different saturated ideals defining the same subscheme of 
Y. 



6.6.9 State polytope 

Let / C S be a B (E)-saturated ideal with multigraded Hilbert polynomial 
P (t) and define h : A ^ Tf -> N by h (a) = P (a). Let m G K, such that all 
B (S)-saturated ideals are m-regular. Consider the finite set D C m + /C as 
constructed in Section 6.6.8 such that is a subfunctor of M^ Sd F ^via 

the restriction map 

^is,F) ^iS D ,F D ), L D 

and H^ SF ^ is represented by a closed subscheme of the projective Hilbert 
scheme representing Fo y 

By Section 6.6.1 the functor Gg is a subfunctor of with r = Xlae-D ^ ( a ) 
and the corresponding morphism of schemes is a closed embedding. Consider 
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the Pliicker embedding of -> P (W) with Vy = /\ dim ^- r y an d V" = 5 D . 
So we have closed embeddings 

ef 5jF) - ef 5ojFo) - g£ o - g£ d - p (w) 

Denote by T the torus of Y. With f = M and f* = N the bilinear 
pairing between characters and one parameter subgroups of T 

f x f * -> C* = Z 
(X,A) i-> (x,A) = X°A 

corresponds to the canonical bilinear pairing 

(-,-): M x N -> Z 

Write the finite set £> = {[L>i] , [£> p ]} C A n _ x (F) and U = O y (A)- 
Choose linearizations of the torus action T x Y — > F on the Lj 

T x Lj — ► Lj 

T x y ^ Y 

which are unique up to translation in T = M. We will fix later particular 
linearizations. 

The action of T on 

Su = ®L 1 H (Y,L i ) = ®l 1 S m 

induces an action of T on W and the Pliicker embedding p : G r s — > P (W) is 
T-equivariant. 

For x e f = M let 

iy x = { v e W | = x (A) v VA e T} 

With 

State(iy) = {xGM|iy x ^{0}} 
there is a decomposition 

yy = £D w x 

205 



Denote by H (I) G I0 S ~ the Hilbert point corresponding to / and let 
h* G W be a representative of the image of H (I) under the embedding 
p : f)~* y(W). Consider the decomposition of h* corresponding to the 
decomposition of W 

h* = V h x 



with h x G W x . Define 



State (h) = {x G M \ h x ^ 0} 
and the state polytope of / as the convex hull 

State (I) = convexhull (State (h)) C f ® z R = M R 
Let xo, x n be a T- invariant basis of V and 

is = x bl A ... A x br 

the corresponding T-invariant basis of W, compatible with the decomposition 
of W — x estatc(w / ) ^x- With respect to the basis the representation 
p : T — > GL (W) given by the action T x W — > is of the form 



= diag(a; mi , ...,x™ dimlv ) 



with m« G M. 
Let 



A : C* -> T 

A(t) = dia g (r i ,...,r") 

be a one parameter subgroup of T, then 

poA: C* -> GL(W) 

t h-> diag (t <w ' mi) , ...,t^' mdimw) ) 

With respect to the basis (x B ) 

h* = («!, adimw) 

and 

A (t) ■ h* = diag (t< w > mi >a u ...,&' m ^a dimW ) 
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Hence, with p : H^^— > P (W) and the line bundle 

E = p* {O nw) (l)) 

we have 

/j, E (h, A) = min {(w, mi) \ oti ^ 0} = min (x, A) 

xeState(h) 

so by Theorem 6.47 we obtain: 

Theorem 6.98 Suppose Y = X (E) a smooth toric variety given by the 
fan E C iV R and Ze£ 5 &e the Cox ring ofY and JC = cpl (E) fl A n _i (Y). 

Let I C S be a B (E)- saturated ideal with Hilbert polynomial P(t), h 
the corresponding Hilbert function and D C m + /C snc/i £/ia£ £/ie restriction 
map gives a closed embedding — > HI^^. Fzx linearizations of the 
T -action on Y on the elements of D. 

Then stability and semi- stability of the Hilbert point H (I) 6i = ^-(s,f) 
are characterized as 

H (I) Gff s G State (/) 

H(I) Gff ^ OG int (State (/)) 



6.7 Toric homogeneous weight vectors and the Grobner 
fan 

In the same way as rational graded weight vectors on the coordinate ring 
of P n are up to multiples parametrized by ^p- — jy, we want to parametrize 
weight vectors, i.e., partial orderings given by weight vectors for the variables, 
on the graded pieces of the Cox ring in the general toric setting. 

Let Y = X (E) be a complete toric variety, v±, ...,v r the minimal lattice 
generators of the rays of E forming the rows of the presentation matrix A of 
A„_ 1 (X(E))in 

0^1^ Z s(1) -> A n _! (X (E)) -> 

Let P = convexhull (v i, v r ) and S be the Cox ring of Y. Any rational 
weight vector on S is representable by an element w G Hom^ (Z 2 ^, Z) . 
Applying Hom z (— , Z) to above sequence we get 

<- Ex4(A n _ 1 (X(E)),Z) <- 

<- Hom z (M,Z) Hom z (Z E MZ) <- Hom z (X (E)) , Z) <- 
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hence 



Hom z (Z E «,Z) 



image (.oi) c N 



Hom z (X(£)),Z) 
Now connect the left hand side to the weight vectors on the graded pieces of 
the Cox ring S: 

Note that scaled weight vectors give the same ordering on the monomials. 
To take this into account, define the following equivalence relation: For 

Hom z (Z S «,Z) 

wi,w 2 g 



Horn, (A,_i(X),Z) 



let 



iui ~ w 2 3Ai, A 2 G Z >0 : Aiiui = A 2 u> 2 

where AiTuT = Aiiui is the induced Z-module structure inherited from Hom z (Z S W, Z) . 
The map 



Hom z (z E ( 1 ),z) V 
Hom z (A„_i(I),Z) ~~ *■ 

w i— > 



{graded wt. vec. on S} 
partial ordering given by w 



is well defined, as 



W[ = W2~ 

<£> (w 1 -w 2 )-e Hom z (A n _i (X) , Z) 
(u>i — u> 2 ) ■ G ker (_ o A) 
image (A) C ker ((wi — w 2 ) ■) 
W\A = w 2 A 

wy = w 2 • on image (A) 
=>- (wia > <^ w 2 a > OVa G image (A)) 



(y mi > 



U'l 



y m2 & y mi > t 



y 



m 2 > 



V Cox monomials y mi ,y m2 with degy mi = degy 



in 2 



&> wi =>w 2 on V[£>] G A n _i (X) 
Note that 

degy mi = degy" 12 



mi — m 2 mod image (A) 
<^> mi - m 2 6 image (A) 



G (X) 
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Surjectivity of ip is obvious, and 

>«,i= >w 2 on S [D] V [D] G A n _ x (X) 

(w\a > w 2 a > Va G image (A)) 
<=>■ 3Ai, A 2 G Z >0 : AiU^iO = A 2 u> 2 a Va G image (A) 
<^ 3Ai, A 2 G Z >0 : XiWi- = A 2 u> 2 • on image (A) 

(X±wi - \ 2 w 2 ) A 
<^ image (A) C ker ((Aiiui — A 2 u> 2 ) •) 

(Ai^i — A 2 w 2 ) • G ker (_ o A) 
& (Ai^i - A 2 w 2 ) • G Hom z (A„_x (X) , Z) 
<^> AitZFf = A 2 wJ 2 ~ 

hence: 

Lemma 6.99 The map 

t^{aVi(x),z) ^ {graded weight vectors on S} 
w i— > > w 

is we// defined, surjective and 

> W1 = >w 2 ^ (3Ai, A 2 G Z >0 : AiwI = A 2 wi") ~ W2 

Proposition 6.100 yl/ter tensoring with R, the map 

N = Hom z (M, Z) 
U 

image (_o A) <=; g _-_l-_A_ {graded u^. wee. on 5} 



gwes a one-to-one correspondence between half lines with origin in and 
the real weight vectors on the graded parts of S. 

Lemma 6.101 As G int (P), there are aj > such that YH=i a i v i = ®> 
hence via translation by (ai,...,a r ) any weight ordering is equivalent to a 
global one. 
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We extend the definition of the Grobner fan to the general toric setting: 

Definition 6.102 The Grobner fan GF (J) of a homogeneous ideal J C S 
is the complete polyhedral fan formed by the cones ip^ 1 (c^) (J)j C ATr for 

w e N R . 

Proposition 6.103 If Y is a smooth toric variety and J C S is a homoge- 
neous ideal, then GF (J) = NF (State (J)). 

Note that the normal fan does not depend on translation of State (J) by 
choice of linearizations. Note also, that the state polytope of J and of its 
saturation have the same normal fan. 

7 Q-Gorenstein varieties and Fano polytopes 
7.1 Singularities of toric varieties 

Let N = Z n , M = Horn (N, Z), let Y be an affine toric variety given by the 
rational polyhedral n-dimensional cone a C ATr and let vi, ...,v s G A^ be the 
minimal lattice generators of a. 

Lemma 7.1 [Dais, 2002] The affine toric variety Y is Q-Gorenstein if and 
only if there is an m e Mq with (to, v^) = — 1 Wi = 1, s. 

Definition 7.2 The minimal r e Z >0 such that there is an m e M wi/i 
(to, t>j) = — r Vi = 1, s is called the index of the singularity of Y . So Y 
is Gorenstein if and only if it has index 1 . 

Lemma 7.3 [Dais, 2002] Suppose Y is Q-Gorenstein and to e Mq with 
(to, = — 1 Mi = 1, s. T/ien F is terminal if and only if 

an {w e N \ (m,w) > -1} = {0, Vi, ...,v s } 

and Y is canonical if and only if 

a n {w e N | (to, w) > -1} = {0} 

Proposition 7.4 [Dais, 2002] IfY is Q-Gorenstein, then it is log-terminal. 
IfY is Gorenstein, then it is canonical. 
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Let Y be a normal Q-Gorenstein toric variety of dimension n, given by the 
rational polyhedral fan E C Nr. As Y is Q-Gorenstein, there is a continuous 
function (px Y '■ Nr — > IR>o such that ipK Y i s piecewise linear on the fan E and 
¥k y (r) = 1 f° r the minimal lattice generators f of all rays r G E (1). 

Proposition 7.5 [Kawamata, Matsuda, Matsuki, 1987] Suppose E' zs a re- 
finement of E inducing a resolution of singularities by the birational mor- 
phism f : X (E') — > X (E) and denote by Di,...,D r the irreducible com- 
ponents of the exceptional divisor of f . Then Di,...,D r have only normal 
crossings, D x , ...,D r correspond to the rays o/E' not in E ; and 

K X {v) = f*Kx(s) + ^2 arDr 

reS'(l)\S(l) 

with 

a r = ¥k y (r) - 1 

In particular, / is crepant if and only if ip Ky (r) = 1 for all r e E' (1) \E (1). 
7.2 Fano polytopes 

Section 1.2 suggests to consider Q-Gorenstein Fano varieties, so we generalize 
Definition 1.108 to the following: 

Definition 7.6 A normal variety Y is called Fano if some multiple of —K Y 
is an ample Cartier divisor. 

By K Y = — X^eEm D v a toric variety Y is Q-Gorenstein if and only if 
some multiple of X^eE(i) ®v is Cartier. 

Lemma 7.7 If Y is a complete toric variety then it is Fano if and only 
if some multiple of J2veT,(i) D v is Cartier and ample if and only if Y = 

X (NF (A_Ry)). 

Definition 7.8 A polytope P C N^ = W a of dimension n is called a Fano 
polytope if P is integral and is the unique lattice point in the interior of 
P. 

If P C N K is a Fano polytope, then P* is cut out by the equations 
(m, Wj) > —1 for the vertices Wi G N, so if m G P* H M is a lattice point in 
the interior of P*, then (m,Wi) G Z and (m,Wi) > —1 for all i, hence: 



211 



Lemma 7.9 If P C A/r is a Fano polytope, then is the unique interior 
lattice point of P* . 

Definition 7.10 Denote by E (P) the fan over the faces of P. 

By the characterization of ample Cartier divisors in Section 1.3.4, we 
obtain: 

Proposition 7.11 If P is a Fano polytope, then X (E (P)) is a toric Fano 
variety. It is Q-Gorenstein, hence it has log terminal singularities by Propo- 
sition 7.4- 

Note that the vertices of P are the minimal lattice generators of the rays 
of X (E). From Section 7.1 we also get: 

Proposition 7.12 If P C A/r = R n is a Fano polytope, then it holds: 

1. If P C\ N — vert (P) U {0} 7 i.e., all lattice points of dP are vertices, 
then X (E (P)) is terminal. 

2. If all facets of P are of the form P fl {w G N R \ (m,w) = —1} with 
integral m G M , then X (E (P)) is Gorenstein. 

So the second condition is equivalent to P* = A_x y being integral: Writ- 
ing all facets F of P as F = P fl {w G A/r | (m,F,w) = —1} with mp G M, 
the m_p are the vertices of P* = convexhull {m F | P facet of P}. 

Proposition 7.13 ^4 Pane polytope P is reflexive if and only if P* is inte- 
gral. Then X (E (P)) is a Gorenstein toric Fano variety, hence it has canon- 
ical singularities by Proposition 7.4- 

Proposition 7.14 Suppose P C A/r is a Fano polytope, E = E (P) C A/r 
is the fan over the faces of P and Y = X(E). As X is Q-Gorenstein, 
there is a continuous function ipx Y '■ AT R — > IR> such that ip Ky is piece- 
wise linear on the fan E and <pk y ( v ) = 1 f or a ^ vertices of P, i.e., P = 
{w G A/r I ip Ky (w) < 1}. If E' is a refinement o/E inducing a resolution of 
singularities via the birational morphism f : X (E') — > X (E) ; i/ien 

^X(E') = /*^X(E) + J2 &k y (r) - 1) P r 

reE'(l)\S(l) 

Hence f is crepant if and only if the introduced rays E' (1) \E (1) /iawe mini- 
mal lattice generators on the boundary of P. 
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8 The tropical mirror construction for com- 
plete intersections in toric varieties 



In the following, we give a tropical mirror construction for complete intersec- 
tions in toric varieties as defined in Section 2.2, and we show that the result 
coincides with the Batyrev-Borisov mirror. 



8.1 The degeneration for toric complete intersections 

Consider the setup from Section 2.2, i.e., let Y — P (A) be a Gorenstein toric 
Fano variety, represented by the reflexive polytope A C Mr, with normal 
fan £ C ]Vr and Cox ring S, and let £ (1) = h U ... U I c be a nef partition, so 
Ej = Ylvei- ®v are Cartier, spanned by global sections and Y^j=i Ej = —Ky- 
Define Aj — A^ as the polytope of sections of Ej and 

Vj = convexhull {{0} U Ij} 
V* BB = convexhull (A x U ... U A c ) 



so 



A = Ai + ... + A c 
Vbb = Vi + ... + V c 

Consider the monomial degeneration X as defined in Section 3.1 

mj = Y[ Vv for j = 1, ...,c 

veij 

J o = {mj I j = l,-,c) 

I={fj = t- 9j +m j \j = l,...,c)cC [t] ® S 
gj G S\Ej\i j = 1, c general, reduced with respect to Jo 

of the complete intersection given by general sections of the Cartier divisors 
Ei, E c to the monomial ideal Jo- 

The resolution of Iq is given by the Koszul complex K, on m = (mi, m c ), 
i.e., the complex of the simplex on m 1; ...,m c , 

0^kA-^KiSk 



213 



with 

E = Oy {E x )@...@Oy (E c ) 
K = Oy 

K p = j\ £* for p — 1, c 

and the maps d are given by contraction with the section m of £. With 
respect to the standard frame e^.j — A ... A e ip for 1 < ii < ... < i p < c 
of K p we can write more explicitly 

O y (-E, - ... - E c ) - ... - O y {-E h - ... - E ip ) - ... 

l<ii<...<i p <c 

c 

... ^^0 Y (-Ei)^0 Y 

i=i 

and 

d: K p -^ Kp_ x 
v 

9 (&i 1 ...i p ) = ^ ] m ij e ii...ij- 1 ij +1 ...i p 
3=1 

Denote by 7Ti :7x Spec C [[£]] — > F the projection on the first component. 
So for above family X defined by / = (mi + tgi, m c + tg c ), the Koszul 
complex on (m-i + ic/i, m c + tg c ) considered as a section of k\E gives a lift 
of all syzygies of (mi, ...,m c ), so X is flat. 

In the same way any first order deformation over Spec (C [t] / (t 2 )) gives 
a deformation over Spec (C [[t]}), hence: 

Proposition 8.1 The family X C Y x Spec (C [[t]]) defined by I is a flat 
degeneration with fibers polarized in Y = P (A) and monomial special fiber 
X given by I . The fiber over the generic point of Spec (C [[£]]) is a Calabi- 
Yau complete intersection of codimension c inY given by general sections of 
0(E 1 ),...,0(E c ). 

The deformations of Io are unobstructed and the base space is smooth. 

Let vi, ...,v p G Horn (7 , S/ Iq) be a basis of the tangent space of the Hilbert 
scheme of X . The degeneration X is general in the sense that if v is the 
tangent vector of X and v = Y7i=i ^i v i> ^en we have A, ^ Mi. 
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The ideals of the maximal strata of X are the ideals (y^, y Jc ) C S for 
ji G Ii, j c G I c , hence are given by c = codim (X t ) equations. 

Note that in a toric variety the ideal of a stratum of codimension c in 
the Cox ring S can have more than c generators if the toric variety is not 
simplicial, and hence the face of A corresponding to the stratum may be 
contained in more than c facets, see Example 8.11. 



8.2 The Grobner cone associated to the special fiber 
and the polytope V 

Fix a tie break ordering > on C [t] <S> S with t local and respecting the Chow 
grading on S, so L > (fj) = rrij. Denote by ip the map from TVr to the graded 
weight vectors on S as defined in Section 6.7. The special fiber Grobner cone 

Cio (I) = {- K w y )ER® N R | L >(wtv{wy)) (I) = J } 

is given by 

Cio i 1 ) = {- ( w t, w y ) G R © N R | trop (gj) (tp (w y )) - w t < trop (rrij) {if (w y )) Vj} 

Note that the equalities of the lead terms respectively the tropical inequalities 
are well defined by homogeneity. 

As convexhull (Ax U ... U A c ) = V* BB contains in its interior, for all 
w G N R there is j and a vertex ^ m of Aj such that (m,w) > 0. Then 

m = rrij ■ Am is a monomial of some g^-with <p (w y ) j > 0, i.e., 
trop (to) (<f (w y )) > tropTOj (if (w y )) 

hence: 



Lemma 8.2 The special fiber Grobner cone satisfies 

c Io (I) n {w t = 0} = {0} 

So Iq cannot appear as lead ideal of the general fiber ideal I gen . 
Intersecting C/ (/) with the hyperplane {w t = 1} we obtain the convex 
polytope 

v = c Io (I) n { Wt = 1} c n r 
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with 

V = {-w y G N R | trop (gj) (ip (w y )) - 1 < trop (mj) (<p (w y )) Vj = 1, c} 
and G int V. 

As V is given by integral linear equations corresponding to the deforma- 
tions of Iq appearing in /, the polytope V* is integral. 
Rewriting the tropical equations we have 

V = {—w y G iViR I trop (m) (ip (w y )) — 1 < trop (m,j) (<p (w y )) V monomials m of gj Vj} 

— -J > -1 V monomials m of gj and Vj 

The linear conditions defining V do not change if we do not require the fj 
to be reduced with respect to Iq. To see this, let — be a degree Cox Laurent 
monomial, i.e., ^- G image (A). Any (p(w y ) has a positive representative in 
IR 1 ^ 1 ), hence if rrij | m, then 



(771 \ 

If me S[Ej] is divisible by some 



then A 1 ^^-j is an interior point of a face F of Aj of dimension dim (F) > 1, 
hence, the defining inequality of V 



a-M£),«o>-i 



given by m is redundant, so we get: 
Proposition 8.3 The polytope V is given by 



V = ^Wy G N K | 1 ^ — , > -1 V monomials m G S^j Vj = 1, ...,c| 



and G V* 
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Reformulating this in terms of lattice monomials 

V = {w y G N R I (fh, w y ) > -1 Vm G Aj Vj} 
= {w y G N K | (m,w y ) > —1 Vm G V* BB } 
= Vbb 

by V* BB = convexhull (Ai U ... U A c ), hence: 

Theorem 8.4 The polytope V = Cj (I) H {w t = 1} coincides with V bb 
given in the mirror construction by Batyrev and Borisov 

V = Vbb 

Corollary 8.5 V is reflexive, so it defines a Gorenstein toric Fano variety 
Y° = P(V). 

Denote by S° = C \z r \ r G S° (1)] with S° = NF (V) the Cox ring of Y°. 

Example 8.6 Consider the monomial degeneration X C P 3 x SpecC[[t]] 
over Spec C [[t]] of an elliptic curve given as the complete intersection of two 
general quadrics in P 3 as given in Example 3.3, i.e., by the ideal 

I — (t ■ g 1 + x x x 2) t- g 2 + x x 3 ) cC[f]®5 

where gi,g 2 G C [xq, Xs] 2 are general, not involving monomials in Io = 
(x 1 x 2 , x x 3 ). Here S = C [x , x 3 ] denotes the Cox ring of ¥ (A) = P 3 
with variables x ,...,x 3 corresponding to the vertices of A* and A denotes 
the degree 4 Veronese polytope ofP 3 . 

For this example the reflexive polytope V = C/ (/) n {wt = 1} is depicted 
in Figure 8.1. As shown above it agrees with V bb given in Example 2.9. 



8.3 The initial ideals of the faces of V 

In the following we explicitly give the correspondence of lead ideals of / and 
faces of V*. 

Consider the notation from the last section. Note that all w in the interior 
of a face F of V lead to the same initial ideal of I denoted by in^ (/). Let F 
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Figure 8.1: Reflexive supporting polyhedron of the special fiber Grobner cone 
for the monomial degeneration of the complete intersection of two general 
quadrics in P 3 

be a face of V and m a monomial of gj. Then m is a monomial of hip (gj) if 
and only if m G £[£.] and 

(f (w y ) (to) + 1 = ip (wy) (rrij) Vw y G F 
if and only if A' 1 G Aj n M and 

( A " (^).«v) = - 1 ^ eF 

if and only if there is an fh G Aj D M with m = TOj • A (m) and 

(m,Wy) = —1 Vu'y G F 

hence: 

Lemma 8.7 The monomials appearing in inp {gj) are 

{rrij}U{mj ■ A (m) | m G Aj n M wift (to, u> y ) = — 1 Vu^ G F and to,,- • A (to) ^ 7 
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8.4 The dual complex of V 

If F is a face of V write 



in F (fj) = t ^ c ™ m + 



rrij 



for j = 1, ...,c. 



Definition 8.8 If F is a face o/V, i/ien define the dual face of F as the 

convex hull of all first order deformations appearing the initial ideal of I with 
respect to F 

dual (F) = convexhuU (V 1 (j^j \meGj (F) , j = l,...,cj C M R 
Then we have 

dual (F) = convexhuU ^[^J |^ 1 ^ — I m a monomial of inp (gf) 
so by Lemma 8.7 

dual (F) = convexhuU ^(J {m G Aj n M | (to, iu y ) = -1 Vw^ G F} 

= convexhuU ^<jm G [J Aj fl M | (to, w y ) = —1 Vu^ G F 

= {m G V* | (to, iu w ) = -1 \/w y G F} 
= _p* 

hence: 

Proposition 8.9 If F is a face o/V, t/ien 

dual (F) = F* C V* 

m particular dual (F) is a /ace o/ V*, so 

dual : Poset (V) -> Poset (V*) 

zs £/ie inclusion reversing map from the face poset of V to the face poset of 
V* given by dualization of the face. 
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Example 8.10 The complex of initial ideals dual (V) for above Example 8.6 
is visualized in Figure 8.2. Some faces o/V and their corresponding images 
under dual are highlighted. 




dual 




Figure 8.2: Faces of initial ideals for the monomial degeneration of the com- 
plete intersection of two general quadrics in P 3 



8.5 The Bergman subcomplex of V 

Intersecting the Bergman complex with V, we obtain the following subcom- 
plex of dimension d of the boundary complex of V 



the Bergman subcomplex or tropical subcomplex of V. Here Poset (Cj (J)) 
is the fan generated by the cone C/ (/). The intersection of the fan BF (I) n 
Poset (Cj (/)) with the hyperplane {w t = 1} is defined as the complex whose 
faces are the intersections of the cones of the fan with {wt — 1}- 

Example 8.11 For above Example 8.6 the tropical subcomplex B (I) C Poset (V) 
is shown in Figure 8.3. 



B (/) = BC Io (/) = (BF (/) fl Poset (C Io (/))) n {w t = 1} 
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Figure 8.3: Bergman subcomplex for the monomial degeneration of the com- 
plete intersection of two general quadrics in P 3 



8.6 The mirror complex 

If F is a face of B (J) write 

imp (fj) = t m + rrij 

meGj(F) 

for j = 1, c, then Gj (F) ^ Vj. Then we define the map 

(jt: B(I) -> Poset (A) 
mapping a face of B (J) to the Minkowski sum of the initial forms 

fi(F) = J2 convexhull (a.' 1 (j^J \meG 3 (F) 

c 

= convexhull {fh \ rh G Aj, (w, fn) = — Viw G F) 

3=1 

Proposition 8.12 \i (B (I)) is a subcomplex of Poset (A) and \x induces an 
isomorphism of complexes 

B (J) v -> fi (B (/)) C Poset (A) 
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If F is a facet of B (I), then 

dim (// (F)) = n — c — dim (F) = d — dim (F) 

Example 8.13 For above Example 8.6, the complexes B (I) C V and /i (5 (/)) C 
A are shown in Figure 8.4- 




XQ ... X 3 



Figure 8.4: Mirror dual complex of the Bergman subcomplex for the mono- 
mial degeneration of the complete intersection of two general quadrics in 
P 3 



8.7 The dual complex of B (I) 

Now consider the image of B (I) under the map dual. By Lemma 8.4 the 
complex dual (B (I)) is a subcomplex of V*. If F is a face of B (I), then 

dim (dual (F)) = n — 1 — dim F 

Intersecting dual (F) with Aj, we can recover the initial monomials of the 
individual equations, as 

dual (F) n Aj = convexhull {m G V* n M n Aj | (m, w v ) = -1 ^w y G F} 
= convexhull (in G Aj R M \ (in, w y ) = —1 \/w y G F) 

= convexhull ^ ^ ^ — "J I m a monomial of in^? (^-)J 
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by Lemma 8.7, hence: 

Lemma 8.14 If F is a face of the special fiber Bergman complex B (I), then 
the intersection of its dual face dual (F) C V with Aj C V is the face of Aj 
given as the convex hull of the deformations appearing in in F (fj), i.e., 

dual (F) fl Aj = convexhull ^A~ x ^ — | m a monomial of in F (<7j)^ 

So we obtain: 

Proposition 8.15 If F is a face of B (I), then /j, (F) is the Minkowski sum 

c 

fi(F) = J2 dual ( F ) n A i 

3=1 

Example 8.16 For above Example 8.6 the complex dual (_£?(/)) C V* is 
shown in Figure 8.5. 



8.8 B (I) and the complex of strata of Xq 

Consider the map lim given by 

lim: B(I) -> Strata (Y) 

F ^ {lim^oa if) I a e va\~ l (int (F))} 

where Strata (Y) denotes the poset of closures of the toric strata of the toric 
variety Y = ^J™. 

Proposition 8.17 If F is a face ofB(I), then lim (F) = V ((/i (F))*) and 
the complexes lim (B (I)) and \i [B (I)) are isomorphic. 

Note that the /c-dimensional orbit closures V (a) correspond to the cones 
a of E of dimension n — k (i.e., faces of A* of dimension n — k — 1) . 

Example 8.18 In the above Example 8.6 for w = (1,0,1) = (1,0,0) + 
(0, 0, 1) we have cp (w) = (0, 1, 0, 1) + Z (1, 1,1,1) and 

C 4 - (0) 
lim {{w}) = V ( Xl ,x 3 ) C 



223 




Figure 8.5: Complex of initial ideals for the monomial degeneration of the 
complete intersection of two general quadrics in P 3 



Denote by StrataA {Iq) the complex of faces of A corresponding to the 
strata in Y of the reduced monomial ideal Jo- 
Proposition 8.19 The map 

B (J) v -> Strata A (h) 
F v ^ lim (F) 

is an isomorphism of complexes and 

dim (lim (F)) = n — 1 — dim (/j, (F))* = dim (fi (F)) = d — dim (F) 
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Example 8.20 For above Example 8.6 the relation between the maps lim 
and \i is shown in Figure 8. 6. 




X X 3 X0X3 



Figure 8.6: The image of lim for the monomial degeneration of the complete 
intersection of two general quadrics in P 3 



8.9 Remark on the topology of B (I) 

In the case of a toric hypersurface B (I) and lim (B (B (I)) are the 

boundaries of the polytopes V and A, respectively, hence are homeomorphic 
to spheres. 
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Remark 8.21 Consider a degeneration obtained from a general complete 
intersection inside projective space P n = P (A) given by the partition E (1) = 
Ii U ... U I c and denote by S (Ij) the simplex on Ij. Then lim (£?(/)) = 
\x [B (/)) = Strata (^o) is isomorphic to the join 

S (h) * ... * S (J c ) = s lhl - 2 * ... * ,s |/c| - 2 s n - 2c+c = s d 

via the complementary numbering 

H (F) i-> {r G £ (1) | r <f_ hull ((/i (F))*)} 
Recall that the join of complexes C±, C2 is the complex 

C 1 *C 2 = {fy 9 \feC 1 , 9 eC 2 } 

where V denotes the disjoint union. 

The complex Strata (X ) is homoemorphic to a sphere also in the general 
complete intersection setup given by a nef partition of A. So, as the dual cell 
complex of lim (B (/)), also B (/) is homeomorphic to a sphere. Note that, 
as we will see below, the complex B (I) corresponds to the nef partition of 
V dual to the nef partition of A. 

8.10 Covering of B (7) v and reconstruction of / from 
the tropical data 

The map 

dual (5(7)) — ► /j, (B (I)) 

F* » E5=i F* n A, = /i (F) 

induces a c : 1 covering of complexes: 

Proposition 8.22 The complex dual (B (I)) contains a trivial c : 1 covering 

c 

IJdual (B (/)) n A,- A B (J) v 
i=i 

with sheets dual (B (I)) fl Aj. Here the intersection of the polytope Aj with 
the complex dual (B (I)) is defined as intersection of each face of dual (B (I)) 
with Aj . 

If dual (F) is a minimal face o/dual (B (I)), i.e., has dimension n — 1 — 
d—c — 1, then F has precisely c vertices (indeed precisely c lattice points). 
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The union of the sheets should be related to the tropical subcomplex of 
infinity of the mirror degeneration, i.e., 

c 

(J dual (B (/)) n Aj = BF (/*) n {w t = 0} c S n c M n+1 
j'=i 

Any face has c disjoint non empty, but possibly degenerate, preimage 
faces. There is an algorithm, computing the above covering inductively from 
dual (.B (/)) without using the polytopes A^. It starts with associating to 
any face dual (F) of lowest dimension n — 1 — d the set of its c vertices. 
Inductively for growing dimension of dual (F), associate to it the set of those 
of its faces, which intersect each previously computed set of sheet faces at 
most once: 

Algorithm 8.23 The following algorithm computes the above c : 1 covering 
nofB(I) v : 

• If F is a face of B (I) of dim (F) = d and pi, ...,p c are the vertices of 
dual (F) then set 

for j = l,...,c. 

• If I > and F is a face of B (I) of dim (F) = d — I then the faces of 
the covering n over F v are those faces H of dual (F) with 

— H intersects at most one of the elements of n^ 1 (Q v ) for every 
face Q v ^ F y , i.e., for all faces Q of B (I) with F ^ Q, and 

- H i 7T- 1 (Q v ) for all faces Q v g F v . 

Example 8.24 In the case of the degeneration of the complete intersection 
of two general quadrics to the monomial ideal (xix?, X0X3), as defined in 
Example 8.6, the two sheets of the covering inside dual (I? (/)) are shown 
in Figure 8.7. The sheets are formed by the initial terms of the defining 
equations f\ = XiX 2 + tgi and f 2 = x x 3 + tg 2 at the faces of the Bergman 
complex. 

Corollary 8.25 Above covering allows to reconstruct the reduced Grobner 
basis equations by clearing the denominators from 

fj = t- Arh+l 

m6dual(B(I))nAj 
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Figure 8.7: Covering of B (I) given by the initial terms for the monomial 
degeneration of the complete intersection of two general quadrics in P 3 



8.11 Covering of (/z (B (/)))*, construction of 1° from 
the tropical data and equivalence to the Batyrev- 
Borisov mirror 

We now apply a similar procedure to construct the mirror family 1°. The 
inclusion corresponding to dual (!?(/)) = B (I)* C V* on the mirror side 
should be (// (B (/)))* C A*, indeed: 

Lemma 8.26 For any face F of B (I) we have F = X]j=i (z 1 (F))* D Vj. 
Applying the above algorithm yields a covering 

c 

\J(v(B(i))ynv 3 ^(n(B(i))) v 

The union of the sheets should be related to the tropical subcomplex of 
infinity: 

c 

(J (p (B (/)))* n Vj = BF (/) n {w t = 0}c5 n C R n+1 

3=1 

Example 8.27 In above Example 8.6 the faces of the covering inside the 
complex of mirror initial ideals are shown in Figure 8. 8. 
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Figure 8.8: Covering of \x (B (I)) inside A* for the monomial degeneration 
of the complete intersection of two general quadrics in P 3 



As a Corollary to Lemma 8.26 the sheets of the covering correspond to 
the equations defining the complete intersection special fiber X C Y. 

Corollary 8.28 Denoting by Bi = (fi(B (I)))* flVj the sheets of this cov- 
ering, we have 



In terms of the complex fi(B(I)) = lim (£?(/)) = StrataA (Iq) we can 
define the ideal 



Passing from Jo to 1^ is for reduced monomial ideals the non-simplicial Cox 
ring analogue of saturation in the irrelevant ideal. 

Lemma 8.29 The ideals 1^ and Iq in S both define the same subvariety Xq 



o — 




i = 




J o S = rVestrata A (/ ) d (vc* I G a facet of A with F C G) 

= (11^ I Jc with supp(/*(B(I))) C \JF V \ c S 




ofY. 
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Denote the map 



-> M° ^ Z s * (1) -> A n _x (X (£°)) -> 



by A°. We consider the ideal generated by equations corresponding to the 
sheets of the covering given in Proposition 8.26. The degeneration X° C 
P (V) x Spec C [t] defined by 



with generic coefficients c$ coincides with the degeneration associated to the 
Batyrev-Borisov mirror, i.e., after clearing the denominators, the generators 
coincide with the reduced Grobner basis of the ideal of the degeneration 
associated to the Batyrev-Borisov mirror. 

Theorem 8.30 The mirror obtained from the tropical construction coincides 
with the Batyrev-Borisov mirror. 

Corollary 8.31 Denoting by B° = dual (B (J)) n Aj the sheets of the cov- 
ering given in Proposition 8.22, the special fiber of X° is given by 



Indeed from the point of view of saturation in the sense of removing the 
irrelevant components, we should associate to the special fiber Xq of X° the 
ideal (/q) 2 , and to the degeneration X° the ideal 





'O 



Lemma 8.32 



The ideals (7q) and Iq in S° both define the same subvariety 



X° ofY°. 




<5e(M(B(/)))*nv j 

A°S-m £S° 
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in S° ® C [t] with generic coefficients eg. The same holds true of course for 
X. 

Note that passing to the saturated discription does not change the objects 
involved in the tropical mirror construction, as the special fiber complex and 
the set of first order deformations does not change. 

Example 8.33 Figure 8.9 gives a summary of the tropical mirror construction 
for above monomial degeneration of the complete intersection of two general 
quadrics in P 3 . 



vlvhivl 




Figure 8.9: Summary of the tropical mirror construction for above monomial 
degeneration of the complete intersection of two general quadrics in P 3 
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8.12 Examples 

In the following we give the explicit computations for some simple examples. 
The text is computer generated from the output given by the Maple package 
tropicalmirror, which implements the tropical mirror construction. See also 
Section 12.4 for a short description of the tropicalmirror package. 

8.12.1 The elliptic curve given as the complete intersection of two 
generic quadrics in P 3 

Setup Let Y = P 3 = X (£), E = Fan (P) = NF (A) C N R with the Fano 
polytope P = A* given by 

, „ / (3,-1,-1) (-1,3,-1) (-1,-1,3) \ 
A = convexhull I _^ v ' ' ; v ' ' M C M M 

and let 

S = C[xo,xi,x 2 ,x 3 } 
be the Cox ring of Y with the variables 

xi = £(i,o,o) %2 = £(o,i,o) ^3 = ^(o,o,i) = -i 

associated to the rays of E. 

Consider the degeneration X C Y x Spec C [t] of complete intersection 
elliptic curves of type (2, 2) with monomial special fiber 

I = ( Xi x 2 x x 3 ) 

The degeneration is given by the ideal / C S®C [t] with 7 -reduced generators 

Xi X 2 + t(si x\ + S 2 ^1 ^3 + S3 Xi X + S A x\ + S 5 X 2 X 3 + S 6 ^2 ^0 + $7 X3 + S 8 Xq), 
^0 ^3 + t(sg x\ + S10 Xi X 3 + Sn Xi X + S\i x\ + S13 X 2 X 3 + S14 X 2 X + S15 X3 + S 16 Xq) 

Special fiber Grobner cone The space of first order deformations of 
X has dimension 16 and the deformations represented by the Cox Laurent 
monomials 

X Q x 3 x \ x 2 X3 %2 Xq X\ X2 X\ X2 X3 XQ 

X\X2 X\X2 XQX3 X()X3 X\ XI X3 X3 X3 XQ XQ XQ X\ 

XQ X3 Xl 

X2 X2 X2 
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form a torus invariant basis. These deformations give linear inequalities 
defining the special fiber Grobner cone, i.e., 

C Io (I) = {(w t , w y ) G K © N R | (w, A" 1 (m)) > -w t Vm} 

for above monomials m and the presentation matrix 



A = 



' 1 





" 





1 











1 


-1 


-1 


-1 



of A 2 (Y). 

The vertices of special fiber polytope 

v = c Io (/) n { Wt = 1} 

and the number of faces, each vertex is contained in, are given by the table 

3 (0,0,1) (-1,-1,-1) (0,1,0) (1,0,0) 

4 (1,0,1) (0,1,1) (0,-1,-1) (-1,0,-1) 



The number of faces of V and their F- vectors are 
Dimension Number of faces F-vector 



-1 1 (0,0,0,0,0) 

8 (1,1,0,0,0) point 

1 14 (1,2,1,0,0) edge 

2 4 (1,4,4,1,0) quadrangle 

2 4 (1,3,3,1,0) triangle 

3 1 (1,8,14,8,1) 
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The dual P° = V* of V is a Fano polytope with vertices 



(-1,-1,0) (-1,1,0) (1,-1,0) (-1,-1,2) (0,2,-1) (0,0,-1) 
(2,0,-1) (0,0,1) 



and the F-vectors of the faces of P° are 



Dimension Number of faces F-vector 



-1 1 (0,0,0,0,0) 

8 (1,1,0,0,0) point 

1 14 (1,2,1,0,0) edge 

2 4 (1,3,3,1,0) triangle 

2 4 (1,4,4,1,0) quadrangle 

3 1 (1,8,14,8,1) 



The polytopes V and P° have as the unique interior lattice point, 
and the Fano polytope P° defines the embedding toric Fano variety Y° = 
X (Fan (P°)) of the fibers of the mirror degeneration. The dimension of the 
automorphism group of Y° is 

dim(Aut (Y°)) = 3 

Let 

S° = C[yi,y 2 ,...,y s ] 
be the Cox ring of Y° with variables 



Vi 


= V(-h 


-1,0) 


T 2 

XI X2 




= 2/(-i,i,o) 


— 22 


2/3 


= 2/(1,-1,0) 


_ XI 

X2 


yi 


= 2/(-i, 


-1,2) 


x 3 

XX X2 


2/5 


= 2/(0,2,-1) 


x 2 
Xo X3 


2/6 


= 2/(o,o,-i) 


XQ, 

xz 


2/7 


= 1/(2,0, 


-1) = 


_ 4 

Xq X3 


2/8 


= 2/(o,o,i) = 


_ £3 
XQ 
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Bergman subcomplex Intersecting the tropical variety of I with the spe- 
cial fiber Grobner cone C/ (I) we obtain the special fiber Bergman subcom- 
plex 

B(/) = C; (/)nBF(/)n{u; ( = l} 

The following table chooses an indexing of the vertices of V involved in B (I) 
and gives for each vertex the numbers n v and n B of faces of V and faces of 
B (I) it is contained in 

nv n B (i) 

1 = (1,0,1) 2 = (0,1,1) 3 = (0,-1,-1) 
4= (-1,0,-1) 



With this indexing the Bergman subcomplex B (I) of Poset (V) associated 
to the degeneration X is 

[], 

[[1],[2],[3],[4]], 

[[3,4], [2,4], [1,3], [1,2]], 

[], 




B (I) has the F-vector 

Dimension —1 1 2 3 
Number of faces 4 4 

and the F-vectors of its faces are 
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Dimension Number of faces F-vector 

4 (1,1,0,0,0) point 

1 4 (1,2,1,0,0) edge 



Dual complex The dual complex dual (B (I)) = (B (I))* of deformations 
associated to B (J) via initial ideals is given by 



[], 

0, 

[[3,4]* = /^L, a \, [2,41* = /-EL,2i\ [1,31* = / 3a\ M 21* = ^ 

LL ' J \ Xl X 2 ' X / ' L ' 1 \ X X 3 ' X 2 I ' L ' J \ X S3 ' X 1 I ' L ' J \I1I2' 13 

[[ll* = / x o x % 2a £2.\ [2]* — / £0 X l £fl £1 \ [3]* _ / x 3 x 2 £3 £2_\ 
LL J \ Xl X2 ' Xo X3 ' X3 ' X\ / ' L J \ x\ X2 ' Xo X3 ' £3 ' X2 / ' L J \ Xl X2 ' X3 ' Xo ' Xl / 

[41* = / ^3 ^1 £3 £l\l 

L J \ Xl X2 ' Xo X3 ' Xo ' X2 /J ' 

[] 



when writing the vertices of the faces as deformations of X . Note that the 
T-invariant basis of deformations associated to a face is given by all lattice 
points of the corresponding polytope in M K . 

When numbering the vertices of the faces of dual(-B(/)) by the Cox 
variables of the mirror toric Fano variety Y° the complex dual (B (/)) is 

0, 
0, 

[[3, 4]* = (y 4 , y 8 ) , [2, 4]* = (y 7 , y 3 ) , [1, 3]* = (y 5 , y 2 ) , [1, 2]* = ( Vl , y 6 >], 

[[1]* = (yi, 2/5, 2/e, 2/2) , [2]* = (1/1,1/7, 2/e, 2/s) , [3]* = (y 4 , 2/s, 2/s, 2/2) , 
[4]* = (2/4,2/7,2/8,2/3)], 
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The dual complex has the F- vector 



Dimension —1 1 2 3 

Number of faces 4 4 

and the F- vectors of the faces of dual (B (I)) are 

Dimension Number of faces F-vector 

1 4 (1,2,1,0,0) edge 

2 4 (1,4,4,1,0) quadrangle 



Recall that in this example the toric variety Y is projective space. The 
number of lattice points of the support of dual (B (/)) relates to the dimension 
h 1 ' (X) of the complex moduli space of the generic fiber X of X and to the 
dimension h 1 ' 1 (1°) of the Kahler moduli space of the MPCi?-blowup X° 
of the generic fiber X° of the mirror degeneration 

|supp (dual (B (/))) n M\ = 16 = 15 + 1 = dim (Aut (Y)) + h 1 ' (X) 

= 12 + 3 + 1 

= (Roots (Y) | + dim (T Y ) + h 1 ' 1 (X°) 

There are 

h 1 ' (X) + dim(T yo ) = 1 + 3 
non-trivial toric polynomial deformations of Xo 

ryi^ ji 2 

x 3 x i x 2 X Q 

X\X2 XQX-^ ^0^3 XI X2 



They correspond to the toric divisors 

£>(-l,-l,2) ^(2,0,-1) ^(0,2,-1) ^(-1,-1,0) 
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on a MPCR-blowup of Y° inducing 1 non-zero toric divisor classes on the 
mirror X°. The following 12 toric divisors of Y induce the trivial divisor 
class on X° 



D {o,o,i) £>(i_i,o) -D(-i,i,o) D (ofl-i) D(o,i,-i) 

£(-1,0,0) £(1,0,-1) £(0,-1,0) £(0,1,0) £(-1,0,1) 
£(1,0,0) #(0,-1,1) 



Mirror special fiber The ideal Iq of the monomial special fiber Xq of the 
mirror degeneration X° is generated by the following set of monomials in S° 

2/12/2 2/3 2/8 2/12/2 2/4 2/7 2/1 2/5 2/7 2/8 2/3 2/5 2/6 2/8 2/2 2/3 2/4 2/6 2/4 2/5 2/6 2/7 2/1 2/3 2/5 2/8 
2/1 2/4 2/5 2/7 2/3 2/4 2/5 2/6 2/2 2/3 2/6 2/8 2/2 2/6 2/7 2/8 2/1 2/3 2/4 2/5 2/2 2/4 2/6 2/7 2/1 2/2 2/7 2/8 
2/1 2/2 2/3 2/4 2/5 2/6 2/7 2/8 

Indeed already the ideal 

^0° = ( 2/5 2/6 2/7 2/8 2/1 2/2 2/3 2/4 ) 

defines the same subvariety of the toric variety F°, and Jq S = Jq . Recall that 
passing from Jq to Jq S is the non-simplicial toric analogue of saturation. 

The complex B (I)* labeled by the variables of the Cox ring S° of Y*, as 
written in the last section, is the complex SP (Iq) of prime ideals of the toric 
strata of the special fiber Xq of the mirror degeneration 3C°, i.e., the primary 
decomposition of Iq is 

^"o = (2/5, 2/2) n (2/7, y 3 ) n (y 4 , y 8 ) D (2/1, 2/e) 

Each facet F E B (I) corresponds to one of these ideals and this ideal is 
generated by the products of facets of V containing F. 

Covering structure in the deformation complex of the degeneration 

X According to the local reduced Grobner basis each face of the complex of 
deformations dual (B (I)) decomposes into 2 polytopes forming a 2 : 1 trivial 
covering of B (I) 
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[[(y,),(ys)]^(y,,ysr = [3,4]\ [<y 3 ) , (2/7)] 
[(2/2), (2/5)] -(2/5,2/ 2 )* v = [l,3]\ [( yi ), ( yfS )]> 

[[<2/i,S/2) , <2/5, 3/6>] ^ <2/i, 2/5, 2/6, 2/2>* V = [l] v , 
[(2/1,2/3) , (2/7, 2/e)] i-> (2/1, 2/7, 2/6, 2/3) * V = [2] v , 
[(2/4,2/2) , (2/5,2/s)] >-»■ (2/4, 2/5, 2/8, 2/2) * V = [3] v , 
[(2/4,2/3) , (2/7,2/s)] >-»■ (2/4,2/7,2/8,2/3)* V = [4] v ], 



^y 7 ,y 3 )* V =[2,4] v , 
( yi ,Ite>* v = [l,2] v ], 



Here the faces F e B (I) are specified both via the vertices of F* labeled 
by the variables of S* and by the numbering of the vertices of B (I) chosen 
above. 

This covering has 2 sheets forming the complexes 



[(2/s) , (2/7) , (2/5) , (2/e)], 

[(2/5, 2/e) , (2/7, 2/e) , (2/5, 2/s) , (2/7, 2/s)], 



[(2/4) , (2/3) , (2/2) , (2/1)], 

[(2/1,2/2) , (2/1,2/3) , (2/4, 2/2) , (2/4, 2/s)], 



with F-vector 



Dimension Number of faces F- vector 

4 (1,1,0,0,0) point 

1 4 (1,2,1,0,0) edge 
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Writing the vertices of the faces as deformations the covering is given 



-2 \ / X l 



■r-1 



M\[(^),(t)]~[i,2n, 




with 2 sheets forming the complexes 
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Note that the torus invariant basis of deformations corresponding to a Bergman 
face is given by the set of all lattice points of the polytope specified above. 

Limit map The limit map lim : B (I) — > Poset (A) associates to a face F 
of B (I) the face of A formed by the limit points of arcs lying over the weight 
vectors w G F, i.e. with lowest order term t w . 

Labeling the faces of the Bergman complex B (I) C Poset (V) and the 
faces of Poset (A) by the corresponding dual faces of V* and A*, hence 
considering the limit map lim : B (I) — > Poset (A) as a map B (/)* — > 
Poset (A*), the limit correspondence is given by 

[], 

2/5, 2/6, 2/2> >-»• (xi,x 3 ) , (2/1,2/7,2/6,2/3) >-»• (3:2,3:3) , 
(2/4,2/5,2/8,2/2) >-> (xi,Zo) , (2/4,2/7,2/8,1/3) >-»• (2:2,2:0)], 

[(2/4, 2/s) i-> (zi, ar 2 , x ) , (2/7, 2/3) "-»■ (ar 2 , ar 3 , x ) , 
(2/5,2/2) ^ (xi,x 3 ,x ) , (2/1, ye) >-»• (xi, x 2 ,x 3 )] 

The image of the limit map coincides with the image of \x and with the 
Bergman complex of the mirror, i.e. lim [B (I)) = \x [B (J)) = B (I*). 

Mirror complex Numbering the vertices of the mirror complex /x (B (I)) 
as 

1 = (3,-1,-1) 2 = (-1,3,-1) 3 = (-1,-1,3) 
4 = (-1,-1,-1) 

fi(B (I)) C Poset (A) is 
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[[3],[1],[2],[4]], 

[[2,4], [1,4], [2,3], [1,3]], 



The ordering of the faces of \x [B (I)) is compatible with above ordering of 
the faces of B (I). The F- vectors of the faces of \i [B (I)) are 

Dimension Number of faces F-vector 

1 4 (1,2,1,0,0) edge 

2 4 (1,3,3,1,0) triangle 

The first order deformations of the mirror special fiber Xq correspond to 
the lattice points of the dual complex (// (B (/)))* C Poset (A*) of the mir- 
ror complex. We label the first order deformations of Xq corresponding to 
vertices of A* by the homogeneous coordinates of Y 

x — xt — ya 2/7 2 x = xt — y2 yz ' 2 

1 I 1 ! ! ) ?A W2 J/4 2 (0,1,0) J/l J/3 J/4 

x — x , — y*y s % = xt = y * m 

3 (0,0,1) J/5 J/6 J/7 (- 1 ,- 1 ,- 1 ) J/5 J/7 J/8 

So writing the vertices of the faces of (// (B (/)))* as homogeneous coordinates 
of Y, the complex (fi (B (/)))* is given by 



[(x!,x 3 ) , (x 2 , x 3 ) , (x 1 ,x Q ) , (x 2 , x )}, 

[(x 1 ,X 2 ,X ) , (X 2 ,X 3 ,X ) , (X!,X 3 ,X ) , (X!,X 2 ,X 3 )], 
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The complex /i (B (I))* labeled by the variables of the Cox ring S gives the 
ideals of the toric strata of the special fiber X of X, i.e. the complex SP (Jo), 
so in particular the primary decomposition of I is 

j = (x 1 ,x 3 ) n (x 1 ,x ) n (x 2 , x 3 ) n fa, x ) 

Labeling the vertices of the faces by the corresponding deformations the 
complex is given by 



yz yi 
yi y2 V4 ' 
yfye 



2/5 y& yi 

.2 



2/5 2/7 2/8 ' yi 2/3 V4 



V2 yr. 



2/1 2/3 2/4 1 2/5 2/6 2/7 



2/l 2/6 



2/3 2/7 



2/5 2/7 2/8 1 2/1 2/2 2/4 



2/? 2/6 



2/3 2/7 



J/5 2/7 J/8 ' J/1 J/2 J/4 ' 
2 



J/lJ/6 



J/3 J/7 



J/2 J/5 
J/1 J/3 J/4 



J/4 2 J/8 



J/5 J/7 J/8 1 J/1 J/2 J/4 1 J/5 J/6 J/7 



J/ 2 J/6 
J/5 J/7 J/8 ! 
J/3 J/7 2 



J/2 J/5 
J/1 J/3 J/4 ! 

J/2 J/5 2 



J/5 J/6 J/7 
J/4 2 J/8 



J/1 J/2 J/4 1 J/1 J/3 2/4 1 J/5 J/6 J/7 



Covering structure in the deformation complex of the mirror de- 
generation Each face of the complex of deformations (//(£(/)))* of the 
mirror special fiber Xq decomposes as the convex hull of 2 polytopes forming 
a 2 : 1 trivial covering of /J, (B {I)) y 

[], 
[], 

[[(x 3 ) , fa)} - = [2,4]\ [<x s > , (x 2 >] ~ (^,^3); v V = [l,4] v , 

[(xo) , (xi)] i-> (x 1 ,x )* v = [2,3] v , [(x ) , fa)] (x 2 ,x )* v = [l,3] v ], 

[[(x ) , (a?i, ^ 2 )] >-»• (xi, x 2 , x )* v = [3] v , [fa, x ) , (x 2 )] i-> fa, x 3 , x )* v = [l] v , 
[fa, x ) , (xi)] i-> fa,x 3 , x )* v = [2] v , [(x 3 ) , fa,x 2 )] i-> (xi, x 2 , x 3 )* v = [4] v ], 

[] 
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Due to the singularities of Y° this covering involves degenerate faces, i.e. 
faces G i-> F v with dim (G) < dim (F v ). 

Writing the vertices of the faces as deformations of Xq the covering is 
given by 



yjys 
2/5 ye yi 
yfye 
2/5 2/7 V8 

y\y% 
2/5 yi ys 
yjys 



2/5 2/6 2/7 1 2/5 2/7 2/8 



2/3 2/7 
2/1 2/2 2/4 

2/3 2/7 2 
2/1 2/2 2/4 

2/3 2/7 2 
2/1 2/2 2/4 
2/1 '2/6 



[2,3]\[ 



2/2 2/5 
2/1 2/3 2/4 
2/3 2/7 2 
2/1 2/2 2/4 



yjys 

2/5 2/6 2/7 

y\yt> 

2/5 2/7 2/8 

V 



2/2 2/5 
2/1 2/3 2/4 

2/2 2/5 2 
2/1 2/3 2/4 



•[3] 
[2]\ [ 



2/1 2/8 



2/5 2/6 2/7 ' 2/5 2/7 2/8 

2/3 2/7 



2/12/8 



2/5 2/6 2/7 



►[MP 
[M] v 



2/2 2/5 
2/1 2/3 2/4 

2/2 2/5 2 



2/1 2/2 2/4 ' 2/1 2/3 2/4 



2/i 2 2/6 



[4] v ], 



Mirror degeneration The space of first order deformations of Xq in the 
mirror degeneration X° has dimension 4 and the deformations represented 
by the monomials 

f 2/12/8 2/3 2/7 2 2/? 2/6 2/2 2/5 2 1 

\ 2/5 2/6 2/7 2/1 2/2 2/4 2/5 2/7 2/8 2/1 2/3 2/4 / 

form a torus invariant basis. The number of lattice points of the dual of the 
mirror complex of / relates to the dimension h 1,0 (X°) of complex moduli 
space of the generic fiber X° of X° and to the dimension h 1,1 (X) of the 
Kahler moduli space of the generic fiber X of X via 

|supp {(ji (B (/)))*) n N\ = 4 = 3 + 1 

= dim (Aut (y )) + h 1 ' (X°) = dim (T) + h 1 ' 1 (X) 

The mirror degeneration X° C Y° x Spec C [t] of X is given by the ideal 
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1° C S° <g> C [t] generated by 

t ( s 3 vlvl + si y\yl) + y 5 2/6 y 7 ys t (s 4 y\y\ + s 2 ylyf) + yi y 2 2/3 2/4 

ts 4 y\yi + 2/i ys 2/4 2/5 ts 3 yfy 6 + y x y 5 y 7 y 8 tsi 2/42/8 + y 4 2/5 y% 2/7 
ts 2 2/72/3 + 2/i 2/2 2/4 2/7 

2/1 2/2 2/3 2/8 2/2 2/3 2/4 2/6 2/3 2/5 2/6 2/8 2/2 2/6 2/7 2/8 2/2 2/3 2/6 2/8 
2/3 2/4 2/5 2/6 2/1 2/4 2/5 2/7 2/1 2/3 2/5 2/8 2/1 2/2 2/7 2/8 2/2 2/4 2/6 2/7 

Indeed already the ideal J° generated by 

*(«3 2/l2/6 + S l 2/I2/I) + 2/5 2/6 2/7 2/8, 



t(s 4 y\y\ + s 2 2/I2/?) + 2/1 2/2 2/3 2/4 



defines X°. 



Contraction of the mirror degeneration In the following we give a 
birational map relating the degeneration X° to a Greene-Plesser type orbi- 
folding mirror family by contracting divisors on Y°. See also Section 9.13 
below. 

In order to contract the divisors 



2/2 = 2/(-i,i,o) = f x 2/3 = 2/(i,-i,o) = f 2 
2/6 = 2/(o,o,-i) = f 3 2/8 = 2/(o,o,i) = f 



consider the Q-factorial toric Fano variety Y° = X , where S° = 

Fan (^P°^j C Mr is the fan over the Fano polytope P° C Mr given as the 
convex hull of the remaining vertices of P° = V* corresponding to the Cox 
variables 



2/4 = 2/(-l,-l,2) = — 2/7 = 2/(2,0,-1) = — 

2/5 = 2/(0,2,-1) = ^ 2/1 = 2/(-i -1,0) = ^ 
of the toric variety Y° with Cox ring 

5° = C[2/4,2/7,2/5,2/i] 
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The Cox variables of Y° correspond to the set of Fermat deformations of X. 
Let 

Y° = X(E°) -> X = Y° 

be a birational map from Y° to a minimal birational model Y°, which con- 
tracts the divisors of the rays S° (1) — S° (1) corresponding to the Cox vari- 
ables 

2/2 2/3 2/6 2/8 

Representing Y° as a quotient we have 

Y° = (c a -v[b (s°))) 

with 

G° = Z 4 x (C*) 1 

acting via 

&/ = ( «? «i • 2/4, Ml «i • 2/7, «? «i • 2/5, «i • 2/l) 

for £ = (ui,ui) G G° and y G C 4 - V 
Hence with the group 

H° = Z 4 

of order 4 the toric variety F° is the quotient 

Y° = F 3 /H° 

of projective space P 3 . 

The first order mirror degeneration X 10 induces via Y — > Y° a degener- 
ation X 10 C y° x SpecC [/] / (t 2 ) given by the ideal / lo C S°®C[t]/ (t 2 ) 
generated by the Fermat-type equations 

2/5 2/7 + t(s 4 y\ + s 3 y\) 

Note, that 

supp ((/x (5 (/)))*) HAf- Roots - dim (7> ) = 4 - 3 = 1 

so this family has one independent parameter. 
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The special fiber Xq C Y° of X lG is cut out by the monomial ideal Jg C S° 
generated by 

{ 2/12/4 2/5 2/7 } 

The complex SP ( Jq ) of prime ideals of the toric strata of X$ is 



[(2/4,2/5) , (2/4,2/7) , (2/5,2/1) , (2/7,2/i)], 
[(2/7,2/5,2/i) , (2/4,2/5,2/i) , (2/4,2/7,2/i) , (2/4,2/7,2/5)], 



so 7q has the primary decomposition 

^0 = (2/5, 2/1) n (2/7, 2/1) n (2/4, 2/5) n (2/4, 2/7) 

The Bergman subcomplex _B (I) C Poset (V) induces a subcomplex of Poset ( V ) , 
V = corresponding to Iq. Indexing of the vertices of V by 



1 = (ii 2 ) 2 = (|,-i,o) 

3= H.I.O) 4 =(-§.-§. -2) 



this complex is given by 



[[1],[2],[3],[4]], 

[[2,4], [3,4], [1,2], [1,3]], 
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8.12.2 The K3 surface given as the complete intersection of a 
generic quadric and a generic cubic in P 4 

Setup Let Y = P 4 = X (E), E = Fan (P) = NF (A) C N R with the Fano 
polytope P = A* given by 

A — convexhull f (4 ' _1 ' _1 ' _1) ("M, "1, -1) (-1,-1,4,-1) \ 
A - COnvexhull l v (-1,-1,-1,4) (-1,-1,-1,-1) J CMb 

and let 

S = C[x ,X 1 ,X 2 ,X3,X< l \ 

be the Cox ring of Y with the variables 

x l = £(1,0,0,0) £2 = £(0,1,0,0) 

£3 = £(0,0,1,0) £4 = £(0,0,0,1) 

£0 = £(-1,-1,-1,-1) 

associated to the rays of E. 

Consider the degeneration X G Y x Spec C [t] of complete intersection K3 
surfaces of type (2, 3) with monomial special fiber 

I = ( Xi x 2 x x 3 X A ) 

The degeneration is given by the ideal I C S<g>C [t] with 7 - r educed generators 

£l £2 + t(-Si x\ + ... + S 5 x\ + ... + S 9 xl + ... + S12 £4 + ... + S14 Xq), 
£o£3 £4 + ^(si5£? + ••• + -§25 £2 + ••• + s 35 £3 + ••• + S4o£i + ••• + s 43 £§) 

Special fiber Grobner cone The space of first order deformations of 
X has dimension 42 and the deformations represented by the Cox Laurent 
monomials 
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XQ 


X4 


X 


X\ 


X2 


x 2 


X2 


X2 


Xl 


X4 


X4 


X3 


X4 


X2 


















XQ 


X4 



















248 



form a torus invariant basis. These deformations give linear inequalities 
defining the special fiber Grobner cone, i.e., 

C Io (I) = {(w t , w y ) G K © N R | (w, A" 1 (m)) > -w t Vm} 

for above monomials m and the presentation matrix 

10 
10 
10 
1 
u -1 -1 -1 -1 

of A 3 (Y). 

The vertices of special fiber polytope 

V = C Io (I) n {«; t = 1} 

and the number of faces, each vertex is contained in, are given by the table 



6 
9 



(0,0,1,0) (0,0,0,1) 
(1,0,0,0) 

(1,0,1,0) (0,1,1,0) 
(0,-1,-1,-1) (-1,0,-1,-1) 



1,-1,-1,-1) (0,1,0,0) 

(1,0,0,1) (0,1,0,1) 



The number of faces of V and their F- vectors are 



Dimension Number of faces F-vector 

-1 1 (0,0,0,0,0,0) 

11 (1,1,0,0,0,0) point 

1 25 (1,2,1,0,0,0) edge 

2 12 (1,3,3,1,0,0) triangle 
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2 12 (1,4,4,1,0,0) quadrangle 

3 2 (1,4,6,4,1,0) tetrahedron 

3 8 (1,6,9,5,1,0) prism 

4 1 (1,11,25,24,10,1) 



The dual P° = V* of V is a Fano polytope with vertices 



(-1,-1,0,2) (-1,-1,0,0) (-1,1,0,0) (1,-1,0,0) (-1,-1,2,0) 
(0,3,-1,-1) (0,0,-1,2) (0,0,-1,-1) (3,0,-1,-1) (0,0,2,-1) 



and the F-vectors of the faces of P° are 



Dimension Number of faces F-vector 



-1 


1 


(0,0,0,0,0,0) 







10 


(1,1,0,0,0,0) 


point 


1 


24 


(1,2,1,0,0,0) 


edge 


2 


9 


(1,4,4,1,0,0) 


quadrangle 


2 


16 


(1,3,3,1,0,0) 


triangle 


3 


6 


(1,6,9,5,1,0) 


prism 


3 


5 


(1,4,6,4,1,0) 


tetrahedron 


4 


1 


(1,10,24,25,11,1) 





The polytopes V and P° have as the unique interior lattice point, 
and the Fano polytope P° defines the embedding toric Fano variety Y° = 
X (Fan (P°)) of the fibers of the mirror degeneration. The dimension of the 
automorphism group of Y° is 

dim(Aut (Y°)) =4 

Let 

S° = C[y 1 ,y 2 ,...,yi \ 
be the Cox ring of Y° with variables 
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yi = y(-i -1,0,2) = 

2/4 = 2/(1,-1,0,0) 

2/7 = 2/(0,0,-1,2) 



•''/I 



£1 



■r<) .t 3 



2/2 = 2/(-i ,-i,o,o) 

2/5 = 2/(-l -1,2,0) 

2/s = 2/(0,0,-1,-1) 



Xl £2 
~2 



rr 3 rr 4 



2/3 = 2/(-l, 1,0,0) = 



X2 



2/6 
2/9 



2/(0,3,-1,-1) 
2/(3,0,-1,-1) 



Z £3 X4, 

x x 3 x 4 



2/io = 2/(0,0,2,-1) = 



£0 X4 



Bergman subcomplex Intersecting the tropical variety of / with the spe- 
cial fiber Grobner cone C/ (/) we obtain the special fiber Bergman subcom- 
plex 

B(i) = c Io (i)nBF(i)n{w t = i} 

The following table chooses an indexing of the vertices of V involved in B (I) 
and gives for each vertex the numbers riy and % of faces of V and faces of 
B (I) it is contained in 



ny n B (i) 

1 = (1,0,1,0) 2 = (0,1, 1,0) 3 = (1,0, 0,1) 

4= (0,1,0,1) 5 = (0,-1, -1,-1) 6 = (-1,0,-1,-1) 



With this indexing the Bergman subcomplex B (I) of Poset (V) associated 
to the degeneration X is 

[], 

[[1], [2], [3], [4], [5], [6]], 

[[3, 5], [3, 4], [4, 6], [1, 5], [1, 3], [1, 2], [5, 6], [2, 6], [2, 4]], 
[[3, 4, 5, 6], [1,3, 5], [2, 4, 6], [1,2, 5, 6], [1,2, 3, 4]], 

0, 
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B (I) has the F- vector 



Dimension 
Number of faces 



-10 12 3 4 
6 9 5 



and the F-vectors of its faces are 



Dimension 

1 
2 
2 



Number of faces 
6 
9 
3 
2 



F-vector 

(1,1,0,0,0,0) 

(1,2,1,0,0,0) 

(1,4,4,1,0,0) 

(1,3,3,1,0,0) 



point 

edge 

quadrangle 
triangle 



Dual complex The dual complex dual (B (I)) 
associated to B (I) via initial ideals is given by 



(B (I))* of deformations 



[[3,4,5 
[1,2,5, 

[[3,5]* 
[4,6]* = 
[1,3]* = 
[5,6]* = 
[2,4]* = 

[[1]* = 
[2]* = 

[3]* = 



,6]* = 
6]* = 



XI X2 ' Xo X4 
X 2 %4 



X\ X2 1 Xo X3 



,[1,3,5]* = 
,[1,2,3,4]* = 



^^,^),[2,4,6] H 

XO X3 X4 ' XI I 1 L ' 



X\ X2 1 Xo Xz X4 

2 3 
X Z x l 



X2\ [3 4 1N 
Xo X4 ' Xl I 1 L ' J 



X 



Xl X2 1 XQ X3 X4 



X\ X2 XQ X3 X4 



— > [1 51* 

XO X4 1 X2 I ' L ' J 

22 \ M 2 1" 

X3 X4 1 X\ I 1 L , J 



X\ X2 ' X1X2' Xo X3 1 Xo X4 

E x j x Xl 

XI X2 ' XQ X3 X4 ' Xz X4 ' X2 



,[2,6]* 



Xl X2 



Xl X2 ' 



X 2 


Xj 


r 2 
x 4 


X 2 


X2 


Xl X2 


' Xo X3 X4 


' x x 3 


' X3 X4 


' Xl 


T 2 


X? 


-1 
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when writing the vertices of the faces as deformations of Xq. Note that the 
T-invariant basis of deformations associated to a face is given by all lattice 
points of the corresponding polytope in Mr. 

When numbering the vertices of the faces of dual (£?(/)) by the Cox 
variables of the mirror toric Fano variety Y° the complex dual (B (I)) is 

[], 
Q, 

[[3, 4, 5, 6]* = (y 5 , y w ) , [1, 3, 5]* = (y 6 , y 3 ) , [2, 4, 6]* = (y 9 , y 4 ) , [1, 2, 5, 6]* = ( Vl , y 7 ) , 
[1,2,3,4]* = (y 2 ,y 8 )], 

[[3, 5]* = (y 5 , y 6 , y 10 , y 3 ) , [3, 4]* = (y 5 , y 2 , y 10 , y a ) , [4, 6]* = (y 5 , y 9 , y 10 , y 4 ) , 
[1, 5]* = (yi, y 6 , y 7 , y 3 ) , [1, 3]* = (y 2 , y 6 , y s , y 3 ) , [1, 2]* = (y 1} y 2 , y 7 , Vs) , 
[5,6]* = <2/i,3/ 5 ,2/7,X/io> , [2,6]* = (1/1,1/9,1/7,1/4) , [2,4]* = (1/2,1/9,1/8,1/4)], 

[[1]* = (Vl, 1/2, 1/6, 1/7, 1/8, 1/3) , [2]* = (yi, 1/2, 1/9, 1/7, 1/8, I/4) , [3]* = (y 5 , 1/2, 1/6, 1/10, 1/8, l/s) , 
[4]* = (l/5, 1/2, 1/9, 1/10, 1/8, 1/4) , [5]* = (yi, 1/5, 1/6, 1/7, 1/10, l/s) , [6]* = (l/l, 1/5, 1/9, 1/7, 1/10, Vi)], 

[} 



The dual complex has the F-vector 

Dimension —10 12 3 4 
Number of faces 5 9 6 

and the F- vectors of the faces of dual (B (J)) are 



Dimension Number of faces F-vector 
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1 

2 
3 



5 (1,2,1,0,0,0) edge 

9 (1,4,4,1,0,0) quadrangle 

6 (1,6,9,5,1,0) prism 



Recall that in this example the toric variety Y is projective space. The 
number of lattice points of the support of dual (B (/)) relates to the dimension 
ft, 1 ' 1 (X) of the complex moduli space of the generic fiber X of X and to the 
dimension h 1 ' 1 (1°) of the Kahler moduli space of the MPCR-blowup 1° 
of the generic fiber X° of the mirror degeneration 

|supp (dual (B (/))) n M\ = 42 = 24 + 18 = dim (Aut (Y)) + h 1 ' 1 (X) 

= 20 + 4 + 18 

= (Roots (Y) | + dim (TV) + h 1 ' 1 (X°) 

There are 

ft 1 ' 1 (X) + dim(TVo) = 18 + 4 
non-trivial toric polynomial deformations of X 
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They correspond to the toric divisors 
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on a MPCR-blowup of Y° inducing 18 non-zero toric divisor classes on the 
mirror X°. The following 20 toric divisors of Y induce the trivial divisor 
class on X° 



1,0,0) -D(i,-i,o,o) -D(-i,o,i,o) D(o,o,o,-i) -D(o,o,i,-i) 

-D(o,-i,i,o) -D(-i, o,o,i) D (-1,0,0,0) -D(o,o,-i,o) -O(o,o,-i,i) 

O( ,o,i,o) -0(0,0,0,1) -0(0-1,0,1) -D(o,-i,o,o) ^(0,1,-1,0) 

O(i,o,-i,o) -D(o,i,o,-i) O ( i i0 ,o,-i) -D(o,i,o,o) -O(i,o,o,o) 



Mirror special fiber The ideal Iq of the monomial special fiber Xq of the 
mirror degeneration X° is generated by the following set of monomials in S° 



2/4 2/5 2/6 2/7 2/8 
2/3 2/5 2/7 2/8 2/9 

2/io 2/i 2/3 2/4 2/8 

< 2/10 2/3 2/7 2/8 2/9 

2/io 2/i 2/2 2/6 2/9 

2/2 2/3 2/5 2/7 2/9 

k 2/10 2/2 2/4 2/6 2/7 



2/1 2/2 2/5 2/6 2/9 
2/io 2/i 2/4 2/6 2/8 
2/i 2/2 2/3 2/4 2/5 
2/i 2/2 2/4 2/5 2/6 
2/io 2/2 2/6 2/7 2/9 
2/io 2/2 2/3 2/7 2/9 
2/10 2/1 2/2 2/4 2/6 



2/3 2/4 2/5 2/7 2/8 

2/io 2/i 2/6 2/s 2/9 
2/io 2/i 2/2 2/3 2/4 

2/2 2/3 2/4 2/5 2/7 

2/io 2/i 2/3 2/s 2/9 

2/2 2/4 2/5 2/6 2/7 



2/10 2/4 2/6 2/7 2/8 
2/io 2/6 2/7 2/s 2/9 
2/i 2/4 2/5 2/6 2/8 

2/5 2/6 2/7 2/8 2/9 

2/io 2/i 2/2 2/3 2/9 
2/i 2/2 2/3 2/5 2/9 



2/1 2/3 2/4 2/5 2/8 
2/i 2/5 2/6 2/8 2/9 
2/i 2/3 2/5 2/8 2/9 
2/io 2/2 2/3 2/4 2/7 

2/2 2/5 2/6 2/7 2/9 

2/io 2/3 2/4 2/7 2/8 



Indeed already the ideal 

Jo = < 2/1 2/2 2/3 2/4 2/5 2/10 2/6 2/7 2/8 2/9 ) 

defines the same subvariety of the toric variety Y°, and Jg 2 = Jg . Recall that 
passing from Jq to Jq S is the non-simplicial toric analogue of saturation. 

The complex B (/)* labeled by the variables of the Cox ring S* of Y*, as 
written in the last section, is the complex SP (Jq) of prime ideals of the toric 
strata of the special fiber Xq of the mirror degeneration 3C°, i.e., the primary 
decomposition of Iq is 

^o° = (2/1,2/7) n (2/6, 2/3) n (2/5, 2/10) n (2/2, 2/s) n (2/9, 2/4) 

Each facet F & B (I) corresponds to one of these ideals and this ideal is 
generated by the products of facets of V containing F. 
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Covering structure in the deformation complex of the degeneration 

X According to the local reduced Grobner basis each face of the complex of 
deformations dual (B (/)) decomposes into 2 polytopes forming a 2 : 1 trivial 
covering of B (I) 



) , <yio>] -> (05, 0io)* v = [3, 4, 5, 6] v , [(y 3 ) , (ye)] -> (ye, 3 )* v = [1, 3, 5]\ 



[<2/4> , (y 9 >] - (y 9 ,y4)* V = [2,4,6] v , , (y 7 )] ^ ( yu y 7 ) 

[(y 2 ),(y 8 >]-(y2,y8r = [1,2,3, 4] v ], 

[[(05, 03) , (06, 0io)] l-> (05, 06, 010, 03)* V = [3, 5] V , 
[(05,02) , (010,08)] i-> (05,02,0io,0s)* V = [3,4] v , 



*v 



[(0 
[(0 
[(0 
[(0 
[(0 
[(0 

[(0 



04) , (09,010)] l-> (05, 09, 010, 04) * V = [4,6] V , 
0s) , (06, 0?)] >-»• (01, 06, 07, 03)* V = [1, 5] V , 

03) , (06, 0s)] >-»• (02, 06, 08, 03)* V = [1, 3] V , 
02) , (07, 0s)] >-»• (01, 02, 07, 0s)* V = [1, 2] V , 
0s) , (07,0io)] >-»• (01,05,07,01O)* V = [5,6] V , 

04) , (09, 07)] >-»• (01, 09, 07, 04)* V = [2, 6] V , 
04), (09,08)] >-»• (02, 09, 08, 04) * V = [2,4] V ], 



[[(01 


,02,03) , (06,07,0s)] 


-»■ (01,02,06,07,08,03)* V = 


= [1] V , 


[(01 


02,04) 


(09,07,0s)] >" 


(01,02,09,07,08,04)* V = 


[2] v , 


[(05 


02,03) 


(06,010,0s)] 


>-»■ (05,02,06,01O,08,03)* V 


= [3] v 


[(05 


02,04) 


(09,010,0s)] 


>-»• (05,02,09,01O,08,04)* V 


= [4] v 


[(01 


05,03) 


(06,07,010)] 


^ (01,05,06,07,01O,03)* V 


= [5] v 


[(01 


05,04) 


(09, 07, 0io)] 


^ (01,05,09,07,01O,04)* V 


= [6] v 



[l,2,5,6] v , 



Here the faces F E B (I) are specified both via the vertices of F* labeled 
by the variables of S* and by the numbering of the vertices of 5 (7) chosen 
above. 

This covering has 2 sheets forming the complexes 
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[(ys) , (ys) , (y*) , (yi) , (y2)], 

[(1/5,1/3) , (1/5,1/2) , (1/5,1/4) , (1/1,1/3) , (1/2,1/3) , (1/1,1/2) , (1/1,1/5) , (1/1,1/4) , (1/2,1/4)], 
[(1/1,1/2,1/3) , (1/1,1/2,1/4) , (1/5,1/2,1/3) , (1/5,1/2,1/4) , (1/1,1/5,1/3) , (1/1,1/5,1/4)], 



[(1/10) , (ye) , (1/9) , (1/7) , (ys)], 

[(1/6, 1/10) , (1/10, ys) , (1/9, 1/10) , (i/e, 1/7) , (i/e, ys) , (v7, ya) , (3/7, yio) , (yg, 1/7) , (1/9, ys)], 
[(ye, y7, ys) , (yg, y?, ys) , (ye, yio, ys) , (yg, yio, ys) , (ye, y7, yio) , (yg, y?, yio)], 
[] 

with F-vector 

Dimension Number of faces F-vector 

5 (1,1,0,0,0,0) point 

1 9 (1,2,1,0,0,0) edge 

2 6 (1,3,3,1,0,0) triangle 



Writing the vertices of the faces as deformations the covering is given by 

0, 
0, 

[[(i)^)]-[3,4,5,6]v,[( t ),(^L-)]^[l,3,5]v, 
[fe) > (^k)l " [ 2 > W, [(ifl) > (^)l - M,5,6]v, 

[(i)>(i)]-[i>2,3,4n, 
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Xl X2 ' 


Xl 1 


x\ 


X3 2 


£1 


X\ X2 ' 


xi X2 ' 


X2 / 
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XO £3 ' 
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XO X4 ' 
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Xo X4 ' 
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XO X3 X4 

r 3 
x l 



XQ x 3 x 4 



XQ x 3 x 4 



XO X3 X 4 



XQ" 

' X3X4 

zp 2 

X3 X 4 

XQ 2 
X3 X4 

XQ 2 
X3 X4 

X3 2 

Xo X4 
*3 2 



X4 

XQ X3 ' XQ X4 



> [l] v , 

[2] v , 
[3] v , 
[4] v , 
[5] v , 
[6] v ], 



[1, 
[1, 

[2, 



with 2 sheets forming the complexes 
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[], 



•''■'> \ / ■'' i \ / %4 \ / %q 



X() X4 I 1 \ X{) XZ X4 / 1 \ X{) X$ X4 / 1 \XQXZ 1 \ X% X4 

x 3 2 \ I 4 x 2 \ I x\ X3 2 



Xo £3 X4 ' Xo X4 / ' \ Xo X4 ' X3 X4 / ' \ Xo 1314' Xq X4 / ' \ Xq X 3 X4 ' Xo X 3 / ' \ £0 £3 £4 ' £3 X4 
*4 XO 2 \ I x\ x Z 2 \ I x\ X4 2 \ I x\ xo' 



Xo X3 ' Xz X4 / ' \ #0 #3 ' X4 / ' \ #0 #3 £4 ' #0 ^3 / ' \ ^0 x 3 #4 ' #3 #4 
X 2 3^4 2 XQ 2 \ I X\ X 4 2 XQ 2 \ I X% X 3 2 



Xo £3 £4 ' £3 ' £3 £4 / ' \ Xq Xz X4 ' Xo X3 ' £3 X4 / ' \ Xo £3 £4 ' XQX4" 1 X3 X4 

£l X 4 2 X 3 2 

xo X3 X4 1 xq X4 1 £3 X4 I 1 \ xo x 3 X4 1 xo X3 1 xo X4 I 1 \ xo xz X4 ' xo 13 ' xq X4 



Note that the torus invariant basis of deformations corresponding to a Bergman 
face is given by the set of all lattice points of the polytope specified above. 



Limit map The limit map lim : B (I) — > Poset (A) associates to a face F 
of B (I) the face of A formed by the limit points of arcs lying over the weight 
vectors w G F , i.e. with lowest order term t w . 

Labeling the faces of the Bergman complex B (I) C Poset (V) and the 
faces of Poset (A) by the corresponding dual faces of V* and A*, hence 
considering the limit map lim : B (I) — > Poset (A) as a map B (I)* — > 
Poset (A*), the limit correspondence is given by 



0, 

[(Vi, 2/2, 2/6, 2/7, 2/s, 2/3) >-»• (xi, x 3 ) , (yi, y 2 , y 9 , y 7 , y s , y A ) (x 2 , x 3 ) , 

(2/5, 2/2, 2/6, 2/10, 2/8, 2/3) >-»• (xi, x 4 ) , (1/5, 2/2, 2/9, 2/10, 2/s, 2/4) >-> (x 2 , x 4 ) , 

(2/1,2/5,2/6,2/7,2/10,2/3) >-»■ (xi,x ) , (2/1,2/5,2/9,2/7,2/10,2/4) >-»■ (x 2 ,x )], 

[(2/5, 2/6, 2/10, 2/3) >-»• (xi, x 4 , xo) , (2/5, 2/2, 2/io, 2/s) >-»• (xi, x 2 , x A ) , 
(2/5, 2/9, 2/10, 2/4) i-> (x 2 , x 4 , x ) , (y 1: y 6 , y 7 , y 3 ) i-> (x : , x 3 , x ) , 
(2/2, 2/6, 2/8, 2/3) >-»• (xi, x 3 , x 4 ) , (2/1, 2/2, 2/7, 2/s) >-> (xi, x 2 , x s) , 
(2/1, 2/5, 2/7, 2/io) !-»■ (xi, x 2 , ^o) , (2/1, 2/9, 2/7, 2/4) i-> (x 2 , x 3 , x ) , 
(2/2,2/9,2/8,2/4) >-»■ (x 2 ,x 3 ,x 4 )], 

[(2/5, 2/lo) l-> (Xl, X 2 , X4, X ) , (2/6, 2/3) l-> (Xl, X 3 , X 4 , X ) , 

(2/9,2/4) >-»• (x 2 ,x 3 ,a;4,Xo) , (2/1,2/7) ^ (xi, x 2 , x 3 , x ) , 
(2/2,2/s) >-»• (xi,x 2 ,x 3 ,x 4 )] 
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The image of the limit map coincides with the image of fj, and with the 
Bergman complex of the mirror, i.e. lim (B (I)) = fi(B (I)) = B (/*). 



Mirror complex Numbering the vertices of the mirror complex fj, (B (I)) 
as 

1 = (4, -1,-1,-1) 2 = (-1,4,-1,-1) 
3 = (-1,-1, 4,-1) 4 = (-1,-1, -1,4) 
5 = (-1,-1, -1,-1) 

H(B(I)) C Poset (A) is 
[], 

[[3],[2],[1],[4],[5]], 

[[2, 3], [3, 5], [1, 3], [2, 4], [2, 5], [4, 5], [3, 4], [1, 4], [1, 5]], 
[[2, 4, 5], [1, 4, 5], [2, 3, 5], [1, 3, 5], [2, 3, 4], [1, 3, 4]], 

[], 




The ordering of the faces of /i (B (I)) is compatible with above ordering of 
the faces of B (I). The F- vectors of the faces of \x (B (I)) are 

Dimension Number of faces F-vector 

1 6 (1,2,1,0,0,0) edge 

2 9 (1,3,3,1,0,0) triangle 

3 5 (1,4,6,4,1,0) tetrahedron 

The first order deformations of the mirror special fiber X$ correspond to 
the lattice points of the dual complex (// (B (/)))* C Poset (A*) of the mir- 
ror complex. We label the first order deformations of Xq corresponding to 
vertices of A* by the homogeneous coordinates of Y 

1 (1,0,0,0) yimyzm 2 (0,1,0,0) j/i j/2 j/4 ?/5 

rr — rr — VIVW 2 rr rr VIV 2 

^3 — X (Q 10) — — Xa = X(n 001) = 

° iu,u,±,u; y 6 y 7 ygyg * (u,v,v,±) y 6 y s ygyio 

X = X(-i _i _i _i) = — ^= 

U * L > J/6 J/7 J/9 2/10 
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So writing the vertices of the faces of (/x (B (/)))* as homogeneous coordinates 
of Y, the complex (/x (_B (/)))* is given by 



[(xi, x 3 ) , (x 2 , x 3 ) , (xi, x 4 ) , (x 2 , x 4 ) , (xi,x ) , (x 2 , x )], 

[(Xi, X 4 , Xq) , (Xi,X 2 , x 4 ) , (x 2 , x 4 , X ) , (Xi,X 3 , x ) , (xi, x 3 , x 4 ) , (xi, x 2 , x 3 ) , 
(xi,x 2 ,x ) , (x 2 ,x 3 ,x ) , (x 2 ,x 3 ,x 4 )], 

[(Xi, X 2 , X 4 , Xq) , (Xi, X 3 , X 4 , X ) , (x 2 , X 3 , X 4 , X ) , (x U X 2 , X 3 , X ) , (x U X 2 , X 3 , X 4 )], 



The complex /x (S (/))* labeled by the variables of the Cox ring S gives the 
ideals of the toric strata of the special fiber X of X, i.e. the complex SP (7 ), 
so in particular the primary decomposition of 1$ is 

i = (xi, x 3 ) n (xi, x ) n (x 2 , x 3 ) n (x 2 , x ) n (xi, x 4 ) n (x 2 , x 4 ) 

Labeling the vertices of the faces by the corresponding deformations the 
complex is given by 



[], 
[], 

r/ yiV9 3 y5 2 yf \ / m ye 3 yr> 2 yj \ / _uy^_ ySv 2 - \ 
\\ yi yi ys 2/5 ' ye> yi ya 2/9 / ' \ yi 2/2 2/4 2/5 ' 2/6 yi y% 2/9 / ' \ 2/1 2/2 2/3 2/5 ' 2/6 2/8 2/9 2/10 / ' 

/ 2/3 2/6 3 2/l 2 2/7 \ / 2/j2/8 2 2/4 2/9 3 \ I _vbl£_ 2/3 2/6 3 \ 

\ 2/1 2/2 2/4 2/5 ' 2/6 2/8 2/9 2/10 / ' \ 2/6 2/7 2/9 2/10 ' 2/1 2/2 2/3 2/5 /' \ 2/6 2/7 2/9 2/10 ' 2/1 2/2 2/4 2/5 / 

|7 2/12/8 2 2/4 2/9 3 2/l 2 2/7 \ / 2/4 2/9 3 2j3 2/6 3 2/1 2 2/? \ 

L \ 2/6 2/7 2/9 2/10 ' 2/1 2/2 2/3 2/5 ' 2/6 2/8 2/9 2/10 / ' \ 2/1 2/2 2/3 2/5 ' 2/1 2/2 2/4 2/5 ' 2/6 2/8 2/9 2/10 / ' 
/ 2/|2/8 2 2/3 2/6 3 2/l 2 2/7 \ / i/2^8 2 2/4 2/9 3 2/5 2 2/ 2 p X 

\ 2/6 2/7 2/9 2/10 ' 2/1 2/2 2/4 2/5 ' 2/6 2/8 2/9 2/10 / ' \ 2/6 2/7 2/9 2/10 ' 2/1 2/2 2/3 2/5 ' 2/6 2/7 2/8 2/9 /' 
/ 2/4 2/9 3 2/5 2 2/fp 2/1 2 2/ 2 \ / 2/4 2/9 3 2/3 2/6 3 2/5 2 2/fo \ 

\ 2/1 2/2 2/3 2/5 ' 2/6 2/7 2/8 2/9 ' 2/6 2/8 2/9 2/10 /' \ 2/1 2/2 2/3 2/5 ' 2/1 2/2 2/4 2/5 ' 2/6 2/7 2/8 2/9 /' 
/ 2/ 2 2/8 2 2/4 2/9 3 2/3 2/6 3 \ / 2/12/8 2 2/3 2/6 3 2/5 2 2/iu \ 

\ 2/6 2/7 2/9 2/10 ' 2/1 2/2 2/3 2/5 ' 2/1 2/2 2/4 2/5 /' \ 2/6 2/7 2/9 2/10 ' 2/1 2/2 2/4 2/5 ' 2/6 2/7 2/8 2/9 /' 
/ 2/3 2/6 3 2/5 2 2/io 2/l 2 2/| \l 

\ 2/1 2/2 2/4 2/5 ' 2/6 2/7 2/8 2/9 ' 2/6 2/8 2/9 2/10 / ' ' 
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r/ y\y& 2 y^yg 3 ysye 3 yi 2 y? \ 

\ 2/6 J/7 2/9 2/10 ' 2/1 2/2 2/3 2/5 ' 2/1 2/2 2/4 2/5 ' 2/6 2/8 2/9 2/10 / 
/ 2/|j/8 2 J/4 2/9 3 J/5 2 J/?Q J/1 2 J/? \ 

\ 2/6 J/7 J/9 J/10 ' J/1 J/2 2/3 J/5 ' 2/6 J/7 J/8 2/9 ' J/6 J/8 J/9 J/10 / 
/ J/jj/8 2 J/3 2/6 3 2/5 2 J/ 2 J/l 2 J/7 \ 

\ 2/6 J/7 J/9 J/10 ' J/1 J/2 2/4 J/5 ' 2/6 J/7 J/8 2/9 ' 2/6 2/8 J/9 J/10 / 
/ J/|j/8 2 J/4 2/9 3 2/3 J/6 3 J/5 2 2/i U \ 

\ 2/6 J/7 J/9 J/10 ' J/1 J/2 2/3 J/5 ' 2/1 J/2 J/4 2/5 ' J/6 J/7 2/8 2/9 /' 
/ 2/4 2/9 3 J/3 2/6 3 2/5 2 2/lQ 2/1 2 2/? \j 

\ 2/1 J/2 J/3 J/5 ' J/1 J/2 J/4 2/5 ' 2/6 J/7 2/8 J/9 ' 2/6 2/8 J/9 J/10 /J ' 

[] 



Covering structure in the deformation complex of the mirror de- 
generation Each face of the complex of deformations (fj,(B(I)))* of the 
mirror special fiber Xq decomposes as the convex hull of 2 polytopes forming 
a 2 : 1 trivial covering of fi (B (I)) y 



[<*!> , (x 3 >] - <x 1? x 3 )* v = [2, 4, 5] v , [<x 2 ) , (x 3 )} ~ (x 2 , x 3 )* v = [1, 4, 5]\ 
(xi) , (x 4 >] » (x u x 4 )* v = [2, 3, 5]\ [(x 2 > , (x 4 >] h- (x 2 , x 4 )* v = [1,3, 5] v , 
(xi) , (*o>] -> x )* v = [2, 3, 4]\ [(x 2 ) , (x >] -> (x 2 , x )* v = [1,3, 4] v ], 

[(xi) , (x 4 , x )] h-> (xi, x 4 , x )* v = [2, 3] v , [(xi, x 2 ) , (x 4 )] h-> (xi, x 2 , x 4 )* v = [3, 5] v , 
(x 2 ) , (x 4 , x )] i-> (x 2 , x 4 , x )* v = [1, 3] v , [(xi) , (x 3 , x )] i-> (xi, x 3 , x )* v = [2, 4] v , 
(xi) , (x 3 , x 4 )] i-> (xi, x 3 , x 4 )* v = [2, 5] v , [(xi, x 2 ) , (x 3 )] i-> (xi, x 2 , x 3 )* v = [4, 5] v , 
(xi, x 2 ) , (x )] i-> (xi, x 2 , x )* v = [3, 4] v , [(x 2 ) , (x 3 , x )] i-> (x 2 , x 3 , x )* v = [1, 4] v , 
(x 2 ) , (x 3 , x 4 )] i-> (x 2 , x 3 , x 4 )* v = [1, 5] v ], 

[(xi, x 2 ) , (x 4 , x )] i-> (xi, x 2 , x 4 , x )* v = [3] v , 
(xi) , (x 3 , x 4 , x )] i-> (xi, x 3 , x 4 , x )* v = [2] v , 
(x 2 ) , (x 3 , x 4 , x )] h-> (x 2 , x 3 , x 4 , x )* v = [l] v , 
(xi, x 2 ) , (x 3 , x )] i-> (xi, x 2 , x 3 , x )* v = [4] v , 
(xi, x 2 ) , (x 3 , x 4 )] ^ (xi, x 2 , x 3 , x 4 )* v = [5] v ], 
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Due to the singularities of Y° this covering involves degenerate faces, i.e. 
faces G h-> F v with dim (G) < dim (F v ). 

Writing the vertices of the faces as deformations of Xq the covering is 
given by 




[M,5] v , 
[1,3,5]\ 
[l,3,4] v ], 



y\ y2 V3 ys 7 yi y2 3/4 ys 
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Mirror degeneration The space of first order deformations of Xq in the 
mirror degeneration X° has dimension 5 and the deformations represented 
by the monomials 



form a torus invariant basis. 

The mirror degeneration X° C Y° x Spec C [t] of X is given by the ideal 

1° C S° <g> C [t] generated by 

t (s 4 ylVr + «5 vlvl + si 2/|2/io) + l/io ye 1/7 2/s 1/9 

* ( s s yfyl + S2 vlvl) + yi 2/2 2/3 y± 2/5 

*s 3 2/I2/3 + yi 2/2 1/4 1/5 1/6 tSi y%y w + 1/5 y 6 y 7 y 8 2/9 ts 4 y\y$ + y w y x y e y 8 y 9 
tss yhl + yw 2/2 ye yi 2/9 ts 2 y\y± + yi y 2 2/3 2/5 2/9 

and 25 monomials of degree 5 
Indeed already the ideal J° generated by 



J t{s z yhl + s 2 yhl) + 2/12/22/32/42/5, 1 

\ t(s 4 yjy% + s 5 y%yl + «i 2/52/10) + 2/io 2/6 2/7 2/s 2/9 J 

defines £°. 

Contraction of the mirror degeneration In the following we give a 
birational map relating the degeneration X° to a Greene-Plesser type orbi- 
folding mirror family by contracting divisors on Y°. See also Section 9.13 
below. 

In order to contract the divisors 



consider the Q-factorial toric Fano variety Y° = X ( E° ) , where S° = 




2/3 = 2/(-i, 1,0,0) = — 

2/7 = 2/(0,0,-1,2) = 

2/10 = 2/(0,0,2,-1) = - 




2/(1,-1,0,0) - f; 
2/(0,0,-1,-1) = ~ x 
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Fan yP°J C Mr is the fan over the Fano polytope P° C M R given as the 
convex hull of the remaining vertices of P° = V* corresponding to the Cox 
variables 

2/5 = 2/(-l -1,2,0) = ^ 1/6 = 2/(0,3,-1,-1) = X0 *3 X4 

2/9 = 2/(3,o,-i,~i) = Zo | X4 2/i = 2/(-i,-i,o,2) = ^ 

Xi 

2/2 = 2/(-i, -1,0,0) = — 
of the toric variety Y° with Cox ring 

5° = C[y 5 , 2/6, 2/9, 2/i, 2/2] 

The Cox variables of Y° correspond to the set of Fermat deformations of X. 
Let 

Y° = X(S°) -> X = f° 

be a birational map from Y° to a minimal birational model Y°, which con- 
tracts the divisors of the rays E° (1) — S° (1) corresponding to the Cox vari- 
ables 

2/3 2/4 2/7 2/8 2/10 

Representing Y° as a quotient we have 
Y° = (C 5 - V [B 

with 

G° = Z 2 x Z 6 x (C*) 1 

acting via 

= ( «l «l • 2/5, Mi M 2 «1 • 2/6, Ml «2 «l • 2/9, U% U l ' 2/l, «1 " 2/2) 



for £ = «2, Vl ) G G° and 2/ e C 5 - \/ (5 (^S c 
Hence with the group 

H° = Z 2 x Z 6 
of order 12 the toric variety F° is the quotient 

Y° = ¥ A /H° 



265 



of projective space P 4 . 

The mirror degeneration X° induces via Y — > Y° a degeneration X° C 
F° x Spec C [t] given by the ideal 1° C S^C [i] generated by the Fermat-type 
equations 

J yiy2y5 + t(s 2 yi + s 1 y%), 1 
\ 1/6 1/9 + t(s 3 y? + s 5 y| + s 4 y|) J 

The special fiber Xq C Y° of X° is cut out by the monomial ideal Iq C S* 
generated by 

{ V1V2V5 VeVd } 
The complex SP (Iq) of prime ideals of the toric strata of Xq is 



Kj/5, 1/9) , (1/5, ye) , (yd, yi) , (y9, 1/2) , (ye, yi) , (ye, 2/2)], 

[(l/5, 1/6, 1/9) , (y&, 1/9, l/l) , (l/5, 1/9, l/l) , (l/5, 1/6, l/l) , (l/5, 1/6, 1/2) , 

(1/9,1/1,1/2) , (1/6,1/1,1/2) , (1/5,1/9,1/2) , (1/6,1/9,1/2)], 

[(l/6, 1/9, 1/1, 1/2) , (l/5, 1/9, 1/1, 1/2) , (l/5, 1/6, 2/1, 1/2) , (l/5, 1/6, 1/9, 1/2) , 

(1/5,1/6,1/9,1/1)], 



so Iq has the primary decomposition 

^0 = (1/9, 1/1) n (1/5, ye) n (1/9, 2/2) n (y 6 , l/i) n (y 6 , 2/2) n (y 5 , yg) 

The Bergman subcomplex _B (7) C Poset (V) induces a subcomplex of Poset j , 
V = corresponding to Iq. Indexing of the vertices of V by 



115 
!' 2' 2' 



|,0) 2= (-i, |,0,0) 

3= (|,-|,0,0) 5 4= (|, |,0, |) 
5 = (—2, —2, — |, — |) 
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this complex is given by 







[[1],[2],[3],[4],[5]], 

[[4, 5], [1, 5], [2, 5], [3, 5], [3, 4], [1, 2], [1, 3], [2, 4], [1,4]], 
[[2, 4, 5], [3, 4, 5], [1,2, 5], [1,2, 4], [1,3, 5], [1,3, 4]], 

[], 

, D 



8.12.3 The Calabi-Yau threefold given as the complete intersec- 



tion of a generic quadric and a generic quartic in P 5 



Setup Let Y = P 5 = X (£), £ = Fan (P) = NF (A) C N R with the Fano 
polytope P = A* given by 



(5,-1,-1,-1,-1) (-1,5,-1,-1,-1) 



A = convexhull (-1,-1,5,-1,-1) (-1,-1,-1,5,-1) C M M 



(-1,-1,-1,-1,5) (-1,-1,-1,-1,-1) 



associated to the rays of E. 

Consider the degeneration X C Y x Spec C [t] of complete intersection 
Calabi-Yau 3-folds of type (2, 4) with monomial special fiber 



The degeneration is given by the ideal / C S®C [t] with 7 -reduced generators 



X 1 X 2 + t(si x\ + ... + S 6 x\ + ... + S n x\ + ... + S15 x\ + ... + Sis x l + ... + S 20 Xq), 

X X3X4X5 + t(s 21 xf + ... + S 56 x\ + ... + S91 x\ + ... + Sno X% + ... + S120 x\ + ...+ 
^124 Xq) 




x l — ^(1,0,0,0,0) x 2 = #(0,1,0,0,0) 
x 3 — #(0,0,1,0,0) X A — #(0,0,0,1,0) 
#5 = #(0,0,0,0,1) x = x (-l, -1,-1, -1,-1) 



Iq = ( Xi x 2 x x 3 X A x 5 ) 
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Special fiber Grobner cone The space of first order deformations of X 
has dimension 124 and the deformations represented by the Cox Laurent 
monomials 
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xo xa 


x 


x 3 


x l 


X4 


Xo Xa 


x 5 xo 


X3 Xo 


x a x$ 


X\ X'2 
X 3 X 4 


X\ X2 

X3 x 5 


X\ X2 

x\ 


Xl X2 

r 2 

Xg 


Xl X2 
r 2 


XI X2 

xa X2 


Xl X2 
X4 


Xl X2 

r 2 

Xg 


XI X2 
X 5 XI 


XI X2 
X4 Xl 


XO X4 
X 5 Xl 


X3 X4 
X4 Xl 


X3 XS 
X3 X2 


X3 XS 
X3 X2 


X3 XO 
Xs X2 


XA XS 

xa X2 


Xo X4 


X X 5 


XO X3 


XO X3 
X 2 


Xo XA 
X 2 


xo x 5 
x i 


XQ XA 


XO X5 
X 2 


x 2 


x 2 


x 2 


x\ 


Xo X4 

x\ 


x x 5 


X X3 


XQ X3 
X 2 


X 2 


X3 xa 


X3 X5 


xa 25 


x\ 


x 2 


X3 X5 


X3 X4 


X4 X5 


X3 X4 
x\ 


X 3 X 5 


X4 ^5 


X3 X4 
x\ 


X3 X5 
X 2 


xo XA 


XO XS 


XO X3 


x 3 


x 5 


xa X2 


Xa 


Xl 


XO X4 
XI 


XO X5 
X2 


Xo X4 
X2 


xo x 5 
X2 


XO X3 
Xl 


xo X3 
Xl 


X2 
XO 


XA 
X3 


X3 
X3 


X4 
X5 


XS 
X4 


X3 

£5 


XQ 
Xa 


xs 

X3 


XA 
£5 


XA 
Xa 


XS 
X2 


X4 
XQ 


XS 

£2 


X 3 

XQ 


X3 

£5 


XO 
X3 


XQ 
Xl 


XO 
Xa 


XO 
X5 


XI 
X3 


Xl 
XQ 


X2 
XQ 


X2 


X2 


X2 


Xi 


XI 


XI 


X3 


xs 











form a torus invariant basis. These deformations give linear inequalities 
defining the special fiber Grobner cone, i.e., 

C Io (/) = {(w t , w y )eR®N R \ (w, A- 1 (m)) > -w t \/m) 
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for above monomials m and the presentation matrix 



1 









1 










1 










1 










1 



-1 -1 -1 -1 -1 

of A 4 (Y). The vertices of special fiber polytope 

v = C Io (/) n { Wt = 1} 

and the number of faces, each vertex is contained in, are given by the table 



10 
16 



(0,0,1,0,0) (0,0,0,1,0) (0,0,0,0,1) (-1,-1,-1,-1,-1) 

(0,1,0,0,0) (1,0,0,0,0) 

(1,0,1,0,0) (0,1,1,0,0) (1,0,0,1,0) (0,1,0,1,0) 

(1,0,0,0,1) (0,1,0,0,1) (0,-1,-1,-1,-1) (-1,0,-1,-1, 



-1) 



The number of faces of V and their F- vectors are 



Dimension Number of faces F-vector 



-1 


1 


(0,0,0,0,0,0,0) 







14 


(1,1,0,0,0,0,0) 


point 


1 


39 


(1,2,1,0,0,0,0) 


edge 


2 


22 


(1,4,4,1,0,0,0) 


quadrangle 


2 


28 


(1,3,3,1,0,0,0) 


triangle 


3 


24 


(1,6,9,5,1,0,0) 


prism 


3 


11 


(1,4,6,4,1,0,0) 


tetrahedron 


4 


4 


(1,9,18,15,6,1,0) 




4 


2 


(1,5,10,10,5,1,0) 




4 


6 


(1,8,16,14,6,1,0) 




5 


1 


(1,14,39,50,35,12,1) 
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The dual P° = V* of V is a Fano polytope with vertices 



(-1,-1,0,2,0) (-1,-1,0,0,2) 
(1,-1,0,0,0) (-1,-1,2,0,0) 
(0,0,-1,-1,3) (0,0,-1,-1,-1) 



(-1,-1,0,0,0) (-1,1,0,0,0) 
(0,4,-1,-1,-1) (0,0,-1,3,-1) 
(4,0,-1,-1,-1) (0,0,3,-1,-1) 



and the F-vectors of the faces of P° are 



Dimension Number of faces F-vector 



-1 


1 


(0,0,0,0,0,0,0) 







12 


(1,1,0,0,0,0,0) 


point 


1 


35 


(1,2,1,0,0,0,0) 


edge 


2 


36 


(1,3,3,1,0,0,0) 


triangle 


2 


14 


(1,4,4,1,0,0,0) 


quadrangle 


3 


23 


(1,4,6,4,1,0,0) 


tetrahedron 


3 


16 


(1,6,9,5,1,0,0) 


prism 


4 


8 


(1,8,16,14,6,1,0) 




4 


6 


(1,5,10,10,5,1,0) 




5 


1 


(1,12,35,50,39,14,1) 





The polytopes V and P° have as the unique interior lattice point, 
and the Fano polytope P° defines the embedding toric Fano variety Y° = 
X (Fan (P°)) of the fibers of the mirror degeneration. The dimension of the 
automorphism group of Y° is 

dim(Aut (Y°)) = 5 

Let 

S° = C[y 1 ,y 2 ,...,yi 2 \ 
be the Cox ring of Y° with variables 
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X 



Hi - 2/(-i -1,0,2,0) - 2/2 - V(-l -1,0,0,2) - 2/3 - 2/(-l,-l,0,0,0) 

2/4 = 2/(-i,i,o,o,o) = 2/5 = 2/(1,-1,0,0,0) = f; 2/6 = 2/(-i -1,2,0,0) 

2/7 = 2/(0,4,-1,-1-1) = 2/8 = 2/(0,0,-1,3,-1) = 3 2/9 = 2/(0,0,-1,-1,3) 

' a; 4 

2/io = 2/(0,0,-1,-1,-1) = 2/ii = 2/(4,0,-1,-1,-1) = ^3,3^4x5 yi2 = 2/(0,0,3,-1,-1) 



Bergman subcomplex Intersecting the tropical variety of / with the spe- 
cial fiber Grobner cone C/ (/) we obtain the special fiber Bergman subcom- 
plex 

B(i) = c Io (i)nBF(i)n{w t = i} 

The following table chooses an indexing of the vertices of V involved in B (I) 
and gives for each vertex the numbers riy and % of faces of V and faces of 
B (I) it is contained in 



™v n B (i) 



16 



1 = (1,0,1,0,0) 
3 = (1,0,0,1,0) 
5 = (1,0,0,0,1) 
7 = (0,-1,-1, - 



2 = (0,1,1,0,0) 
4 = (0,1,0,1,0) 
6 = (0,1,0,0,1) 
-1) 8 = (-1,0,-1,-1,-1) 



With this indexing the Bergman subcomplex B (I) of Poset (V) associated 
to the degeneration X is 



0, 

[[1], [2], [3], [4], [5], [6], [7], [8]], 

[[5, 7], [6, 8], [5, 6], [7, 8], [1, 3], [1, 5], [1, 7], [2, 4], [2, 6], [2, 8], [1, 2], 
[3,4], [3,5], [3,7], [4,6], [4,8]], 

[[3, 4, 7, 8], [5, 6, 7, 8], [1, 2, 5, 6], [1, 3, 7], [1, 3, 5], [1, 2, 7, 8], 
[1,5, 7], [3, 5, 7], [2, 4, 6], [2, 4, 8], [4, 6, 8], [2, 6, 8], [1,2, 3, 4], 
[3,4,5,6]], 

[[3, 4, 5, 6, 7, 8], [2, 4, 6, 8], [1, 2, 3, 4, 7, 8], [1, 2, 5, 6, 7, 8], 
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[1,3,5,7], [1,2,3,4,5,6]], 

[], 




B (I) has the F-vector 



Dimension —10 1 2345 
Number of faces 8 16 14 6 



and the F-vectors of its faces are 



Dimension 


Number of faces 


F-vector 







8 


(1,1,0,0,0,0,0) 


point 


1 


16 


(1,2,1,0,0,0,0) 


edge 


2 


6 


(1,4,4,1,0,0,0) 


quadrangle 


2 


8 


(1,3,3,1,0,0,0) 


triangle 


3 


2 


(1,4,6,4,1,0,0) 


tetrahedron 


3 


4 


(1,6,9,5,1,0,0) 


prism 



Dual complex The dual complex dual (B (I)) = (B (I))* of deformations 
associated to B (I) via initial ideals is given by 



0, 

[], 

[[2, 4, 6, 8]* = / — ^ — , , [3, 4, 5, 6, 7, 8]* = (-£-, -?*—) , ...], 
[[3 4 7 81* = (-*L _£§ Es Es_\ 

LL ' ' ' J \ X2 ' II £2 ' X() x i x h ' ^0 x 3 x 4 / ' 

[1 3 71* = ( X 5 x 2 ^5 X2.\ 1 

ire "7l* _ / x 4 ^3 ^2 x \ x 3 X2 \ 

^ ' J \ XI £2 ' £1 £2 ' £0 213 X4 £5 ' Xo X3 X5 ' X0X4X5 y XI / ' 

...], 
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when writing the vertices of the faces as deformations of X . Note that the 
T-invariant basis of deformations associated to a face is given by all lattice 
points of the corresponding polytope in M K . 

In order to compress the output we list one representative in any set of 
faces G with fixed F- vector of G and G*. 

When numbering the vertices of the faces of dual (B (I)) by the Cox 
variables of the mirror toric Fano variety Y° the complex dual (B (J)) is 



[[2, 4, 6, 8]* = (y n , y 5 ) , [3, 4, 5, 6, 7, 8]* = (y 6 , y 12 ) ,...], 
[[3,4,7,8]* = (2/6,2/2,2/12,2/9) , [1,3,7]* = (2/2,2/7,2/9,2/4) ,-•], 
[[5, 7]* = (2/1, 2/6, 2/7, 2/8, 2/12, 2/4) ,•••], 
[[!]* = (2/1, 2/2, 2/3, 2/7, 2/8, 2/9, 2/10, 2/4) ,...], 



The dual complex has the F-vector 

Dimension 
Number of faces 



-1 1 2 3 4 5 
6 14 16 8 



and the F- vectors of the faces of dual (B (J)) are 



Dimension 
1 

2 
3 
4 



Number of faces 
6 

14 
16 



F-vector 
(1,2,1,0,0,0,0) 
(1,4,4,1,0,0,0) 
(1,6,9,5,1,0,0) 
(1,8,16,14,6,1,0) 
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edge 

quadrangle 
prism 



Recall that in this example the toric variety Y is projective space. The 
number of lattice points of the support of dual (B (J)) relates to the dimension 
h 1 ' 2 (X) of the complex moduli space of the generic fiber X of X and to the 
dimension h 1 ' 1 (X°) of the Kahler moduli space of the MPCi?-blowup X° 
of the generic fiber X° of the mirror degeneration 

|supp (dual (B (/))) n M\ = 124 = 35 + 89 = dim (Aut (Y)) + h 1 ' 2 (X) 

= 30 + 5 + 89 

= (Roots (Y) | + dim (TV) + h 1 ' 1 (X°) 

There are 

h 1 ' 2 (X) + dim(Tyo) = 89 + 5 
non-trivial toric polynomial deformations of Xq 



x 3 


X 2 


T 4 

x 1 


x 5 


r 3 


r 3 
x 4 


t 2 
x 4 


x 2 


T 3 


Xq X4 X$ 


Xl X 2 
X 2 


Xq X3 X4 Xfj 


Xl X 2 


Xo X 3 X 4 


x x 3 x$ 


Xl X 2 


Xq X3 X4 X 5 


X3 X4 X 5 


x 


x 5 x 3 


X5 X3 


x l 


x 3 


X 3 X 4 


x 4 


X3 X4 


X\ X2 

T 2 


XO X4 
X4 Xo 


XO X4 
x 4 


XI X2 
X4 Xo 


Xo X4 
x 2 


XO X5 
X5 X2 2 


X X 5 
X%X2 


XO X5 
x 2 x 2 


Xl X2 

x\xo 


X3 X^ 
x 2 


X3X 5 

x\ 


X3 X5 
X4 x 5 


XI X2 
X4 Xfj 


XO X3 X4 

T 2 
X 5 


XO X3 X4 
x 2 


Xo X3 X4 
X4 X2 2 


X3 X4 XS 
x l x 2 


X3 X^ X5 
x 2 


X3 X 4 X 5 
X 3 X 2 2 


XQ X 3 

x%x2 


x x 3 
xi xo 2 


Xl X 2 
x l x 


X X3 

x\ 


x X3 x 5 

x l 


Xo X3 Xfj 
X5 Xl 2 


x x 3 x 5 

XcXl 


XQ XA x$ 

x\ 


XO X4 X5 
X 3 Xl 2 


XO X4 X5 


X3 XA XS 

xf 


X3 X4 X5 
X4 Xi 2 


X3 X4 X5 
x\xi 


XO X3 X4 
x 


XQ X3 X4 
x 5 xo 


XO X3 X4 
x 5 x 


XO X4 X5 

X 2 




XQ X4 £5 


XO X4 X5 


x x 3 x & 


Xo x 3 x 5 


XO X3 X5 


X3 X4 


X3 X4 


Xl X2 
X 2 


X3 X4 


x 


x x 3 


x 3 


X X 3 


x 2 


X3 X 2 


X4 X2 


X 3 Xl 


X4 X5 


X4 X5 


X4 X5 


Xi X2 


X5 XO 


x 5 x 


X5 Xo 


x 5 x 


X5 XO 


X4 Xi 


X 2 Xo 


x 2 


X5 X2 


X2 Xo 


x 2 


X4 X 2 


x 2 


X4 X2 


X5 XO 


X3 X4 


X3X4 


X3 X4 


X3 X5 


X3X 5 


X3 X5 


X0X3 


XO X3 


X5 X 2 


Xl XQ 


X 2 


X 5 Xl 


Xi XQ 


x\ 


X4 Xi 


X 2 


X4 Xl 


XO X3 


X3 X4 


X3 X4 


X3 X4 


X3X 5 


X3 X5 


X3 x 5 


XO X3 


XO X3 


X 5 Xl 


X 2 XQ 


x 2 


X3 X2 


x 2 


X3 X 2 


x 5 x 2 


xi x 


x\ 


x x 3 


X 4 X 5 


X 4 X 5 


X4 X§ 


Xq X4 


Xq X4 


Xq X4 


X4 £5 


X4 X5 


X3 Xi 


X 2 


X 3 Xl 


X S Xl 












X4 X$ 


Xq X4 


Xq X4 


Xo X4 













They correspond to the toric divisors 

-0(0,0,3-1-1) ^(-1,-1,2,0,0) -0(4,0,-1,-1,-1) ^(-1,-1,0,0,2) 
0(0,0,-1,-1,3) 0(0,0,-1,3,-1) ^(-1,-1,0,2,0) -0(0,4,-1,-1,-1) 
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D 


0,0,-1-1-1) 


D 


-1,-1,0,0,0) 


D 


0,0,2,-1,0) 


D 


0,0,1,-1,1) 


D 


-1,-1,1,0,1) 


D 


0,0,0,-1,2) 


D 


0,0,2,0,-1) 


D 


0,0,1,1,-1) 


D 


0,0,0,2,-1) 


D 


-1,-1,1,1,0) 


D 


0,0,-1,0,-1) 


D 


0,0,-1,1,-1) 


D 


0,0,-1,2,-1) 


D 


-1,-1,0,1,0) 


D 


0,3,-1,-1,0) 


D 


0,2,-1,-1,1) 


D 


0,1,-1,-1,2) 


D 


0,1,-1,-1,-1) 


D 


0,2,-1,-1,-1) 


D 


0,3,-1,-1,-1) 


D 


0,0,-1,2,0) 


D 


0,0,-1,1,1) 


D 


-1,-1,0,1,1) 


D 


0,0,-1,0,2) 


D 


0,3,-1,0,-1) 


D 


0,2,-1,1,-1) 


D 


0,1,-1,2,-1) 


D 


0,3,0,-1,-1) 


D 


0,2,1,-1,-1) 


D 


0,1,2,-1,-1) 


D 


1,0,-1,-1,-1) 


D 


2,0,-1,-1,-1) 




3,0,-1,-1,-1) 


D 


3,0,-1,-1,0) 


D 


2,0,-1,-1,1) 


D 


1,0,-1,-1,2) 


D 


3,0,0,-1,-1) 


D 


2,0,1,-1,-1) 


D 


1,0,2,-1,-1) 


D 


3,0,-1,0,-1) 


D 


2,0,-1,1,-1) 


D 


1,0,-1,2,-1) 


D 


0,0,-1,-1,0) 


D 


0,0,-1,-1,1) 


D 


-1,-1,0,0,1) 


D 


0,0,-1,-1,2) 


D 


0,0,0,-1,-1) 


D 


0,0,1,-1,-1) 


D 


0,0,2,-1,-1) 


D 


-1,-1,1,0,0) 


D 


0,2,0,0,-1) 


D 


0,1,1,0,-1) 


D 


0,1,0,1,-1) 


D 


2,0,0,0,-1) 


D 


1,0,1,0,-1) 


D 


1,0,0,1,-1) 


D 


0,1,-1,-1,0) 


D 


0,2,-1,-1,0) 


D 


0,1,-1,-1,1) 


D 


0,1,-1,0,-1) 


D 


0,2,-1,0,-1) 


D 


0,1,-1,1,-1) 


D 


0,2,-1,0,0) 


D 


0,1,-1,1,0) 


D 


0,1,-1,0,1) 


D 


1,0,-1,-1,0) 


D 


2,0,-1,-1,0) 


D 


1,0,-1,-1,1) 


D 


1,0,-1,0,-1) 


D 


2,0,-1,0,-1) 


D 


1,0,-1,1,-1) 


D 


2,0,-1,0,0) 


D 


1,0,-1,1,0) 


D 


1,0,-1,0,1) 


D 


0,1,0,-1,-1) 


D 


0,2,0,-1,-1) 


D 


0,1,1,-1,-1) 


D 


0,2,0,-1,0) 


D 


0,1,1,-1,0) 


D 


0,1,0,-1,1) 


D 


1,0,0,-1,-1) 


D 


2,0,0,-1,-1) 


D 


1,0,1,-1,-1) 


D 


2,0,0,-1,0) 


D 


1,0,1,-1,0) 


D 


1,0,0,-1,1) 











on a MPCR-blowup of Y° inducing 89 non-zero toric divisor classes on the 
mirror X°. The following 30 toric divisors of Y induce the trivial divisor 
class on X° 



-D(i,-i,o,o,o) 

^(-1,0,1,0,0) 

-D(o,o,o,o,-i) 
-D(o,o,o,o,i) 
O(o,o,i,-i,o) 
O(i,o,o,-i,o) 



-0(-i,i,o,o,o) 
O(o,-i,o,o,o) 
O(o,o,i,o,-i) 
O(o,o,-i,o,o) 
O(o,o,o,-i,i) 
O(o,i,o,o,-i) 



0(-i,o,o,o,i) 
O(o,-i,o,o,i) 
-D(o,o,o,i,-i) 
-D(o,o,-i,i,o) 
O(o,i,-i,o,o) 
O(i,o,o,o,-i) 



0(-i,o,o,o,o) 

O(o,-i,i,o,o) 

O(o,o,i,o,o) 

O(o,o,-i,o,i) 

O(i,o,-i,o,o) 

O(o,i,o,o,o) 



0(-i, 0,0,1,0) 

O(o,-i,o,i,o) 

O(o,o,o,i,o) 

O(o,o,o,-i,o) 

O(o,i,o,-i,o) 

O(i,o,o,o,o) 
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Mirror special fiber The ideal Iq of the monomial special fiber Xq of the 
mirror degeneration X° is generated by the following set of monomials in S° 



2/io 2/7 2/12 2/i 2/5 2/9 
2/2 2/io 2/7 2/12 2/i 2/5 
2/2 2/4 2/io 2/i 2/5 2/6 

2/4 2/12 2/3 2/1 2/5 2/9 
2/2 2/4 2/10 2/12 2/8 2/5 
2/2 2/7 2/8 2/3 2/5 2/6 

2/2 2/ii 2/7 2/3 2/i 2/6 

2/7 2/12 2/3 2/1 2/5 2/9 

2/2 2/4 2/io 2/ii 2/8 2/6 
2/2 2/4 2/ii 2/3 2/i 2/6 
2/4 2/io 2/i 2/5 2/9 2/6 

2/2 2/4 2/3 2/1 2/5 2/6 

2/2 2/4 2/io 2/12 2/i 2/5 

2/7 2/8 2/3 2/5 2/9 2/6 

2/io 2/7 2/i 2/5 2/9 2/6 
2/4 2/io 2/ii 2/8 2/9 2/6 

2/io 2/7 2/8 2/5 2/9 2/6 

2/4 2/io 2/ii 2/12 2/i 2/9 
2/io 2/ii 2/7 2/i 2/9 2/6 
2/2 2/io 2/ii 2/7 2/i 2/6 

2/2 2/4 2/12 2/3 2/i 2/5 
2/4 2/8 2/3 2/5 2/9 2/6 



2/2 2/4 2/8 2/3 2/5 2/6 

2/2 2/io 2/ii 2/7 2/8 2/6 

2/4 2/12 2/8 2/3 2/5 2/9 
2/2 2/7 2/12 2/8 2/3 2/5 

2/2 2/io 2/ii 2/7 2/12 2/8 

2/2 2/7 2/12 2/3 2/1 2/5 

2/4 2/ii 2/3 2/i 2/9 2/6 
2/2 2/4 2/io 2/ii 2/12 2/8 
2/H 2/7 2/3 2/i 2/9 2/6 
2/2 2/io 2/ii 2/7 2/12 2/i 
2/2 2/io 2/7 2/i 2/5 2/6 
2/io 2/n 2/7 2/12 2/i 2/9 

2/4 2/10 2/12 2/8 2/5 2/9 
2/n 2/7 2/8 2/3 2/9 2/6 
2/7 2/3 2/1 2/5 2/9 2/6 
2/2 2/4 2/n 2/12 2/8 2/3 

2/2 2/4 2/n 2/12 2/3 2/i 

2/2 2/10 2/7 2/8 2/5 2/6 
2/4 2/n 2/8 2/3 2/9 2/6 
2/4 2/10 2/8 2/5 2/9 2/6 

2/4 2/io 2/n 2/i 2/9 2/6 



2/2 2/4 2/12 2/8 2/3 2/5 

2/io 2/H 2/7 2/8 2/9 2/6 

2/2 2/7 2/3 2/1 2/5 2/6 
2/7 2/12 2/8 2/3 2/5 2/9 
2/2 2/4 2/10 2/8 2/5 2/6 
2/2 2/11 2/7 2/8 2/3 2/6 

2/io 2/11 2/7 2/12 2/8 2/9 
2/2 2/4 2/io 2/n 2/12 2/i 

2/10 2/7 2/12 2/8 2/5 2/9 

2/n 2/7 2/12 2/3 2/i 2/9 
2/2 2/4 2/n 2/8 2/3 2/6 
2/2 2/n 2/7 2/12 2/3 2/i 

2/11 2/7 2/12 2/8 2/3 2/9 
2/2 2/10 2/7 2/12 2/8 2/5 

2/4 2/10 2/H 2/12 2/8 2/9 

2/4 2/11 2/12 2/8 2/3 2/9 
2/4 2/3 2/1 2/5 2/9 2/6 

2/2 2/4 2/io 2/n 2/i 2/6 

2/2 2/11 2/7 2/12 2/8 2/3 

2/4 2/io 2/12 2/i 2/5 2/9 
2/4 2/H 2/12 2/3 2/1 2/9 



Indeed already the ideal 



7° 
J o 



2/2 2/4 2/3 2/1 2/5 2/6 2/10 2/11 2/7 2/12 2/8 2/9 ) 

70S _ 



defines the same subvariety of the toric variety Y°, and Jq = Iq . Recall that 
passing from Jq to Jq S is the non-simplicial toric analogue of saturation. 

The complex B (I)* labeled by the variables of the Cox ring S° of Y*, as 
written in the last section, is the complex SP (Iq) of prime ideals of the toric 
strata of the special fiber Xq of the mirror degeneration X°, i.e., the primary 
decomposition of Iq is 

io = (2/1, 2/s) n (2/2, 2/9) n (2/n, 2/5) n (2/6, 2/12) n (2/3, 2/10) n (2/7, 2/4) 

Each facet F E B (I) corresponds to one of these ideals and this ideal is 
generated by the products of facets of V containing F. 
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Covering structure in the deformation complex of the degeneration 

X According to the local reduced Grobner basis each face of the complex of 
deformations dual (B (/)) decomposes into 2 polytopes forming a 2 : 1 trivial 
covering of B (I) 

0, 
0, 

[[<y 5 > , (yn)] - [2, 4, 6, 8] v , [(y 6 > , (y 12 )] » [3, 4, 5, 6, 7, 8] v , 
-..], 

[[(l/6,y2),(yi2,y9)]^[3,4,7,8] v , 
[(3/2,2/4) , (2/7,2/9)] >-»■ [l,3,7] v , 
-..], 

[[(2/i,2/6, 2/4) , (2/7, 2/8, 2/12)] >-»• [5, 7] v , 
-..], 

[[(2/1, 2/2, 2/3, 2/4) , (2/7, 2/8, 2/9, 2/io)] >-»• [1] V , 



Here the faces F & B (I) are specified both via the vertices of F* labeled 
by the variables of S* and by the numbering of the vertices of B (I) chosen 
above. 

This covering has 2 sheets forming the complexes 

[], 
[], 

[(2/11), (2/12),-.], 
[(2/12, 2/9), (2/7, 2/g),--], 
[(2/7,2/8,2/12) ,-], 

[(2/7, 2/8, 2/9, 2/io), •••], 

[] 
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with F-vector 



[<S/5> , <3/6> , — ]> 

[(2/6,2/2) , (1/2,1/4) , •••] 
[(2/1,2/6,2/4) , •••], 

[<3/i,2/2,2/3,3/4> , — ], 



Dimension 

1 
2 
3 



Number of faces 
6 

14 
16 

8 



F-vector 

(1,1,0,0,0,0,0) 

(1,2,1,0,0,0,0) 

(1,3,3,1,0,0,0) 

(1,4,6,4,1,0,0) 



point 
edge 
triangle 
tetrahedron 



Writing the vertices of the faces as deformations the covering is given by 



[( t) > (i^U)l " [2> 4, 6, 8] v , [(^) , (^)] - [3, 4, 5, 6, 7, 8] 
••], 

[/ / _> [3 4 7 8 ]v 

L \ xi x 2 ' X1X2 / ' \ x x 4 xg xq x$ X4 J J L ' ' ' J 

/ JEL xA / _^sf_\] _> [i, 3, 7] v , 

\ Zi £2 XI / ' \ XQ X3 X4 X5 ' XQ X3 X4 / J L , J J J 

[/ jai 2a\ / El _*4?_ -2a?_\] _> [5 7 ]v 

L \ XI X2 ' £1 £2 ' XI / ' \ Xo X3 X4 X5 ' Xo X3 25 ' £0 £4 x 5 / 
"], 

r/ xj x 5 2 xq 2 X2.\ / x\ x 4 3 x 5 3 xq 3 \l ^ hlV 

L\ Xi X2 ' Xl X2 ' Xl X2 ' Xl / ' \ Xo X3 X4 X5 ' Xo X3 X5 ' Xo X3 X4 ' X3 X4 X5 / J L J ' 
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with 2 sheets forming the complexes 



Xq X 3 X4 X5 



Xq X4 X5 



Xo X4 £5 7 Xo X 3 X4 



X 



XT, 



£4 



XQ X 3 X4 X 5 7 X X 3 X4 
X3 3 



xo x 3 X4 X5 7 xo x 3 x$ 7 xo X4 X5 



X4" 



■ny 



X X 3 X4 X 5 7 XQ X 3 X 5 7 XQ X 3 X4 7 X 3 X4 x 5 



xi 



XI 

Xl X2 ' Xl X2 I ' \ X\ X2 ' X\ 
2 



X-, 



c 4 X3 



X\ X2 7 1112 xi 



xp" 



:<'2 



II X2 7 11X2 ' Xl X2 7 XI 



Note that the torus invariant basis of deformations corresponding to a Bergman 
face is given by the set of all lattice points of the polytope specified above. 



Limit map The limit map lim : B (7) — > Poset (A) associates to a face F 
of B (I) the face of A formed by the limit points of arcs lying over the weight 
vectors w £ F, i.e. with lowest order term t w . 

Labeling the faces of the Bergman complex B (I) C Poset (V) and the 
faces of Poset (A) by the corresponding dual faces of V* and A*, hence 
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considering the limit map lim : B (I) — > Poset (A) as a map B (I)* 
Poset (A*), the limit correspondence is given by 

0, 

[(yi, 1/2, 1/3, 1/7, 1/8, 1/9, 1/10, 1/4) l-> (Xl, X3) , -..], 
[(1/1,1/6,1/7,1/8,1/12,1/4) i-> (xi,x 5 ,x ) ,...], 

[(l/6, 1/2, 1/12, 1/9) >-> (Xi, X 2 , X 4 , X ) , (?/2, 1/7, 1/9, 1/4) >-> (Xl, X 3 , X 4 , X ) , 
-..], 

[(l/ll, 1/5) ^ (^2, X 3 , X 4 , X 5 , £ ) , (l/6, I/12) l-> (Xi, X 2 , X 4 , X 5 , Xq) , 



The image of the limit map coincides with the image of [i and with the 
Bergman complex of the mirror, i.e. lim (B (I)) = fi(B (I)) = B (I*). 

Mirror complex Numbering the vertices of the mirror complex /i (B (I)) 

as 

1 = (5, -1, -1, -1, -1) 2 = (-1, 5, -1, -1, -1) 
3 = (-1,-1,5,-1,-1) 4 = (-1,-1,-1,5,-1) 
5 = (-1, -1, -1, -1, 5) 6 = (-1, -1, -1, -1, -1) 

H(B (I)) C Poset (A) is 
[], 

[[3], [1], [5], [4], [2], [6]], 

[[3, 5], [3, 4], [4, 6], [2, 5], [2, 6], [4, 5], [2, 4], [2, 3], [1, 6], [1, 5], [1, 3], [1, 4], 
[5, 6], [3, 6]], 

[[2, 3,4], [1,3,4], [3,4, 6], [3, 4, 5], [2, 5, 6], [2,4, 6], [2, 4,5], [1,5, 6], 
[1,4, 6], [1, 4, 5], [4, 5, 6], [3, 5, 6], [2, 3, 6], [2, 3, 5], [1, 3, 6], [1, 3, 5]], 

[[2, 4, 5, 6], [1, 4, 5, 6], [2, 3, 5, 6], [1, 3, 5, 6], [2, 3, 4, 6], [1, 3, 4, 6], 
[2,3,4,5], [1,3,4,5]], 

0,0 280 



The ordering of the faces of \x (B (I)) is compatible with above ordering of 
the faces of B (J). The F- vectors of the faces of /i (B (J)) are 



Dimension Number of faces F-vector 

1 8 (1,2,1,0,0,0,0) edge 

2 16 (1,3,3,1,0,0,0) triangle 

3 14 (1,4,6,4,1,0,0) tetrahedron 

4 6 (1,5,10,10,5,1,0) 

The first order deformations of the mirror special fiber Xq correspond to 
the lattice points of the dual complex (fi (B (/)))* C Poset (A*) of the mir- 
ror complex. We label the first order deformations of Xq corresponding to 
vertices of A* by the homogeneous coordinates of Y 

x = x — us yu 4 _ _ y4 2/7 4 

1 (1,0,0,0,0) yi y 2 ^ y y 6 2 (0,1,0,0,0) y { y^ y y^ y % 

x = Xl — y l yi2 X = Xl — y ^ v 

3 (0,0,1,0,0) 2/7 2/8 2/9 2/11)2/11 4 (0,0,0,1,0) 2/72/92/102/112/142 

x = xi \— V2V x = xi — y ^ y 

5 (0,0,0,0,1) 2/7 2/8 2/10 2/11 J/12 (- 1 :- 1 :- 1 :- 1 :-!) J/7 2/8 2/9 2/11 J/12 

So writing the vertices of the faces of (/x (B (/)))* as homogeneous coordinates 
of Y, the complex (/i (B (/)))* is given by 



[(xi, X 3 ) , (x 2 , X 3 ) , (xi, X 4 ) , (x 2 , X 4 ) , (X!,X 5 ) , (x 2 , X 5 ) , (x 1 ,X ) , 

(x 2 ,x )\, 

[{xi,x 5 , x ) , (x 2 , x 5 , x ) , (x 1 ,x 2 , x 5 ) , (xi,x 2 , x ) , (xi,x 3 , X 4 ) , (xi, X 3 , x 5 ) , 

{X 1 ,X 3 , Xq) , (X 2 , X 3 , X 4 ) , (X 2 , X 3 , X 5 ) , (x 2 , X 3 , Xq) , (x 1 ,X 2 , X 3 ) , (x U X 2 , X 4 ) , 

(xi,x 4 ,x 5 ) , (xi,x 4 ,x ) , (x 2 ,x 4 ,x 5 ) , (x 2 ,x 4 ,x )], 

\(x 1 ,X 2 , X 4 , Xq) , (x±,X 2 , X5, Xo) , (xi,X 2 , X 3 , X5) , (xi, X 3 , X4, Xq) , (xi, X 3 , X4, X5) , 
(xi, X 2 , X 3 , X ) , (xi,X 3 , X 5 , Xq) , (xi, X 4 , X 5 , Xq) , (x 2 , X 3 , X 4 , X 5 ) , (x 2 , X 3 , X4, Xq) , 
(x 2 ,X 4 ,X 5 ,X ) , (x 2 ,X 3 ,X 5 ,X ) , (xi,x 2 ,x 3 ,x 4 ) , (xi , X 2 , X 4 , X 5 )] , 

[(xi, x 2 , x 4 , x 5 , x ) , (x 2 , x 3 , x 4 , x 5 , x ) , (xi, x 2 , x 3 , x 4 , x ) , (xi, x 2 , x 3 , x 5 , x ) , 
(Xi,X 3 ,X 4 ,X 5 ,Xo) , (xi,x 2 ,x 3 ,x 4 ,x 5 )], 
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The complex /i (B (/))* labeled by the variables of the Cox ring S gives the 
ideals of the toric strata of the special fiber X of X, i.e. the complex SP (7 ), 
so in particular the primary decomposition of Iq is 

= (x 1 , x 4 ) n (x 2 , x 3 ) n (xi, x 3 ) n (x 2 , x ) n (x ± , x ) n (xi, x 5 ) n 
n (x 2 ,x 4 ) n (x 2 ,x 5 ) 

Covering structure in the deformation complex of the mirror de- 
generation Each face of the complex of deformations (fi(B(I)))* of the 
mirror special fiber Xq decomposes as the convex hull of 2 polytopes forming 
a 2 : 1 trivial covering of /J, (B (J)) V 



[], 

0, 

[[(xj ,(x 3 )]^ ( Xl ,x 3 y v = [2,4,5,6]\ 
...], 

[[(xi) , (x 5 , x )] i-> (xi, x 5 , x )* v = [2, 3, 4] v , 

...], 

[[{Xl, X 2 ) , (x 4 , Xq)] h-> (Xi, X 2 , X 4 , X )* V = [3, 5] V , 
[{Xi) , (X 3 , X 4 , Xq)] ^ (X 1 ,X 3 , X 4 , X )* V = [2, 5] V , 

...], 

[[(^2) , (x 3 ,x 4 ,x 5 ,x )] i-> (x 2 ,x 3 ,x 4 ,x 5 ,x )* w = [l] v 

[{Xi, X 2 ) , (x 4 , X 5 , Xq)} h-> (Xi, X 2 , X 4 , X 5 , X )* V = [3] V , 



Due to the singularities of Y° this covering involves degenerate faces, i.e. 
faces G h-> F v with dim (G) < dim (F v ). 

Mirror degeneration The space of first order deformations of Xq in the 
mirror degeneration X° has dimension 6 and the deformations represented 
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by the monomials 

{ yiyr 4 vh^ 2/5 yn 4 2/? 2/8 3 vivo 3 ~\ 

2/12/22/32/52/6 2/7 ys 2/9 2/10 2/11 2/12/22/32/42/6 2/72/92/102/112/12 2/72/82/102/112/12 I 

2/I2/10 3 [ 

2/7 2/8 2/9 2/11 2/12 J 

form a torus invariant basis. The number of lattice points of the dual of the 
mirror complex of / relates to the dimension h 1,2 (X°) of complex moduli 
space of the generic fiber X° of X° and to the dimension h 1,1 (X) of the 
Kahler moduli space of the generic fiber X of X via 

|supp ((// {B (/)))*) n N\ = 6 = 5 + 1 

= dim (Aut (Y°)) + h 1 ' 2 (X°) = dim (T) + h 1 ' 1 (X) 

The mirror degeneration 1° C V° x Spec C [£] of X is given by the ideal 

1° C S°(g)C [t] generated by 

* ( s 4 ylvi + s 5 y\y\ + s 6 yjyf + s 2 y%yf 2 ) + y 10 y u y 7 y 12 y 8 2/9 

t (si ybr + s 3 ylytJ + y 2 2/4 2/3 yi 2/5 y& 

ts4 yfyl + 3/io yu vi yi2 yi 2/9 ts 5 ylyl + y 2 yw yu yi yu y& 
tsi 2/72/4 + y2 yi 2/3 yi 2/5 ye ts 2 yly\ 2 + y w yu 2/7 y% 2/9 ye 
*«6 vivfo + 2/7 2/12 Va 2/3 2/9 ts 3 y^y 5 + y 2 y 4 yn y 3 yi ye 

and 56 monomials of degree 6 
Indeed already the ideal J° generated by 

t(si y\yj + s 3 2/52/11) + 2/2 y± 2/3 yi 2/5 ye, 
t(s4 y\yt + S5 2/I2/9 + s e yfyfo + s 2 y\y\ 2 ) + 2/10 yu 2/7 2/12 2/8 2/9 

defines X°. 

Contraction of the mirror degeneration In the following we give a 
birational map relating the degeneration X° to a Greene-Plesser type orbi- 
folding mirror family by contracting divisors on Y°. See also Section 9.13 
below. 

In order to contract the divisors 
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2/4 - U(-i, 1,0,0,0) - — x 2/5 - 2/(1,-1,0,0,0) - — 

x 3 

2/8 = 2/(0,0,-1,3,-1) = X0X 3 XS 2/9 = 2/(0,0,-1,-1,3) = " 

2/io = 2/(0,0,-1,-1,-1) = xs^k = 2/(0,0,3,-1,-1) = 



consider the Q-factorial toric Fano variety Y° = X , where S° = 

Fan C Mr is the fan over the Fano polytope P° C Mr given as the 

convex hull of the remaining vertices of P° = V* corresponding to the Cox 



variables 

X 2 X 4 
2/6 = 2/(-l -1,2,0,0) = ^ J/" = 2/(4,0,-1,-1,-1) = X0Z3X4X5 

2/2 = 2/(-l,-l,0,0,2) = ^ 2/1 = 2/(-l,-l,0,2,0) = ^ 

X 4 X 2 

2/7 = 2/(0,4,-1,-1,-1) = XQX3 l 4X5 2/3 = 2/(-l,-l,0,0,0) = ^ 

of the toric variety Y° with Cox ring 

S° = C[y 6 ,y 11 ,y 2 ,yi,y7,V3] 

The Cox variables of Y° correspond to the set of Fermat deformations of X. 
Let 

Y° = X(S°) -> X = f° 

be a birational map from F° to a minimal birational model Y°, which con- 
tracts the divisors of the rays S° (1) — S° (1) corresponding to the Cox vari- 
ables 

2/4 2/5 2/8 2/9 2/10 2/12 

Representing F° as a quotient we have 

Y° = (c 6 -v (b (£°))) /A? 

with 

G° = Z 2 x Z 2 x Z 8 x (C*) 1 

acting via 

£y = [u 1 V 1 - J/ 6 , Uj u\ Vi ■ 2/11, «2 «1 ' 2/2, «1 «2 «| v l ' 2/l, «1 «3 «l • 2/7, «1 • 2/3) 
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for f = (ui,U2,«3,Ui) e G° and y G C 6 - V (b (£"))• 
Hence with the group 

H° = Z 2 x Z 2 x Z 8 
of order 32 the toric variety Y° is the quotient 

Y° = P 5 /H° 

of projective space P 5 . 

The first order mirror degeneration X 10 induces via Y — > Y° a degener- 
ation X 10 C F° x SpecC [t] / (t 2 ) given by the ideal / lo C 5° (g) C [t] / (t 2 ) 
generated by the Fermat-type equations 

2/i V2 V3V6 + t(s 6 y* + s 5 yj x ), 
Vi 2/ii + t(si y\ + s 3 y| + s 4 j/| + s 2 y$) 

Note, that 

supp ((// (B (/)))*) nJV- Roots - dim (7> c ) = 6 - 5 = 1 

so this family has one independent parameter. 

The special fiber Xq C Y° of X lG is cut out by the monomial ideal Iq C S* 
generated by 

{ y\V2Vzy% y7yn } 



The complex SP [Iq\ of prime ideals of the toric strata of Xq is 



0, 
0, 

[(yi, 2/7) , (2/6, 2/11) , (yn, V2) , (vn,yi) , (yi, 2/3) , (yu, 2/3) , 
(2/6,2/7) , (2/2,2/7)], 

[(2/11, 2/2, 2/3) , (yu, 2/2, 2/1) , (2/6, yu, 2/1) , (2/11, 2/1, 2/7) , (2/6, 2/11, 2/7) , 
(2/6, 2/2, 2/7) , (yu, yi, 2/3) , (2/1, 2/7, 2/3) , (2/6, 2/1, 2/7) , (2/2, 2/1, 2/7) , 
(2/2, 2/7, 2/3) , (2/6, 2/11, 2/2) , (2/11, 2/2, 2/7) , (2/11, 2/7, 2/3) , (2/6, 2/7, 2/3) , 
(2/6,2/11,2/3)], 
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[{ye, 2/n, 2/7, 2/3) , (2/6, 2/11, 2/2, yi) , (2/2, 2/1, 2/7, 2/3) , {yn, 2/1, 2/7, 2/3) , 
(2/11, 2/2, 2/1, 2/3) , (2/6, 2/2, 2/7, 2/3) , (2/6, 2/i, 2/7, 2/3) , (2/6, 2/11, 2/2, 2/7) , 

(2/6, 2/11, 2/2, 2/3) , (2/11, 2/2, 2/7, 2/3) , (2/6, 2/11, 2/i, 2/7) , (2/6, 2/2, 2/1, 2/7) , 
(2/11, 2/2, 2/1, 2/7) , (2/6, 2/11, 2/1, 2/3)], 

[(2/11, 2/2, 2/1, 2/7, 2/3) , (2/6, 2/2, 2/1, 2/7, 2/3) , (2/6, 2/11, 2/1, 2/7, 2/s) , (2/6, 2/n, 2/2, 2/7, 2/s) , 
(2/6, 2/n, 2/2, 2/1, 2/3) , (2/6, 2/n, 2/2, 2/1, 2/7)], 





so Jg nas the primary decomposition 

jo = (yn, 2/i) n (2/11, 2/2) n (y 6 , yn) n (2/7, 2/3) n (yn, 2/3) n (2/6, 2/7) n 
n(y 2 ,y 7 )n(y 1 ,y 7 ) 

The Bergman subcomplex _B (J) C Poset (V) induces a subcomplex of Poset 
V = corresponding to 7q. Indexing of the vertices of V by 

1 = (1,1,3,0,0) 2= (|,-i,0,0,0) 

3= |,|,0,0,3) 4= (1,1,0,3,0) 

5 = (-1, f , 0, 0, 0) 6 = (-§, -§, -3, -3, -3) 

this complex is given by 

[[1], [2], [3], [4], [5], [6]], 

[[3, 4], [5, 6], [1,2], [1,3], [1,5], [2, 4], [2, 3], [4, 6], [4, 5], [1,4], [3, 6], 
[2,6], [1,6], [3,5]], 

[[1,4, 5], [1,5, 6], [3, 5, 6], [1,3, 6], [3, 4, 6], [2, 4, 6], [1,3, 5], [1,2, 3], 
< [2, 3, 6], [1,2, 6], [1,2, 4], [4, 5, 6], [1,4, 6], [1,3, 4], [2, 3, 4], [3, 4, 5]], 

[[1, 2, 3, 6], [3, 4, 5, 6], [1,4, 5, 6], [1, 3, 5, 6], [1, 2, 3, 4], [1, 3, 4, 5], 
[2,3,4,6], [1,2,4,6]], 

0, 
, [] 
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8.12.4 The Calabi-Yau threefold given as the complete intersec- 
tion of two generic cubics in P 5 

Setup Let Y = P 5 = X (£), £ = Fan (P) = NF (A) C N R with the Fano 
polytope P = A* given by 

/ (5,-1,-1,-1,-1) (-1,5,-1,-1,-1) \ 
A = convexhull (-1,-1,5,-1,-1) (-1,-1,-1,5,-1) C M M 
V (-1,-1,-1,-1,5) (-1,-1,-1,-1,-1) j 

and let 

S = C[x ,x 1 ,x 2 ,x 3 ,x 4 ,x 5 \ 
be the Cox ring of Y with the variables 

x i — ^(1,0,0,0,0) x 2 = ^(0,1,0,0,0) 
^3 — ^(0,0,1,0,0) X A — ^(0,0,0,1,0) 
^5 — ^(0,0,0,0,1) ^0 — ^(-1,-1,-1,-1,-1) 

associated to the rays of X. 

Consider the degeneration X C Y x Spec C [t] of complete intersection 
Calabi-Yau 3-folds of type (3, 3) with monomial special fiber 

I = ( Xi x 2 x 3 x x a x 5 ) 

The degeneration is given by the ideal / C S®C [t] with 7 -reduced generators 

X 1 X 2 X 3 + t(si xf + ... + S 21 x\ + ... + S 36 xf + ... + S 46 x\ + ... + S51 Xg + 

... + s 54 xl), 

x x 4 x 5 + t(s 55 x\ + ... + S 7 5 ^2 + ••• + s 90 x l + ■■■ + Sl00 x \ + ••• + Sl05 x l + 
... + Sios^o) 

Special fiber Grobner cone The space of first order deformations of X 
has dimension 108 and the deformations represented by the Cox Laurent 
monomials 



x 5 x 2 x\x 5 £3X1 2 



Xj £5 2 

XI X 2 X 3 



XQ XA X$ 



XO X4 X5 



x\xp 



X\ Xo 


X3 


x? 




XQ X4 


XT, 


x 





X\ X2 X3 



xi x 2 x 3 

X2 XI 2 
XQ X4 X5 



X\ X2 X3 



X4 XQ 2 

XI x 2 x 3 

X0 XA X5 
XI X2 X3 



XI X2 X3 
X3 X2 2 
XO X4 X5 
X5 X\ 
X2 X3 



XiX 2 X 3 

X3X2 
XO X4 X5 
X4 X5 
XI X3 



xo x 4 x 5 
XO X4 X5 

X5 XQ 

XI X3 
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Xo X4 


4 


X4 x 5 


Xo X4 


x 5 xo 


X3 Xl 


4 


X2 X 3 


X 5 Xo 


X2 X3 


Xl X3 


X2 X3 


X 5 x 


X3X1 


Xl x 


X2 x 


X3 XQ 


X3 Xl 


X2 X3 


X3 Xl 


x 


X4X0 

x 3 


X 4 X 5 

4 


X4 x 5 


X 4 X 5 
Xo X4 


X4 X 5 

x D xo 


Xo X4 
X3 Xo 


Xl X2 
X4 X 


Xl X 2 
X4 X3 


Xl X2 

Xo X3 


Xl X 2 
X2 Xl 


Xl X2 
X2 Xl 


Xl X2 
X2 Xl 


Xl X 2 
^1 


Xl X 2 
■^4 


Xl X2 
2 

x 


Xl X2 
2 


X4 Xs 


Xo X4 


XO Xo 


XO X4 


X2 X3 


Xq 


X a XI 


X4 Xl 


X2 X3 


X2 X3 


Xo X2 


X4 X D 


XI X3 


XO X4 


XO go 


XQ X4 

4 


X X o 


XO X4 


X4 X2 


x 2 


x 2 


4 


4 


X X3 


xo x 5 


Xo X4 


XO x 5 


X4 Xo 

4 


X4 X 
X4 


X4 X 
x 


XQ X4 

4 


X4 Xz 


4 


x 3 


XO X5 

4 


XQ X4 
x 4 


XO x 5 

4 


Xo X4 
X5 X 2 


XO X5 
X4 X2 


X2 X3 

xi xo 


X2 X3 
X 2 XQ 


Xl x 3 
X4 Xl 


Xl x 3 
X4 


X2 X3 
Xl 


Xl x 3 
Xl 


Xl X3 
X2 


X2 X3 
X2 


Xl X3 
X2 


X2 X3 
Xl 


X2 
Xl 


X4 
Xo 


X3 
X3 


X4 
23 


Xo 
25 


X3 
X4 


XO 
25 


X'o 
X4 


X4 
X3 


X4 
25 


x 5 
X4 


X4 
X2 


Xo 
XQ 


x 3 
X2 


x 3 
Xo 


Xo 
X5 


XQ 
X3 


X 
Xl 


Xo 
X4 


Xl 
£5 


Xl 

X3 


X2 

XQ 


X2 

XQ 


X2 


x 2 


Xl 


Xl 


XI 


X 3 


Xo 











form a torus invariant basis. These deformations give linear inequalities 
denning the special fiber Grobner cone, i.e., 

C Io (I) = {(w t , w y ) el$Wt I (w, A" 1 (m)> > -w t \/m) 

for above monomials m and the presentation matrix 



A = 



1 

















1 

















1 

















1 

















1 


-1 


-1 


-1 


-1 


-1 



of A 4 (Y). 

The vertices of special fiber polytope 

v = c Io (I) n {w t = 1} 

and the number of faces, each vertex is contained in, are given by the table 
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10 



16 



(0,0,0,1,0) (0,0,0,0,1) (-1,-1,-1,-1,-1) (1,0,0,0,0) 
(0,1,0,0,0) (0,0,1,0,0) 

(1,0,0,1,0) (0,1,0,1,0) (0,0,1,1,0) (1,0,0,0,1) 

(0,1,0,0,1) (0,0,1,0,1) (0,-1,-1,-1,-1) (-1,0,-1,-1,-1) 

(-1,-1,0,-1,-1) 



The number of faces of V and their F- vectors are 



Dimension Number of faces F-vector 



-1 


1 


(0,0,0,0,0,0,0) 







15 


(1,1,0,0,0,0,0) 


point 


1 


42 


(1,2,1,0,0,0,0) 


edge 


2 


27 


(1,4,4,1,0,0,0) 


quadrangle 


2 


26 


(1,3,3,1,0,0,0) 


triangle 


3 


6 


(1,4,6,4,1,0,0) 


tetrahedron 


3 


30 


(1,6,9,5,1,0,0) 


prism 


4 


6 


(1,8,16,14,6,1,0) 




4 


6 


(1,9,18,15,6,1,0) 




5 


1 


(1,15,42,53,36,12,1) 





The dual P° = V* of V is a Fano polytope with vertices 



(-1,-1,-1,0,3) 

(2,-1,-1,0,0) 

(0,0,0,-1,2) 



(-1,-1,-1,0,0) 
(-1,-1,-1,3,0) 
(0,0,0,-1,-1) 



(-1,2,-1,0,0) 
(0,3,0,-1,-1) 
(3,0,0,-1,-1) 



(-1,-1,2,0,0) 
(0,0,3,-1,-1) 
(0,0,0,2,-1) 



and the F-vectors of the faces of P° are 



Dimension Number of faces 
-1 1 
12 



F-vector 

(0,0,0,0,0,0,0) 

(1,1,0,0,0,0,0) point 
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1 


36 


(1,2,1,0,0,0,0) 


edge 


2 


15 


(1,4,4,1,0,0,0) 


quadrangle 


2 


38 


(1,3,3,1,0,0,0) 


triangle 


3 


24 


(1,4,6,4,1,0,0) 


tetrahedron 


3 


18 


(1,6,9,5,1,0,0) 


prism 


4 


9 


(1,8,16,14,6,1,0) 




4 


6 


(1,5,10,10,5,1,0) 




5 


1 


(1,12,36,53,42,15,1) 





The polytopes V and P° have as the unique interior lattice point, 
and the Fano polytope P° defines the embedding toric Fano variety Y° = 
X (Fan (P°)) of the fibers of the mirror degeneration. The dimension of the 
automorphism group of Y° is 

dim(Aut (Y°)) = 5 

Let 

S° = C[yi,y 2 ,-,yi2] 
be the Cox ring of Y° with variables 



Vi = V(-i -1,-1,0,3) 

1/4 = y(-l,-l,2,0,0) = 
Vl = 1/(0,3,0,-1,-1) = 

yio = 1/(0,0,0,-1,-1) : 



XI X 2 X;i 



X\ X2 



XQ Xa X§ 



Xd_ X§ 



V2 = 
V5 = 

ys = 

Vn 



V(-i, -1,-1,0,0) 

1/(2,-1,-1,0,0) = 
1/(0,0,3,-1,-1) = 
= 1/(3,0,0,-1,-1) : 



Xl X2 Xz 



XT 



X2 X% 



X{) X^Xfj 

y.3 



X- 



Xq X4 Xr } 



1/3 = 
1/6 = 
1/9 = 
1/12 



V(-l,2 -1,0,0) = 
V(-l, -1,-1,3,0) 
1/(0,0,0,-1,2) = 
= 1/(0,0,0,2,-1) 



xi x :i 



Xa 



Xl X2 X3 



Xq Xa 



Xq Xs 



Bergman subcomplex Intersecting the tropical variety of / with the spe- 
cial fiber Grobner cone C/ (/) we obtain the special fiber Bergman subcom- 
plex 

B(i) = c Io (i)nBF(i)n{w t = i} 

The following table chooses an indexing of the vertices of V involved in B (I) 
and gives for each vertex the numbers riy and of faces of V and faces of 
B (I) it is contained in 
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n\7 n B (i) 



16 



1 = (1,0, 0,1,0) 
3 = (0,0,1,1,0) 
5 = (0,1,0,0,1) 
7 = (0,-1,-1, - 
9 = (-l,-l,0,- 



1,-1) 
1,-1) 



2 = (0,1, 0,1,0) 
4 =(1,0, 0,0,1) 
6 = (0,0,1,0,1) 
8 = (-1,0,-1,-1, 



1) 



With this indexing the Bergman subcomplex B (I) of Poset (V) associated 
to the degeneration X is 



[], 

[[1], [2], [3], [4], [5], [6], [7], [8], [9]], 

[[3, 9], [3, 6], [1, 4], [1, 7], [6, 9], [7, 9], [7, 8], [8, 9], [4, 7], [4, 6], [4, 5], 
[5, 6], [5, 8], [1,2], [1,3], [2, 8], [2, 3], [2, 5]], 

[[1, 2, 4, 5], [1, 3, 4, 6], [1, 3, 7, 9], [4, 6, 7, 9], [4, 5, 7, 8], [4, 5, 6], 
[1, 4, 7], [1, 2, 7, 8], [5, 6, 8, 9], [7, 8, 9], [2, 5, 8], [3, 6, 9], [1, 2, 3], 
[2,3,8,9], [2,3,5,6]], 

[[2, 3, 5, 6, 8, 9], [1, 2, 3, 4, 5, 6], [1, 2, 4, 5, 7, 8], [4, 5, 6, 7, 8, 9], 
[1,2, 3, 7, 8, 9], [1,3, 4, 6, 7, 9]], 

0, 




B (I) has the F-vector 



Dimension —10 1 2345 
Number of faces 9 18 15 6 



and the F-vectors of its faces are 



Dimension Number of faces F-vector 

9 (1,1,0,0,0,0,0) point 
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1 

2 
2 
3 



18 (1,2,1,0,0,0,0) edge 

9 (1,4,4,1,0,0,0) quadrangle 

6 (1,3,3,1,0,0,0) triangle 

6 (1,6,9,5,1,0,0) prism 



Dual complex The dual complex dual (B (I)) = (B (I))* of deformations 
associated to B (J) via initial ideals is given by 



when writing the vertices of the faces as deformations of X . Note that the 
T-invariant basis of deformations associated to a face is given by all lattice 
points of the corresponding polytope in Mr. 

In order to compress the output we list one representative in any set of 
faces G with fixed F- vector of G and G*. 

When numbering the vertices of the faces of dual (B (I)) by the Cox 
variables of the mirror toric Fano variety Y° the complex dual (B (J)) is 




XI X2 X3 ' X\ XI X3 ' xo 15 ' X4 xr, 



**'4 **'4 -*-() 
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[], 

[[2, 3, 5, 6, 8, 9]* = <2/ 5 , 3/n> , 

[[1, 2, 4, 5]* = (y 2 , 2/4, 2/8, Vw) , [4, 5, 6]* = (y 6 , y 2 , y 12 , Vw) ,•••], 
[[3, 9]* = (2/1,2/3, 2/5, 2/7, 2/11, 2/9) ,...], 
[[1]* = (2/1,2/2,2/3,2/4,2/7,2/8,2/9,2/10) ,•••], 




The dual complex has the F- vector 



Dimension -101 2 345 
Number of faces 6 15 18 9 



and the F- vectors of the faces of dual (B (J)) are 



Dimension Number of faces F-vector 

1 6 (1,2,1,0,0,0,0) edge 

2 15 (1,4,4,1,0,0,0) quadrangle 

3 18 (1,6,9,5,1,0,0) prism 

4 9 (1,8,16,14,6,1,0) 



Recall that in this example the toric variety Y is projective space. The 
number of lattice points of the support of dual (B (I)) relates to the dimension 
h 1,2 (X) of the complex moduli space of the generic fiber X of X and to the 
dimension h 1 ' 1 (X°) of the Kahler moduli space of the MPCi?-blowup X° 
of the generic fiber X° of the mirror degeneration 

|supp (dual (B (/))) n M\ = 108 = 35 + 73 = dim (Aut (Y)) + h 1 ' 2 (X) 

= 30 + 5 + 73 

= (Roots (Y) I + dim (TV) + h 1 ' 1 (X°) 

There are 

h 1 ' 2 (X) + dim(T y o) = 73 + 5 
non-trivial toric polynomial deformations of X 
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x\ 


x\ 


T 2 

Xq 


r 3 

Xq 


x| 


Xq Xa X5 


X2 X3 
2 


X4 Xs 


Xl X2 X3 
2 


X() X4 X5 
2 


x 2 


x 2 


X3 Xo 


X3 


Xq 


x x 4 x 5 


Xl x 3 


X4 X5 


X4X5 


Xl x 2 


x 2 


X5 X2 


X5 X 2 


4 


x\ 


Xq X4 
X4 X3 


Xo X4 

xl 


Xl X3 
X4 Xo 2 


Xl X3 
xjxo 


Xo x 5 
x 3 X2 2 


XI X2 


Xl X2 


XI X2 X3 


XI X2 X3 
X 4 


Xo X4 X5 


x\ 


X4 X\ 


X4 Xl 


xo Xf, 
x 5 xo 2 


xo x§ 
x\xo 


X2 X3 

x\ 


X2 X3 
X5 Xl 


XI X2 X3 
X5 Xi 


XI X2 X3 
X\ X2 


Xl X2 X3 
Xl x 2 


Xo X4 
X2 X3 


XQ X4 
X2 X3 


X2 X3 
Xl X2 


Xo X4 
X4 Xo 


X4 X5 
X4 Xo 


X4 X 5 
Xl x 3 


XQ X4 
XO X5 


X X 5 
x x 5 


Xl X2 


X2 X 3 


XQ X5 


Xl X2 


xi X3 



x 2 


r 2 
x 4 


x\ 


T 2 


r 3 
x 5 


Xl X2 


Xo X5 


Xl X2 X3 
2 


Xo X4 
2 


Xl X2 X3 


X3 x O 


X2 Xo 


x 2 


Xq 


X2 X 


Xl x 2 


X4 X5 


X4X5 


Xl x 3 


Xl x 3 


X4 x 2 


X4 x 2 


X4 


X 2 


X4X3 


XO X5 
x\x2 


Xl x 3 


XI X3 


x x 5 


X X 5 


x 2 


X5 X3 


x 5 x 3 


x l 


Xo X4 X5 
X4 X5 2 


Xo X4 
X3 Xi 2 


Xo X4 
X?X1 


XI X2 
X2 Xl 2 


Xl X2 
X 2 Xl 


XI X2 X3 
X? 


XO X4 X5 
Xl Xo 


Xo X4 X5 
X 2 


Xo X4 X5 

Xq 


XO X4 X5 
Xl x 


X2 X3 
X4 x 5 


X4 X5 
X4 x 5 


X4 X5 
X4 x 5 


X2 X3 
X2 x 3 


X2 X3 
X4 Xo 


Xl x 3 
Xl X3 


Xl X2 
XO X5 


X2 x 3 
Xl X3 


xo x 5 


Xl x 3 


X4 Xo 


X2 x 3 


X4 X5 







They correspond to the toric divisors 



^(3,0,0,-1,-1) 


D 


2,-1,-1,0,0) 


D 


0,0,0,-1,-1) 


D 


-1- 


1,-1,0,0) 


-0(0,0,3,-1,-1) 


D 


-1,-1,2,0,0) 


D 


0,0,0,2,-1) 


D 


-1- 


1,-1,3,0) 


-0(0,0,0,-1,2) 


D 


-1,-1,-1,0,3) 


D 


0,3,0,-1,-1) 


D 


-1,2, 


-1,0,0) 


-0(0,0,1,-1,-1) 


D 


0,0,2,-1,-1) 


D 


-1,-1,0,0,0) 


D 


-1,- 


1,1,0,0) 


-O(o,i,o,-i,-i) 


D 


0,2,0,-1,-1) 


D 


-1,0,-1,0,0) 


D 


-1,1, 


-1,0,0) 


-0(0,2,0,-1,0) 


D 


0,1,0,-1,1) 


D 


-1,1,-1,0,1) 


D 


-1,0, 


-1,0,2) 


-0(0,2,0,0,-1) 


D 


0,1,0,1,-1) 


D 


-1,1,-1,1,0) 


D 


-1,0, 


-1,2,0) 


-0(0,0,2,0,-1) 


D 


0,0,1,1,-1) 


D 


-1,-1,1,1,0) 


D 


-1,- 


1,0,2,0) 


-0(-i, -1,-1, 1,0) 


D 


-1,-1,-1,2,0) 


D 


0,2,1,-1,-1) 


D 


0,1,2, 


-1,-1) 


0(0,0,2,-1,0) 


D 


0,0,1,-1,1) 


D 


-1,-1,1,0,1) 


D 


-1,- 


1,0,0,2) 


0(2,0,0,0,-1) 


D 


1,0,0,1,-1) 


D 


1,-1,-1,1,0) 


D 


0,-1, 


-1,2,0) 


0(-l -1,-1,2,1) 


D 


-1,-1,-1,1,2) 


D 


2,0,1,-1,-1) 


D 


1,0,2, 


-1-1) 


0(2,1,0,-1,-1) 


D 


1,2,0,-1,-1) 


D 


-1,-1,-1,0,1) 


D 


-1,- 


1,-1,0,2) 


0(2,0,0,-1,0) 


D 


1,0,0,-1,1) 


D 


1,-1,-1,0,1) 


D 


0,-1, 


-1,0,2) 


0(1,0,0,-1,-1) 


D 


2,0,0,-1,-1) 


D 


0,-1,-1,0,0) 


D 


1-1, 


-1,0,0) 


0(1,1,0,-1,0) 


D 


1,1,0,-1,-1) 


D 


0,1,1,-1,-1) 


D 


0,1,1, 


-1,0) 


0(1,1,0,0,-1) 


D 


-1,0,-1,1,1) 


D 


-1,-1,0,1,1) 


D 


0,-1, 


-1,1,1) 


-0(0,1,1,0,-1) 


D 


-1,0,-1,1,0) 


D 


-1,-1,0,1,0) 


D 


0,-1, 


-1,1,0) 


-0(1,0,1,0,-1) 


D 


-1,-1,0,0,1) 


D 


-1,0,-1,0,1) 


D 


1,0,1, 


-1,0) 


-0(0,-1,-1,0,1) 


D 


1,0,1,-1,-1) 
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on a MPCR-blowup of Y° inducing 73 non-zero toric divisor classes on the 
mirror X°. The following 30 toric divisors of Y induce the trivial divisor 
class on X° 



-0(0,0,0,0,-1) 

-O(o,o,o,o,i) 

-O(o,o,o,-i,o) 

0>(-i,o,o,o,i) 

-0(-i,o,o,i,o) 

-O(o,o,i,-i,o) 



-O(o,o,o,i,-i) 
-O(i,-i,o,o,o) 
-O(o,o,o,-i,i) 
-O(o,o,-i,i,o) 
-O(o,i,o,o,-i) 
-O(o,i,o,-i,o) 



-0(-i, 1,0,0,0) 
-D(o,-i,i,o,o) 

^(0,0,-1,0,1) 
^(0,1,0,0,0) 

-0(0,0,1,0,-1) 
O>(o,-i,o,o,i) 



-0(-i,o, 1,0,0) 

-0(1,0,-1,0,0) 

-D(o,o,-i,o,o) 

-D(o,o,i,o,o) 

-O(i,o,o,o,-i) 

-O(i,o,o,-i,o) 



-O(o,o,o,i,o) 

-D(o,i,-i,o,o) 

-D(-i,o,o,o,o) 

^(1,0,0,0,0) 

-0(0,-1,0,1,0) 
O>(o -i,o,o,o) 



Mirror special fiber The ideal Jq of the monomial special fiber Xq of the 
mirror degeneration X° is generated by the following set of monomials in S* 



2/io 2/ll 2/7 2/8 2/9 2/6 

2/2 2/4 2/11 2/3 2/i 2/6 
2/2 2/4 2/ii 2/12 2/3 2/i 
2/2 2/4 2/ii 2/7 2/12 2/i 

2/2 2/4 2/7 2/12 2/1 2/5 

2/io 2/ii 2/12 2/8 2/3 2/9 

2/2 2/8 2/3 2/5 2/9 2/6 

2/4 2/io 2/ii 2/7 2/9 2/6 

2/4 2/10 2/7 2/5 2/9 2/6 

2/2 2/ii 2/8 2/3 2/i 2/6 

2/2 2/11 2/7 2/8 2/9 2/6 
2/2 2/8 2/3 2/1 2/5 2/6 
2/2 2/12 2/8 2/3 2/5 2/9 
2/10 2/12 2/8 2/3 2/5 2/9 
2/4 2/10 2/12 2/3 2/5 2/9 

2/4 2/io 2/ii 2/7 2/12 2/9 
2/io 2/ii 2/8 2/3 2/i 2/6 
2/4 2/io 2/ii 2/7 2/12 2/i 

2/4 2/10 2/3 2/5 2/9 2/6 
2/2 2/7 2/8 2/5 2/9 2/6 
2/2 2/11 2/12 2/8 2/3 2/9 

2/io 2/ii 2/12 2/8 2/3 2/i 



2/io 2/ii 2/7 2/12 2/8 2/9 

2/2 2/4 2/3 2/1 2/5 2/6 
2/2 2/4 2/12 2/3 2/1 2/5 

2/2 2/11 2/7 2/12 2/8 2/i 
2/4 2/io 2/12 2/3 2/i 2/5 

2/2 2/4 2/11 2/12 2/3 2/9 
2/2 2/4 2/7 2/5 2/9 2/6 
2/2 2/4 2/7 2/1 2/5 2/6 
2/4 2/10 2/7 2/12 2/5 2/9 
2/2 2/7 2/8 2/1 2/5 2/6 

2/2 2/11 2/7 2/8 2/i 2/6 
2/io 2/12 2/8 2/3 2/i 2/5 

2/2 2/7 2/12 2/8 2/1 2/5 

2/4 2/io 2/ii 2/3 2/9 2/6 
2/4 2/io 2/7 2/12 2/i 2/5 
2/io 2/7 2/8 2/i 2/5 2/6 
2/2 2/ii 2/12 2/8 2/3 2/i 

2/2 2/4 2/11 2/7 2/9 2/6 

2/io 2/7 2/12 2/s 2/i 2/5 

2/10 2/8 2/3 2/5 2/9 2/6 
2/2 2/4 2/12 2/3 2/5 2/9 



2/10 2/7 2/12 2/8 2/5 2/9 
2/10 2/7 2/8 2/5 2/9 2/6 

2/io 2/11 2/7 2/12 2/8 2/i 
2/4 2/io 2/ii 2/12 2/3 2/i 
2/io 2/ii 2/8 2/3 2/9 2/6 
2/4 2/io 2/ii 2/12 2/3 2/9 
2/io 2/8 2/3 2/i 2/5 2/6 

2/2 2/4 2/7 2/12 2/5 2/9 

2/2 2/4 2/11 2/7 2/1 2/6 

2/2 2/4 2/3 2/5 2/9 2/6 
2/2 2/11 2/8 2/3 2/9 2/6 
2/2 2/11 2/7 2/12 2/8 2/9 
2/2 2/4 2/11 2/7 2/12 2/9 

2/4 2/10 2/H2/7 2/12/6 

2/2 2/4 2/11 2/3 2/9 2/6 

2/4 2/io 2/3 2/i 2/5 2/6 

2/2 2/7 2/12 2/8 2/5 2/9 
2/2 2/12 2/8 2/3 2/1 2/5 

2/4 2/10 2/H2/3 2/12/6 
2/io 2/11 2/7 2/8 2/1 2/6 
2/4 2/io 2/7 2/i 2/5 2/6 
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Indeed already the ideal 

Jo = < 1/2 1/4 2/3 2/1 2/5 2/6 2/10 2/11 2/7 2/12 2/8 2/9 ) 

defines the same subvariety of the toric variety Y°, and Jq S = Iq. Recall that 
passing from Jq to Jq S is the non-simplicial toric analogue of saturation. 

The complex B (J)* labeled by the variables of the Cox ring S° of Y*, as 
written in the last section, is the complex SP (Iq) of prime ideals of the toric 
strata of the special fiber Xq of the mirror degeneration £°, i.e., the primary 
decomposition of Jq is 

= (2/5, 2/n) n (2/4, 2/s) n (2/2, yio) n (y 3 , 2/7) n (2/1, 2/9) n (2/6, 2/12) 

Each facet F £ B (I) corresponds to one of these ideals and this ideal is 
generated by the products of facets of V containing F. 

Covering structure in the deformation complex of the degeneration 

X According to the local reduced Grobner basis each face of the complex of 
deformations dual (B (I)) decomposes into 2 polytopes forming a 2 : 1 trivial 
covering of B (I) 



0, 
0, 

[[(2/ 5 ),(2/ii)]^[2,3,5,6,8,9] v ,...], 

[[(2/2, 2/ 4 ) , (2/s, 2/io)] >-> [1, 2, 4, 5] v , [(2/6, 2/2) , (2/12, 2/10)] >-> [4, 5, 6] v , 
...], 

[[(2/1, 2/3, 2/5) , (2/7, 2/n, 2/9)] >-»• [3, 9] v , 
...], 

[[(2/1, 2/2, 2/3, 2/4) , (2/7, 2/8, 2/9, 2/io)] >-»• [1] V , 



Here the faces F £ B (I) are specified both via the vertices of F* labeled 
by the variables of S* and by the numbering of the vertices of B (I) chosen 
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above. 

This covering has 2 sheets forming the complexes 



[], 

D. 

[<¥*>,-]. 

[(1/2,1/4) , (2/6,2/2) ,-], 
[(2/1,2/3,2/5) , •••], 
[(2/1,2/2,2/3,2/4),-], 
[] 
[], 

D. 

[(2/11),-], 

[(2/8,2/10) , (2/12,2/10) , •••], 
[(2/7, 2/11, 2/9), •••], 
[(2/7,2/8,2/9,2/10) ,-], 


with F-vector 



Dimension Number of faces F-vector 

6 (1,1,0,0,0,0,0) point 

1 15 (1,2,1,0,0,0,0) edge 

2 18 (1,3,3,1,0,0,0) triangle 

3 9 (1,4,6,4,1,0,0) tetrahedron 



Writing the vertices of the faces as deformations the covering is given by 
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X2 X 3 



X X4 x 5 



[2, 3, 5, 6, 8, 9] v ,...], 



X\ X 2 X 3 7 X\ x 2 

xj xo 3 



Xl X2 Xz 7 Xi X2 X% 



■'■()- 



XQ X4 X$ 7 X4 X§ 
c 4 X 2 



X2 



XQ X$ 7 X4 X$ 



Xl" 



>[l,2,4,5] v , 
[4,5,6] v , 



Xl X 2 X- A ' Xl X 3 ' X 2 X 3 I ' \ XQ X4 X 5 ' XQ X4 X5 ' XQX4 / i 



xp" 



X2 



XZ 



Xl X 2 Xz ' Xl X 2 X3 7 XlX?,' Xl X2 



[3,9] v , 



XZ 



%5 



XQ ~ 



XQ X4 Xr } 7 XQ X4 £5 ' XQ X4 X4 X$ 



with 2 sheets forming the complexes 



r 3 
■ L 4 



XI X2 X3 7 Xl X2 / 7 \ XI X2 Xz 7 XI X2 xz 



XI X2 Xz 1 11X3 ' X2 Xz 



XI X2 xz ' Xl X2 xz ' XIXZ Xl X2 
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xo X4 xr, 



x 3 xp 
Xq X4 x$ ' X4 £5 



xi- 



x 4 Xp' 
X x 5 ' x 4 x 5 

2 



xr, 



XQ X4 X5 ' Xq X4 £5 ' Xq X4 



1 



Xq 



Xq X4 £5 1 Xq X4 X§ 1 XQX4 1 X4 £5 



Note that the torus invariant basis of deformations corresponding to a Bergman 
face is given by the set of all lattice points of the polytope specified above. 



Limit map The limit map lim : B (I) — > Poset (A) associates to a face F 
of B (I) the face of A formed by the limit points of arcs lying over the weight 
vectors w G F, i.e. with lowest order term t w . 

Labeling the faces of the Bergman complex B (I) C Poset (V) and the 
faces of Poset (A) by the corresponding dual faces of V* and A*, hence 
considering the limit map lim : B (I) — > Poset (A) as a map B (/)* — > 
Poset (A*), the limit correspondence is given by 



[(yi, 2/2, 2/3, 2/4, 2/7, 2/8, 2/9, 2/io) i-> x 4 ) , 
...], 

[(2/1, 2/3, 2/5, 2/7, 2/11, 2/9) >-»• (x 3 , X4, x ) , 

...], 

[(2/2,2/4,2/8,2/10) >-»• (^1,^2,^4,^5> , 

(2/6,2/2,2/12,2/10) >-»• (ari,x 2 ,x 3 ,x 5 ) , 
...], 

[(2/5,2/11) ^ (^2,a;3,a;4,a;5,xo) , 
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The image of the limit map coincides with the image of fj, and with the 
Bergman complex of the mirror, i.e. lim (B (I)) = fi(B (I)) = B (/*). 



Mirror complex Numbering the vertices of the mirror complex fj, (B (I)) 
as 

1 = (5, -1, -1, -1, -1) 2 = (-1, 5, -1, -1, -1) 
3 = (-1,-1,5,-1,-1) 4 = (-1,-1,-1,5,-1) 
5 = (-1, -1, -1, -1, 5) 6 = (-1, -1, -1, -1, -1) 

H(B(I)) C Poset (A) is 



[], 

[[1], [6], [3], [4], [5], [2]], 

[[3, 6], [2, 6], [2, 5], [2, 4], [3, 4], [4, 6], [2, 3], [3, 5], [1,4], [4, 5], [1,3], [1,2], 
[5,6], [1,5], [1,6]], 

[[1,2, 5], [1,2, 6], [2, 3, 6], [2, 3, 5], [1,2, 4], [2,4, 5], [3, 4,5], [1,4, 5], 
[2, 3, 4], [2, 4, 6], [3, 4, 6], [1,4, 6], [1,3, 4], [3, 5, 6], [2, 5, 6], [1,3, 5], 
[1,5,6], [1,3,6]], 

[[2, 3, 5, 6], [1,3, 5, 6], [1,2, 5, 6], [2, 3, 4, 6], [1,3, 4, 6], [1,2, 4, 6], 
[2, 3, 4, 5], [1,3, 4, 5], [1,2, 4, 5]], 

[], 




The ordering of the faces of \x (B (J)) is compatible with above ordering of 
the faces of B (J). The F- vectors of the faces of /i (B (I)) are 

Dimension Number of faces F-vector 

1 9 (1,2,1,0,0,0,0) edge 

2 18 (1,3,3,1,0,0,0) triangle 

3 15 (1,4,6,4,1,0,0) tetrahedron 

4 6 (1,5,10,10,5,1,0) 
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The first order deformations of the mirror special fiber Xq correspond to 
the lattice points of the dual complex (// (B (I)))* C Poset (A*) of the mir- 
ror complex. We label the first order deformations of Xq corresponding to 
vertices of A* by the homogeneous coordinates of Y 

J/fi/ll 3 J/g J/7 3 

X l ^(1,0,0,0,0) J/1 J/2 J/3 J/4 J/6 X2 ^(0, 1,0, 0,0) yi y 2 y 4 y 5 y 6 

x = x = ^ x = x = y l yi22 

3 (0,0,1,0,0) yi y 2 y 3 y 5 y^ 4 (0,0,0,1,0) J/7 J/8 J/9 J/10 J/1 1 

x = x — yjyy 2 x = x _ _ — ^ j/io 2 

5 (0,0,0,0,1) J/7 J/8 J/10 J/ll J/12 (-1,-1,-1,-1,-1) J/7 J/8 J/9 J/ll J/12 

So writing the vertices of the faces of (// (B (I)))* as homogeneous coordinates 
of Y, the complex (/i (B (/)))* is given by 



[(x 1 ,x 4 ) , (x 2 , x A ) , (x 3 , x 4 ) , (xi, x 5 ) , (x 2 , x 5 ) , (x 3 , x 5 ) , (x 1 ,x ) , 
(x 2 ,x ) , (x 3 ,x )], 

[(x 3 , x 4 , x ) , (x 3 , X 4 , X 5 ) , {X!,X 4 , x 5 ) , (xi, x 4 , x ) , (x 3 , X 5 , X ) , (X!,X 3 , x ) , 
(x 1 ,x 2 , x ) , (x 2 , X 3 , Xo) , (X!,X 5 , x ) , (xi, x 3 , x 5 ) , (xi, x 2 , x 5 ) , (x 2 , x 3 , x 5 ) , 
(x 2 , x 5 , x ) , (xi, x 2 , x 4 ) , (xi, x 3 , x 4 ) , (x 2 , x 4 , x ) , (x 2 , x 3 , x 4 ) , (x 2 , x 4 , x 5 )], 

[(Xi, X 2 , X 4 , X 5 ) , (Xi, X 3 , X 4 , X 5 ) , (Xi, x 3 , x 4 , x ) , (xi, x 3 , x 5 , x ) , (xi, x 2 , x 5 , x ) , 
(Xi, X 2 , X 3 , X 5 ) , (Xi, x 4 , x 5 , x ) , (xi, x 2 , x 4 , x ) , (x 2 , x 3 , x 5 , x ) , (xi, x 2 , x 3 , x ) , 
(x 2 ,x 4 ,x 5 ,x ) , (x 3 ,x 4 ,x 5 ,x ) , (xi,x 2 ,x 3 ,x 4 ) , (x 2 ,x 3 ,x 4 ,x ) , (x 2 ,x 3 ,x 4 ,x 5 )], 

[(x 2 , x 3 , x 4 , x 5 , x ) , (xi, x 2 , x 3 , x 4 , x 5 ) , (xi, x 2 , x 4 , x 5 , x ) , (xi, x 2 , x 3 , x 5 , x ) , 
(xi,x 2 ,x 3 ,x 4 ,x ) , (xi,x 3 ,x 4 ,x 5 ,x )], 



The complex /i (B (I))* labeled by the variables of the Cox ring S gives the 
ideals of the toric strata of the special fiber X of X, i.e. the complex SP (7 ), 
so in particular the primary decomposition of Io is 

_ (xi,x 4 ) n (x 2 ,x ) n (xi,x ) n (xi,x 5 ) n (x 2 ,x 4 ) n (x 2 ,x 5 ) n 
n (x 3 , x ) n (x 3 , x 4 ) n (x 3 , x 5 ) 
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Covering structure in the deformation complex of the mirror de- 
generation Each face of the complex of deformations (fi(B(I)))* of the 
mirror special fiber Xq decomposes as the convex hull of 2 polytopes forming 
a 2 : 1 trivial covering of /i (B (/)) V 



[(xi) , (x 4 )] i-> (x 1 ,x 4 )* v = [2, 3, 5, 6] v , 
••], 

[{xs) , (ar 4 , x )] !-»• (x 3 , x 4 , x )* V = [1,2, 5] v , 
••], 

[(xi, x 2 ) , (x 4 , x 5 )] h-> (xi, x 2 , x 4 , x 5 )* v = [3, 6] v , 
(xi, x 2 , x 3 ) , (x 5 )] i-> (xi, x 2 , x 3 , x 5 )* v = [4, 6] v , 

••], 

[(x 2 , x 3 ) , (x 4 , x 5 , x )] i-> (x 2 , x 3 , x 4 , x 5 , x )* v = [l] v , 



Due to the singularities of Y° this covering involves degenerate faces, i.e. 
faces G i-> F v with dim (G) < dim (F v ). 

Mirror degeneration The space of first order deformations of Xq in the 
mirror degeneration X° has dimension 6 and the deformations represented 
by the monomials 

{ 3/2 2/10 2 i/ii/9 2 2/1 2/8 3 2/1 2/7 3 2/62/12 2 ] 

2/72/82/92/112/12 yiy* yw yu 2/12 2/11/22/32/52/6 2/12/22/42/52/6 2/72/82/92/102/11 I 

2/j2/n a r 

2/1 2/2 2/3 2/4 2/6 J 

form a torus invariant basis. The number of lattice points of the dual of the 
mirror complex of / relates to the dimension h 1 ' 2 (X°) of complex moduli 
space of the generic fiber X° of X° and to the dimension h 1,1 (X) of the 
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Kahler moduli space of the generic fiber X of X via 



|supp ((// (B (/)))*) n N\ = 6 = 5 + 1 

= dim (Aut (y )) + h 1 ' 2 (X°) = dim (T) + h 1 ' 1 (X) 

The mirror degeneration X° C Y° x Spec C [i] of X is given by the ideal 

1° C S°(g)C [t] generated by 

t (s 4 yivr + s 3 ylvl + s 6 yfyii) + 2/2 2/4 2/3 yi 2/5 y& 

t (s 2 2/i2/| + si yf 2/io + s 5 y|y? 2 ) + y w y u y 7 y 12 y 8 2/9 

ts 2 y\y\ + yw yu yi yu y& yi ts 4 y 7 y\ + y 2 2/4 yi yi 2/5 y& 
tsi yhio + y2 yu yi yu 2/s y% ts 3 y\y\ + y 2 y$ 2/3 yi 2/5 y% 
ts 6 2/112/5 + 2/2 2/4 2/11 2/3 2/1 2/6 ts 5 y\y\ 2 + 2/10 2/11 2/7 2/8 2/9 2/e 

and 56 monomials of degree 6 
Indeed already the ideal J° generated by 

*(«4 2/12/7 + S 3 2/42/1 + s 6 2/|2/i 3 i) + 2/2 2/4 2/3 2/1 2/5 2/6, 1 
t(s2 y\yl + si yiyf Q + s 5 2/I2/12) + 2/10 2/n 2/7 2/12 2/8 2/9 J 

defines X°. 



Contraction of the mirror degeneration In the following we give a 
birational map relating the degeneration X° to a Greene-Plesser type orbi- 
folding mirror family by contracting divisors on Y°. See also Section 9.13 
below. 

In order to contract the divisors 



2/3 = 2/(-l,2 -1,0,0) = 
2/5 = 2/(2,-1,-1,0,0) 



XI £3 



•'<-i 



:E| 
:i; n 



2/4 - 2/(-l,-l,2,0,0) - — 
2/9 = 2/(0,0,0,-1,2) 



2/10 = 2/(0,0,0,-1,-1) = 2/12 = 2/(0,0,0,2,-1) = ~ ! - 



consider the Q-factorial toric Fano variety Y° = X \pj , where S° = 
Fan ( P° J C Mr is the fan over the Fano polytope P° C Mr given as the 
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convex hull of the remaining vertices of P° = V* corresponding to the Cox 
variables 

Vll = 1/(3,0,0,-1,-1) = X0 xl X5 2/2 = 2/(-l -1-1,0,0) = X1X 

ys = y(o,o,3,-i,-i) = xo ll y% = y(-i ,-i,-i,3,o) = X1 X \ X3 
yi = y(-i ,-i,-i,o,3) = vi = 1/(0,3,0,-1,-1) = 

of the toric variety Y° with Cox ring 

5° = C[yn, 2/2,2/8,2/6, 2/1,2/7] 

The Cox variables of 7° correspond to the set of Fermat deformations of X. 
Let 

Y° = X(S°) -> X = f° 

be a birational map from Y° to a minimal birational model Y°, which con- 
tracts the divisors of the rays S° (1) — E° (1) corresponding to the Cox vari- 
ables 

2/3 2/4 2/5 2/9 2/10 2/12 

Representing F° as a quotient we have 

Y° = (c & -v(b (s°))) 

with 

G° = Z 3 x Z 3 x Z 9 x (C*) 1 

acting via 

£y = ( M2 Vi ■ J/11, Mi M 2 M3 • 2/2, «2 W3 • 2/8, «2 M 3 «1 • 2/6, «1 u\ *>1 • 2/l, «1 • Vl) 

for f = («i, u 2 , u 3 , v x ) E G° and y E C 6 — V (b ) . 
Hence with the group 

H° = Z 3 x Z 3 x Z 9 
of order 81 the toric variety F° is the quotient 

Y° = ¥ 5 /H° 
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of projective space P 5 . 

The first order mirror degeneration X 10 induces via Y — > Y° a degener- 
ation X 10 C Y° x SpecC [t] I (t 2 ) given by the ideal / lo C 5° <g> C [t] / {t 2 } 
generated by the Fermat-type equations 

2/1 2/2 y e + t(s 4 y? + s 5 yl + s 6 2/n), 
y7y8yii + ^(s3 2/? + s 2 yI + siy|) 

Note, that 

supp ((/i (5 (/)))*) nJV- Roots - dim (7> ) = 6 - 5 = 1 

so this family has one independent parameter. 

The special fiber Xq C Y° of X lD is cut out by the monomial ideal Iq C 5° 
generated by 

{ yi 2/2 y& 2/7 2/s 2/n } 

The complex SP (j^j of prime ideals of the toric strata of Xq is 



0, 
0, 

[(yii, ye) , (yn, 2/2) , (2/2, 2/s) , (2/8, 2/e) , (2/6, 2/7) , (2/1,2/7) , 
(2/2,2/7) , (2/11,2/1) , (2/8,2/i)], 

[(2/2, 2/8, 2/7) , (2/2, 2/8, 2/e) , (2/11, 2/2, 2/e) , (2/11, 2/2, yi) , (2/11, 2/8, 2/i) , 
(2/2, 2/6, 2/7) , (2/6, 2/1, 2/7) , (2/11, 2/6, 2/i) , (2/11, 2/8, 2/e) , (2/11, 2/6, 2/7) , 
(2/8, 2/6, 2/7) , (2/8, 2/6, 2/i) , (2/8, 2/1, 2/7) , (2/11, 2/2, 2/s) , (2/2, 2/8, 2/i) , 
(2/2,2/1,2/7) , (2/11,2/1,2/7) , (2/11,2/2,2/7)], 

[(2/11, 2/2, 2/1, 2/7) , (2/11, 2/2, 2/8, 2/e) , (2/8, 2/6, 2/i, 2/7) , (2/2, 2/6, 2/i, 2/7) , 
(2/2, 2/s, 2/6, 2/7) , (2/11, 2/s, 2/1, 2/7) , (2/11, 2/6, 2/1, 2/7) , (2/11, 2/2, 2/8, 2/i) , 
(2/11, 2/2, 2/8, 2/7) , (2/2, 2/8, 2/1, 2/7) , (2/11, 2/2, 2/6, 2/i) , (2/11, 2/8, 2/6, 2/7) , 
(2/11,2/8,2/6,2/1) , (2/2,2/8,2/6,2/1) , (2/11,2/2,2/6,2/7)], 

[(2/2, 2/8, 2/6, 2/1, 2/7) , (2/11, 2/8, 2/6, 2/1, 2/7) , (2/11, 2/2, 2/6, 2/i, 2/7) , (2/11, 2/2, 2/8, 2/i, 2/7) , 
(2/11, 2/2, 2/8, 2/6, 2/7) , (2/11, 2/2, 2/8, 2/6, 2/i)], 
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so Iq has the primary decomposition 



(yu,yi) H (y 8 , y 6 ) n (y u , y 2 ) n (y 6 , y 7 ) n (y 2 , Z/7> n <2/ii,3/6> n 
n (2/1,2/7) n (y 8 ,yi) n (1/2,1/8) 



The Bergman subcomplex _B (7) C Poset (V) induces a subcomplex of Poset ( V 



[[1], [2], [3], [4], [5], [6]], 

[[3, 4], [5, 6], [1,2], [1,3], [1,5], [2, 4], [2, 3], [4, 6], [4, 5], [1,4], [3, 6], 
[2,5], [2,6], [1,6], [3,5]], 

[[1,4, 5], [1,5, 6], [3, 5, 6], [3, 4, 6], [2, 4, 6], [1,3, 5], [1,2, 3], [2, 3, 6], 
< [2, 5, 6], [2, 3, 5], [1, 2, 5], [1, 2, 6], [1, 2, 4], [4, 5, 6], [1, 4, 6], [1, 3, 4], > 
[2,3,4], [3,4,5]], 

[[2, 3, 5, 6], [3, 4, 5, 6], [1,4, 5, 6], [1, 2, 5, 6], [1, 2, 3, 5], [1, 2, 3, 4], 
[1,3, 4, 5], [2, 3, 4, 6], [1,2, 4, 6]], 



This is the one parameter Greene-Plesser orbifolding mirror family of the 
generic complete intersection of two cubics in P 5 , given in [Libgober, Teitelbaum, 1993]. 




V = P° 



corresponding to Iq. Indexing of the vertices of V by 




this complex is given by 
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8.12.5 The Calabi-Yau threefold given as the Pfaffian complete 
intersection of two generic quadrics and a generic cubic in 

Setup Let Y = P 6 = X (E), E = Fan (P) = NF (A) C N R with the Fano 
polytope P = A* given by 



A = convexhull 



and let 



/ (6,-1,-1,-1,-1,-1) (-1,6,-1,-1,-1,-1) \ 

(-1, -1, 6, -1, -1, -1) (-1, -1, -1, 6, -1, -1) 

(-1, -1, -1, -1, 6, -1) (-1, -1, -1, -1, -1, 6) 
(-1,-1,-1,-1,-1,-1) 



C M s 



S = C[x , Xi, x 2 , x 3 , X 4 , X 5 , Xq] 
be the Cox ring of Y with the variables 



£i — £(1,0,0,0,0,0) 
£3 = ^(0,0,1,0,0,0) 
x 5 — ^(0,0,0,0,1,0) 
Xo = £(-1,-1,-1,-1,-1,-1) 



£2 = £(0,1,0,0,0,0) 

X4 = £(0,0,0,1,0,0) 

£6 — £(0,0,0,0,0,1) 



associated to the rays of E. 

Consider the degeneration IcFx Spec C [t] of Pfaffian complete inter- 
section Calabi-Yau 3-folds with Buchsbaum-Eisenbud resolution 



-> O y (-7) -> 8* (-3) H 8 (-2) -> O 



O 



x t 







where 



8= 2C(1)©C 
A t = A + t ■ A 

Xq £5 Xq — X 3 £4 

A = —Xq X 5 Xq X 1 X 2 

X3 X 4 —Xi X 2 

the monomial special fiber of X is given by 

Iq = ( Xi X 2 X 3 X 4 Xq X 5 Xq ) 



and generic A e /\ 2 £ (1) 
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The degeneration X is given by the ideal Id S <g) C [t] with J -reduced 
generators of degrees 2, 2, 3 

xix 2 + t(s 1 x\ + ... + s 7 xl + ... + sisxj + ... + sit xl + ... + s 2 i x\ + ...+ 

SzaxI + ••• + S26 xl), 

< X3X4 + t(s 2 7x\ + ... + S33X2 + ... + S39X3 + ... + £430:4 + ... + 547^5 + •" + 
550^6 + ... + S 5 2 xl), 

Xo X 5 Xq + t(s 53 xl + ... + S73 xl + ... + S93 £3 + ... + S103 X4 + ... + S113 X5 + 

... + snsxi + ••• + s i2i^o) 

Special fiber Grobner cone The space of first order deformations of X 
has dimension 121 and the deformations represented by the Cox Laurent 
monomials 
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Xl 
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form a torus invariant basis. These deformations give linear inequalities 
defining the special fiber Grobner cone, i.e., 

C Io (/) = {{w t , w y ) e R © N R | (w, A' 1 (m)) > -w t \/m) 

for above monomials m and the presentation matrix 



A = 



1 




















1 




















1 




















1 




















1 




















1 


-1 


-1 


-1 


-1 


-1 


-1 



of A 5 (Y). 

The vertices of special fiber polytope 

v = c Io (/) n {w t = 1} 

and the number of faces, each vertex is contained in, are given by the table 



(0,0,0,0,1,0 
(0,0,1,0,0,0 
(1,0,0,0,0,0 

(1,0,0,0,1,0 
(0,0,0,1,1,0 
(0,0,1,0,0,1 
(-1,0,-1,- 
(1,0,1,0,0,0 
(0,1,0,1,0,0 

(1,0,1,0,1,0 
(0,1,0,1,1,0 
(1,0,0,1,0,1 
(-1,0,0,-1, 



(0,0,0,0,0,1) (-1,-1,-1,-1,-1,-1) 
(0,0,0,1,0,0) (0,1,0,0,0,0) 

(0,1,0,0,1,0) (0,0,1,0,1,0) 

(1,0,0,0,0,1) (0,1,0,0,0,1) 

(0,0,0,1,0,1) (0,-1,-1,-1,-1, 

,-1,-1) (-1,-1,0,-1,-1,-1) (-1,-1,-1,0,-1, 

(0,1,1,0,0,0) (1,0,0,1,0,0) 

(0,1,1,0,1,0) (1,0,0,1,1,0) 

(1,0,1,0,0,1) (0,1,1,0,0,1) 

(0,1,0,1,0,1) (0,-1,0,-1,-1,-1) 

-1,-1) (0,-1,-1,0,-1,-1) (-1,0,-1,0,-1,-1) 
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The number of faces of V and their F- vectors are 
Dimension Number of faces F-vector 



-1 


1 


(0,0,0,0,0,0,0,0) 







35 


(1,1,0,0,0,0,0,0) 


point 


1 


119 


(1,2,1,0,0,0,0,0) 


edge 


2 


128 


(1,4,4,1,0,0,0,0) 


quadrangle 


2 


55 


(1,3,3,1,0,0,0,0) 


triangle 


3 


8 


(1,4,6,4,1,0,0,0) 


tetrahedron 


3 


42 


(1,8,12,6,1,0,0,0) 


cube 


3 


110 


(1,6,9,5,1,0,0,0) 


prism 


4 


14 


(1,8,16,14,6,1,0,0) 




4 


47 


(1,12,24,19,7,1,0,0) 




4 


21 


(1,9,18,15,6,1,0,0) 




5 


13 


(1,18,45,48,27,8,1,0) 




5 


4 


(1,12,30,34,21,7,1,0) 




5 


4 


(1,16,40,44,26,8,1,0) 




6 


1 


(1,35,119,183,160,82,21,1) 





The dual P° = V* of V is a Fano polytope with vertices 



(-1,-1,0,0,0,2) 

(1,-1,0,0,0,0) 

(0,0,-1,-1,0,0) 

(0,0,1,-1,0,0) 

(0,0,0,0,-1,2) 

(0,0,0,0,2,-1) 



(-1,-1,0,0,0,0) 
(-1,-1,2,0,0,0) 
(0,2,-1,-1,0,0) 
(0,0,-1,-1,2,0) 
(0,0,0,0,-1,-1) 



(-1,-1,0,2,0,0) 

(-1,-1,0,0,2,0) 

(0,0,-1,1,0,0) 

(0,3,0,0,-1,-1) 

(3,0,0,0,-1,-1) 



(-1,1,0,0,0,0) 

(0,0,-1,-1,0,2) 

(2,0,-1,-1,0,0) 

(0,0,0,3,-1,-1) 

(0,0,3,0,-1,-1) 



and the F-vectors of the faces of P° are 

Dimension Number of faces F-vector 

-1 1 (0,0,0,0,0,0,0,0) 
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21 


(1,1,0,0,0,0,0,0) 


point 


1 


82 


(1,2,1,0,0,0,0,0) 


edge 


2 


59 


(1,4,4, 1,0,0,0,0) 


quadrangle 


2 


101 


(1,3,3,1,0,0,0,0) 


triangle 


3 


81 


(1,4,6,4,1,0,0,0) 


tetrahedron 


3 


102 


(1,6,9,5,1,0,0,0) 


prism 


4 


24 


(1,9,18,15,6,1,0,0) 




4 


58 


(1,8,16,14,6,1,0,0) 




4 


37 


(1,5,10,10,5,1,0,0) 




5 


12 


(1,12,30, 34, 21,7,1,0) 




5 


16 


(1,10, 25,30, 20, 7,1,0) 




5 


7 


(1,6,15,20,15,6,1,0) 




6 


1 


(1,21,82,160,183,119,35,1) 





The polytopes V and P° have as the unique interior lattice point, and the 
Fano polytope P° defines the embedding toric Fano variety Y° = X (Fan (P°)) 
of the fibers of the mirror degeneration. The dimension of the automorphism 
group of Y° is 

dim(Aut(y°)) = 6 

Let 

S° = C[y 1 ,y 2 ,...,y 2 i\ 
be the Cox ring of Y° with variables 



Vi = 2/(-i,-i,o,o,o,2) = y 2 = 2/(-i,-i,o,o,o,o) = 777^7 2/3 = 2/(-i -1,0,2,0,0) 



2/4 = 2/(-i,i,o,o,o,o) = fr 2/5 = 2/(1,-1,0,0,0,0) = fr 2/6 = 2/(-i,-i,2,o,o,o) 



x 



2/7 — 2/(-i, -1,0,0,2,0) — 777^77 2/8 — 2/(0,0,-1,-1,0,2) — 7777777 2/9 — 2/(0,0,-1,-1,0,0) 
2/io = 2/(0,2,-1,-1,0,0) — 7777777 2/n — 2/(0,0,-1,1,0,0) = 777 2/12 = 2/(2,0,-1,-1,0,0) 



Ill2 J •'v ' X1X2 

x \ 2/5 = 2/(1,-1,0,0,0,0) = % 

777^ 2/8 = 2/(0,0,-1,-1,0,2) = - X4 

77777777 2/11 = 2/(0,0,-1,1,0,0) = — A 

X3 



2/13 — 2/(0,0,1,-1,0,0) — 777 2/14 — 2/(0,0,-1,-1,2,0) — 77777777 2/15 — 2/(0,3,0,0,-1,-1) 

2/16 = 2/(0,0,0,3,-1,-1) = XQ ^ — 2/17 — 2/(0,0,0,0,-1,2) = 7^7^77 2/18 — 2/(0,0,0,0,-1,-1) 

2/19 = 2/(3,0,0,0,-1,-1) = ^.Jxe ^ 20 = 2/(0,0,3,0,-1,-1) = XQ % X( . 2/21 = 2/(0,0,0,0,2,-1) = 
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Bergman subcomplex Intersecting the tropical variety of / with the spe- 
cial fiber Grobner cone C/ (/) we obtain the special fiber Bergman subcom- 
plex 

B(i) = c Io (i)nBF(i)n{w t = i} 

The following table chooses an indexing of the vertices of V involved in B (I) 
and gives for each vertex the numbers n v and n B of faces of V and faces of 
B (I) it is contained in 



»v n B (i) 



30 4 



1 = 


(1,0,1,0,1,0) 


2 = 


(0,1,1,0,1,0) 




3 = 


(1,0,0,1,1,0) 


4 = 


(0,1,0,1,1,0) 




5 = 


(1,0,1,0,0,1) 


6 = 


(0,1,1,0,0,1) 




7 = 


(1,0,0,1,0,1) 


8 = 


(0,1,0,1,0,1) 




9 = 


(0,-1,0,-1,-1,-1) 


10 = 


= (-1,0,0,-1, 


-1,-1) 


11 -- 


= (0,-1,-1,0,-1,-1) 


12 -- 


= (-1,0,-1,0, 


-1,-1) 



With this indexing the Bergman subcomplex B (I) of Poset (V) associated 
to the degeneration X is 



0, 

[[1], [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12]], 

[[9, 11], [9, 10], [10, 12], [1,5], [1,3], [1,2], [1,9], [11, 12], [2, 6], [2, 4], [2, 10], 
[5,6], [5,7], [5,9], [6, 10], [6,8], [3,7], [3,4], [3, 11], [7, 11], [7,8], [8, 12], 
[4, 12], [4, 8]], 

[[1, 3, 9,11], [1, 2, 5, 6], [1, 3, 5, 7], [6, 8, 10, 12], [2, 4, 10, 12], 

[3, 4, 11, 12], [1, 5, 9], [7, 8, 11, 12], [1, 2, 3, 4], [2, 4, 6, 8], [2, 6, 10], 

[4, 8, 12], [3, 4, 7, 8], [9, 10, 11, 12], [5, 7, 9, 11], [5, 6, 9, 10], [1, 2, 9, 10], 

[3, 7, 11], [5, 6, 7, 8]], 

[[1, 3, 5, 7, 9, 11], [1, 2, 3, 4, 9, 10, 11, 12], [1, 2, 3, 4, 5, 6, 7, 8], 
[1, 2, 5, 6, 9, 10], [5, 6, 7, 8, 9, 10, 11, 12], [2, 4, 6, 8, 10, 12], ' 
[3,4,7,8,11,12]], 

0, 
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[], 
[] 



B (I) has the F- vector 



Dimension —1 1 23456 
Number of faces 12 24 19 7 



and the F-vectors of its faces are 



Dimension Number of faces F-vector 



12 (1,1,0,0,0,0,0,0) point 

1 24 (1,2,1,0,0,0,0,0) edge 

2 4 (1,3,3,1,0,0,0,0) triangle 

2 15 (1,4,4,1,0,0,0,0) quadrangle 

3 3 (1,8,12,6,1,0,0,0) cube 
3 4 (1,6,9,5,1,0,0,0) prism 



Dual complex The dual complex dual (B (I)) = (B (I))* of deformations 
associated to B (I) via initial ideals is given by 



[[1,2,3,4,9,10,11,12] 
-I, 

[[1,5,9]* = 



X2 



X\ X2 ' X3X4 ' XQ X5 



X4 



,[1,3,5,7,9,11]* 



X\ X2 ' X\ 1 X3 £4 ' £3 ' XQ X5 XQ 1 XQ X5 XQ 



[1,3,9,11]* = 



X2 



^3 



X\ X2 1 X\ 1 £3 X4 1 X3I4 ' XQ £5 XQ 1 XQ £5 



X2 x 2 X 2 
XI ' X3I4' XQ X5 XQ 
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when writing the vertices of the faces as deformations of X . Note that the 
T-invariant basis of deformations associated to a face is given by all lattice 
points of the corresponding polytope in M K . 

In order to compress the output we list one representative in any set of 
faces G with fixed F- vector of G and G*. 

When numbering the vertices of the faces of dual (B (F)) by the Cox 
variables of the mirror toric Fano variety Y° the complex dual (B (J)) is 



[1, 2, 3, 4, 9, 10, 11, 12]* = (y u y 8 , y 17 ) , [1, 3, 5, 7, 9, 11]* = (y 4 , Vio, 2/i5> , 
••], 

[1, 5, 9]* = (y 3 , y 4 , y 10 , yu, y 15 , y 16 ) , [1, 3, 9, 11]* = (y u y 4 , y 8 , y 10 , 2/is, Vn) , 
••], 

[9, ll]* = (y7, yu 1/4, yu, ya, yw, yis, 2/21, yn) , 
••], 

[1]* = (yi, y2, 1/3, 1/4, ys, 1/9, yw, yu, yis, yw, yn, yis) , 



The dual complex has the F- vector 

Dimension —1 012 3 4 56 
Number of faces 7 19 24 12 
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and the F- vectors of the faces of dual (B (I)) are 



Dimension Number of faces F-vector 

2 7 (1,3,3,1,0,0,0,0) triangle 

3 19 (1,6,9,5,1,0,0,0) prism 

4 24 (1,9,18,15,6,1,0,0) 

5 12 (1,12,30,34,21,7,1,0) 



Recall that in this example the toric variety Y is projective space. The 
number of lattice points of the support of dual (B (I)) relates to the dimension 
h 1 ' 2 (X) of the complex moduli space of the generic fiber X of X and to the 
dimension h 1 ' 1 (X ^ of the Kahler moduli space of the MPCi?-blowup X° 
of the generic fiber X° of the mirror degeneration 

|supp (dual (B (/))) n M\ = 121 = 48 + 73 = dim (Aut (Y)) + h 1 ' 2 (X) 

= 42 + 6 + 73 

= (Roots (Y) | + dim (T y ) + h 1 ' 1 (X°) 

There are 

h 1 ' 2 (X) + dim(Tyo) = 73 + 6 
non-trivial toric polynomial deformations of X 
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XO XQ 
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They correspond to the toric divisors 
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-1,-1,0,0,2,0) 


D 


S — 1 — 11 


D 


2 0—1 —1 n (il 


D 


n nio -1 —il 


D 


-1,-1,2,0,0,0) 


D 


2 —1 0) 


D 


1 0—1 1 ) 


D 


1 _i _i o 1 1 


D 


0,0,0,1- 


1-1) 


D 


o n o 2 — i — 1 1 

U,U,U,Z, 1, L) 


D 


_1 _i 1 01 


D 


1 0—1 —'\') 


D 


0,2,0,0- 


1-1) 


D 


0,1,-1,-1,0,0) 


D 


O A n A H "1 \ 

2,0,0,0,0,-1) 


D 


1 n n a 1 1 \ 

1,0,0,0,1,-1) 


D 


1,0,-1,- 


1,1,0) 


D 


z, 0,0, 0,-1,0) 


D 


1,0,0, 0,-1,1) 


D 


1,0,-1,-1,0,1) 


D 


0,0,2,0,- 


1,0) 


D 


U,U,l,U, — 1,1 ) 


D 


t 1 i n n 1 \ 
— 1, — 1, 1,0,0,1 ) 


D 


n o n i i i ~\ 
u,^,u,i, — i, — 1 ) 


D 


0,1,0,2- 


1,-1) 


D 


0,0,2,0,0,-1) 


D 


0,0,1,0,1,-1) 


D 


-1,-1,1,0,1,0) 


D 


0,0,-1- 


1,0,1) 


D 


-1,-1,0,0,0,1) 


D 


1,0,0,0,-1,-1) 


D 


2,0,0,0,-1,-1) 


D 


1,0,-1- 


1,0,0) 
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D 


1,0,0,1,0 


-1) 


D 
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D 
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D 
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D 
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on a MPCR-blowup of Y° inducing 73 non-zero toric divisor classes on the 
mirror X°. The following 42 toric divisors of Y induce the trivial divisor 
class on X° 



^(-1,1,0,0,0,0) 

-D(-i,o,o,o,o,i) 
-D(o,-i,o,o,o,i) 
-D(o,o,o,-i,i,o) 

-0(1,0,-1,0,0,0) 
-0(0,0,0,-1,0,0) 

-O(o,o,-i,o,i,o) 

-0(0,0,0,0,0,-1) 



-O(o,o,-i,i,o,o) 

-0(0,0,-1,0,0,0) 

-O(o,o,o,-i,o,i) 

-0(0,0,0,0,-1,0) 

-D(o,-i,o,i,o,o) 

-0(0,0,0,0,1,0) 

-O(o,o,-i,o,o,i) 
-D(o,o,o,o,i,-i) 



-O(i_i,o,o,o,o) 

O(_i, ,0,0,0,0) 

-O(o,i,-i,o,o,o) 
-O(o,o,o,o,-i,i) 
-O(i,o,o,-i,o,o) 

-0(0,0,0,0,0,1) 

-D(o,i,o,-i,o,o) 

-0(0,1,0,0,0,0) 



-D(o,o,i,-i,o,o) 
-O(o,-i,o,o,i,o) 
0(-i, 0,0,1,0,0) 

-0(0,-1,0,0,0,0) 

-D(o,-i,i,o,o,o) 
O(_i, ,o,o,i,o) 
O(_i, ,i,o,o,o) 

-0(0,0,0,1,0,0) 
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-0(1,0,0,0,0,0) ^(0,1,0,0,-1,0) -0(00,0,1,-1,0) -0(0,0,1,0,0,0) 

0(1,0,0,0,-1,0) 0(0,0,0,1,0,-1) 0(0,1,0,0,0,-1) O ( i, ,o,o,o,-i) 
-O(o,o,i,o,-i,o) O(o,o,i,o,o,-i) 



Mirror special fiber The ideal Iq of the monomial special fiber Xq of the 
mirror degeneration X° is generated by the following set of monomials in S° 

I/is yn yi5 yie 2/19 2/20 2/21 j/io yu 2/12 2/s 2/9 2/14 2/13 2/2 2/4 2/7 2/3 2/1 2/5 2/6 

2/2 2/15 2/16 2/17 2/19 2/20 2/21 2/1 2/2 2/3 2/4 2/6 2/7 2/19 2/8 2/15 2/16 2/18 2/19 2/20 2/21 

2/6 2/8 2/9 2/10 2/11 2/12 2/14 2/7 2/i5 2/i6 2/i7 Vis Vw 2/20 2/3 2/s 2/9 2/io 2/12 2/i3 2/i4 
2/8 2/9 2/io 2/ii 2/12 2/14 2/20 2/i 2/2 2/3 2/5 2/6 2/7 2/io 2/8 2/9 2/io 2/i2 2/i3 2/i4 2/i6 

2/1 2/2 2/3 2/4 2/6 2/7 2/12 2/1 2/2 2/3 2/5 2/6 2/7 2/15 2/9 2/15 2/16 2/17 2/19 2/20 2/21 

2/14 2/15 2/16 2/17 2/18 2/19 2/20 2/1 2/15 2/16 2/18 2/19 2/20 2/21 

and 2170 monomials of degree 7 
Indeed already the ideal 

Jq = < 2/2 2/4 2/7 2/3 2/i 2/5 2/6 2/io Vn Vn 2/s 2/9 2/i4 Vis 2/is 2/i7 2/i5 2/i6 Vis 2/20 2/2i ) 

defines the same subvariety of the toric variety Y°, and = Iq. Recall that 
passing from Jq to Jf 1 is the non-simplicial toric analogue of saturation. 

The complex B (/)* labeled by the variables of the Cox ring S° of Y*, as 
written in the last section, is the complex SP (/q) of prime ideals of the toric 
strata of the special fiber Xq of the mirror degeneration £°, i.e., the primary 
decomposition of Iq is 

jo = (2/2, 2/9, 2/is) n (2/1, 2/s, 2/17) n (2/4, 2/10, 2/15) n (y 5 , y u , 2/19) n (2/7, 2/14, 2/21) n 

n (2/3, j/ii, yi 6 ) n (j/ 6 , 2/13, 2/20) 

Each facet F & B (I) corresponds to one of these ideals and this ideal is 
generated by the products of facets of V containing F. 



Covering structure in the deformation complex of the degeneration 

X According to the local reduced Grobner basis each face of the complex of 
deformations dual (B (I)) decomposes into 3 polytopes forming a 3 : 1 trivial 
covering of B (I) 
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[<2/i) , <2/s> , <2/i7>] [1, 2, 3, 4, 9, 10, 11, 12] v , 
(l/4),(l/io),(yi5)]^[l,3,5,7,9,ll] v , 

••], 

[(2/3, 2/4) , (yio, yn) , {yn, yn)} >-»• [l, 5, 9] v , 
(2/1, 2/4) , (ya, yn) , (yn, yn)} ^ [i, 3, 9, n] v , 
••], 

[(V7, yi, yi) , (yu, 2/8, yw) , (yn, 2/21, yn)] >-»• [9, n] v , 
••], 

[(yi, 2/2, 2/3, 2/4) , (i/s, 2/9, yw, yn) , (yn, yn, yn, yn)} i-> [1] 



Here the faces F E B (I) are specified both via the vertices of F* labeled 
by the variables of S° and by the numbering of the vertices of B (I) chosen 
above. 

This covering has 3 sheets forming the complexes 

0, 
0, 
0, 

[<2/i> , <2/4> ,---]» 
[(2/3,2/4), (2/1,2/4),-], 
[(2/7,2/1,2/4) ,•••], 

[(2/1, 2/2, 2/3, 2/4),-], 

[] 
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[{ys) , (yio) ,-], 
[(2/10, 2/11) , (2/8,2/10) 
[(2/14,2/8,2/10) ,-], 
[(2/8,2/9,2/10,2/11),- 



(2/17) , (2/15) ,-], 

(2/15, 2/ie) , (2/15,2/17) , •••], 
(2/15,2/21,2/17) ,-•], 
(2/15, 2/ie, 2/i7, 2/is) ,-•], 



with F-vector 



Dimension 

1 
2 
3 



Number of faces 
7 
19 
24 
12 



F- vector 

(1,1,0,0,0,0,0,0) 
(1,2,1,0,0,0,0,0) 
(1,3,3,1,0,0,0,0) 
(1,4,6,4,1,0,0,0) 



point 
edge 
triangle 
tetrahedron 



Writing the vertices of the faces as deformations the covering is given by 
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[], 

[[(irk) > (i) » (i)] -> [1,2,3,4,9, 10 ' 11. 12 ] v > 

[(f).(Jl) ? (^)]-[l>3,5,7,9,lir, 
...], 

[[/ a\ /_?L 2l\ / ^ [1, 5, 9] v , 

u \ xi X2 ' x\ / 1 \ X3 X4 ' X3 / ' \ xo xs X6 ' xo x$ xq / J L ' ' J ' 

[/ A a) / JEL , / -ft-, _ [l, 3, 9, ll] v , 

L \ XI x 2 ' Xi / ' \ x 3 x 4 ' x 3 x 4 / ' \ x x 5 x 6 ' x x 5 J J L 5 5 1 J 5 

...], 

\\l x i x e> 2 X2_\ / A x 6 2 x 2 2 \ / A xt 2 x 6 2 \l ^ rg -qIV 

LL\ X\ X2 ' Xl X2 ' £l / ' \ 2:3 X4 ' X3 X4 ' X3 X4 / ' \ XQ £5 XqI XqXqI XQX$ /1 I- ' J ' 

...], 

It/ Ee V x 4 2 X2 \ / x l x 2 x 2 2 X4 \ / ^4 3 x 6 2 x 2 \l 

LL\ Xl X2 ' XI X2 ' XI X2 ' XI / ' \ X3 X4 ' X3 X4 ' X3 X4 ' X3 / ' \ XQ X5 X§ ' XQ X5 X6 ' XQ X5 ' X5 X6 /J 



with 3 sheets forming the complexes 



x 4 X2 
Xi X2 ' Xi 



x 6 X2 
Xi X2 ' Xi 



■nr 



X2 

Xl X 2 ' Xl 12 ' xi 



X()~ 



X4 



X2 

Xi X2 ' Xi X2 ' Xi X2 ' Xl 
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£3 %4 



£3 X4 



■^2 X4 
£3 X4 ' £3 



X3 X4 1 23 X4 
2 



■'■J 



X3 X4 7 X3D4 ' X3 X4 



5 • • "J 5 



x 6 ^0 X2 X4 

Xz X4 ' X3 £4 ' X3 X4 ' X3 



,T(] xr, 



X 



XO X5 X% 
3 



X4" 



xo X5 xe 1 xq X5 xe 



XT, 



5 



^6 

X5 X6 ' Xo XQ ' 10 £5 
3 



I 1 



x 2 ^6 

XQ X5 X6 ' XQ X<y 



Xg 



Xo %5 X5 XQ 1 Xo 15 %5 %6 



Note that the torus invariant basis of deformations corresponding to a Bergman 
face is given by the set of all lattice points of the polytope specified above. 



Limit map The limit map lim : B (I) — > Poset (A) associates to a face F 
of B (I) the face of A formed by the limit points of arcs lying over the weight 
vectors w G F, i.e. with lowest order term t w . 

Labeling the faces of the Bergman complex B (I) C Poset (V) and the 
faces of Poset (A) by the corresponding dual faces of V* and A*, hence 
considering the limit map lim : B (/) — > Poset (A) as a map B (/)* — > 
Poset (A*), the limit correspondence is given by 
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[], 

2/2, 2/3, 2/4, 2/s, 2/9, 2/io, 2/n, 2/15, 2/i6, 2/i7, 2/is) >-> (^i, a*, x 5 ) , 

-..], 

[(2/7, 2/i, 2/4, 2/14, 2/8, 2/io, 2/15, 2/21, 2/17) >-»• (a:i, x 3 , X 4 , Xq) , 

...], 

[(2/3, 2/4, 2/io, 2/11, 2/i5, 2/ie) >-> (si, x 3 , x 5 , x 6 , x ) , 

(2/1, 2/4, 2/8, 2/10, 2/15, 2/17) >-»• (X1,X 3 , X 4 , X 5 , X ) , 

...], 

[(2/1, 2/8, 2/17) >-»• (X1,X 2 , X 3 , X 4 , X 5 , X ) , 

(y 4 , y w , j/15) i-> (xi, x 3 , x 4 , x 5 , x 6 , x ) , 



The image of the limit map coincides with the image of [i and with the 
Bergman complex of the mirror, i.e. lim [B (I)) = \x [B (J)) = B (I*). 

Mirror complex Numbering the vertices of the mirror complex \x (B (/)) 

as 

1 = (6,-1,-1,-1,-1,-1) 2 = (-1,6,-1,-1,-1,-1) 
3 = (-1, -1, 6, -1, -1, -1) 4 = (-1, -1, -1, 6, -1, -1) 
5 = (-1, -1, -1, -1, 6, -1) 6 = (-1, -1, -1, -1, -1, 6) 
7 = (-1,-1, -1,-1, -1,-1) 

H(B(I)) C Poset (A) is 
□ , 

[[2], [6], [7], [4], [5], [1], [3]], 

[[2, 6], [4, 7], [2, 7], [1, 5], [1, 6], [3, 6], [2, 4], [3, 5], [6, 7], [1, 7], [1, 4], [1, 3], 
[3, 7], [5, 6], [2, 5], [4, 5], [4, 6], [2, 3], [5, 7]], 

[[2, 5, 6], [4, 5, 6], [1, 5, 6], [2, 4, 7], [2, 6, 7], [4, 6, 7], [2, 4, 6], [3, 5, 6], 
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[1, 4, 7], [1, 6, 7], [1, 4, 6], [4, 5, 7], [2, 5, 7], [2, 4, 5], [1,4, 5], [1, 5, 7], 
[2, 3, 7], [3, 6, 7], [2, 3, 6], [2, 3, 5], [3, 5, 7], [1, 3, 5], [1, 3, 6], [1, 3, 7]], 

[[2, 4, 6, 7], [1,4, 6, 7], [2, 3, 6, 7], [1,3, 6, 7], [2, 4, 5, 7], [1,4, 5, 7], 
[2, 3, 5, 7], [1, 3, 5, 7], [2, 4, 5, 6], [1, 4, 5, 6], [2, 3, 5, 6], [1, 3, 5, 6]], 

U, 
[], 
D 



The ordering of the faces of /x (B (/)) is compatible with above ordering of 
the faces of B (I). The F- vectors of the faces of \x [B (I)) are 

Dimension Number of faces F- vector 

2 12 (1,3,3,1,0,0,0,0) triangle 

3 24 (1,4,6,4,1,0,0,0) tetrahedron 

4 19 (1,5,10,10,5,1,0,0) 

5 7 (1,6,15,20,15,6,1,0) 

The first order deformations of the mirror special fiber Xq correspond to 
the lattice points of the dual complex (/i (B (/)))* C Poset (A*) of the mir- 
ror complex. We label the first order deformations of Xq corresponding to 
vertices of A* by the homogeneous coordinates of Y 

x = x< \— m yi22y ^ 9 

1 (1,0,0,0,0,0) yi y 2 y 3 y 4 „ g y ? 

X = X( = yiyi ° 2y i5 

2 (0,1,0,0,0,0) yi y 2 y } y 5 y Q y ? 

x _ x vms W 

3 (0,0,1,0,0,0) 2/8 2/9 2/10 2/11 2/12 2/14 

x _ x yjyii yie 

4 (0,0,0,1,0,0) 2/8 2/9 2/Ki 2/12 2/13 2/14 

%5 — X(Q 1 0) = 

iu,u,u,u,i,u; 2/15 2/16 2/17 2/18 2/19 2/20 

^6 — ^(0,0,0,0,0,1) 



2/15 2/16 2/18 2/19 2/20 2/1- 5 



^0 - ^(-1,-1,-1,-1,-1,-1) 



21 r 

y^y^y is 



2/15 2/16 2/17 2/19 2/20 2/21 



So writing the vertices of the faces of (/x (5 (/)))* as homogeneous coordinates 
of Y, the complex (/x (f? (/)))* is given by 
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[], 
[], 
[], 

[(x 1 , X 3 , X 5 ) , (x 2 , X 3 , X 5 ) , (Xi, X 4 , X 5 ) , (x 2 , X 4 , X 5 ) , (xi, X 3 , Xq) , 
(x 2 , X 3 , Xq) , (xi, X 4 , X 6 ) , (x 2 , X 4 , X 6 ) , (Xi, X 3 , X ) , (x 2 , X 3 , X ) , 

(xi,x 4 ,x ) , (x 2 ,x 4 ,x )], 

[(X 1 ,X 3 , X 4 , X ) , (X 1 ,X 2 , X 3 , X ) , (x 2 , X 3 , X 4 , X ) , (xi, X 3 , X 5 , Xq) , 
(Xi, X 3 , X 4 , X 5 ) , (Xi, x 2 , x 3 , X 5 ) , (Xi, x 3 , x 5 , x ) , (xi, x 2 , x 4 , x ) , 
(x 2 , X3, X5, Xq) , (x 2 , X3, X 4 , X5) , (x 2 , X3, X5, Xo) , (Xi, X 2 , X3, Xq) , 
(Xi, X 3 , X 4 , Xq) , (Xi, X 3 , X 6 , X ) , (x 2 , X 3 , X 6 , X ) , (x 2 , X 3 , X 4 , X 6 ) , 

(xi, x 4 , x 5 , x 6 ) , (xi, x 2 , x 4 , x 5 ) , (xi, x 4 , x 5 , x ) , (xi, x 4 , x 6 , x ) , 
(xi, x 2 , x 4 , x 6 ) , (x 2 , x 4 , x 6 , x ) , (x 2 , x 4 , x 5 , x ) , (x 2 , x 4 , x 5 , x 6 )], 

[(Xi, X 3 , X 4 , X 5 , X ) , (Xi, X 2 , X 3 , X 5 , X 6 ) , (Xi, x 3 , x 4 , x 5 , x 6 ) , 

(x 2 , x 3 , x 4 , x 6 , x ) , (x 2 , x 3 , x 4 , x 5 , x ) , (xi, x 2 , x 4 , x 5 , x ) , 

(Xi, X 3 , X 5 , X 6 , X ) , (Xi, X 2 , X 4 , Xq, Xq) , (Xi, X 2 , X 3 , X 4 , X 5 ) , 
(X 2 , X 3 , X 4 , X 5 , Xq) , (X 2 , X 3 , X 5 , Xq, Xq) , (x 2 , X 4 , X 5 , X 6 , X ) , 
(Xi, X 2 , X 4 , X5, Xe) , (Xi, X 2 , X3, X 4 , Xo) , (Xi, X3, X 4 , Xq, Xo) , 
(Xi, X 2 , X 3 , Xq, X ) , (Xi, X 2 , X 3 , X 5 , Xq) , (x U X 4 , X 5 , X 6 , X ) , 
(Xi,X 2 ,X 3 ,X 4 ,X 6 )], 

[(Xi, X 3 , X 4 , X 5 , X 6 , X ) , (Xi, X 2 , X 3 , X 4 , X 5 , X ) , (Xi, X 2 , X 3 , X 4 , X 5 , Xq) , 
(Xi,X 2 ,X 3 ,X 5 ,X 6 ,X ) , (xi , X 2 , X3, X 4 , Xq, Xo) , (x 2 ,x 3 ,x 4 ,x 5 ,x 6 ,x ) , 
(xi,x 2 ,x 4 ,x 5 ,x 6 ,x )], 

[] 



The complex fi (B (I))* labeled by the variables of the Cox ring S gives the 
ideals of the toric strata of the special fiber X of X, i.e. the complex SP (Io), 
so in particular the primary decomposition of 1$ is 

(Xi, X 3 , Xq) fi (X 2 , X 3 , Xq) H (xi, X 4 , Xq) H (x 2 , X 4 , X 6 ) H (xi, X 3 , X 5 ) H 

7 = n (x 2 , x 3 , x 5 ) n (xi, x 3 , x ) n (x 2 , x 3 , x ) n (xi, x 4 , x ) n (xi, x 4 , x 5 ) n 
n (x 2 ,x 4 ,x 5 ) n (x 2 ,x 4 ,x ) 

Covering structure in the deformation complex of the mirror de- 
generation Each face of the complex of deformations (/jl(B (I)))* of the 



324 



mirror special fiber Xq decomposes as the convex hull of 3 polytopes forming 
a 3 : 1 trivial covering of /J, (B (I)) v 



[(xi) , (x 3 ) , (x 5 )} i * (xi, x 3 , x 5 )* v = [2, 4, 6, 7] v , 
••], 

[(xi) , (x 3 , x 4 ) , (x Q )] i-> (xi, x 3 , x 4 , x )* v = [2, 5, 6] v , 
••], 

[(xi) , (x 3 ) , (x 5 , x 6 , x )] i-> (x 1: x 3 , x 5 , x 6 , x )* v = [2, 4] v , 
(xi) , (x 3 , x 4 ) , (x 5 , x )\ h-> (xi, x 3 , x 4 , x 5 , x )* v = [2, 6] v , 
••], 

[(xi, x 2 ) , (x 3 , x 4 ) , (x 5 , x )] h-> (xi, x 2 , x 3 , x 4 , x 5 , x )* v = [6] v , 
(xi) , (x 3 , x 4 ) , (x 5 , x 6 , x )] h-> (xi, x 3 , x 4 , x 5 , x 6 , x )* V = [2] v , 



Due to the singularities of Y° this covering involves degenerate faces, i.e. 
faces G i-> F v with dim (G) < dim (F v ). 

Mirror degeneration The space of first order deformations of Xq in the 
mirror degeneration X° has dimension 7 and the deformations represented 
by the monomials 

{ vly'/y'is s/72/14 2 yfi 2/52/13 2/20 3 2/5 2/i2 2 2/j 9 "| 

2/15 2/16 2/17 2/19 2/20 2/21 2/15 2/lg 2/17 2/18 2/19 2/20 2/8 2/9 2/lQ 2/n 2/12 2/14 2/1 2/2 2/3 2/4 2/6 2/7 L 
2/4 2/10 2 2/15 2/32/11 2/16 3 2/i2/8 2 2/i 7 f 

2/1 2/2 2/3 2/5 2/6 2/7 2/8 2/9 2/10 2/12 2/13 2/14 2/15 2/16 2/18 2/19 2/20 2/21 J 

form a torus invariant basis. The number of lattice points of the dual of the 
mirror complex of / relates to the dimension h 1,2 (X°) of complex moduli 
space of the generic fiber X° of X° and to the dimension ft, 1 ' 1 (X) of the 
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Kahler moduli space of the generic fiber X of X via 



|supp ((// (B (/)))*) n N\ = 7 = 6 + 1 

= dim (Aut (y )) + h 1 ' 2 (X°) = dim (T) + h 1 ' 1 (X) 

The conjectural first order mirror degeneration X° C Y° x Spec C [t] of X 
is given by the ideal J°cS°®C [t] generated by 

t (s 7 vlvlvli + si y|y|y? 8 + s 2 yhuvii) + 2/is yn Vis Vie Vw V2o 2/21 

* ( s e yiyfiyw + s 3 2/I2/132/I0) + 2/10 yn 2/12 2/8 2/9 2/14 2/13 

* ( s 5 yhwVib + s 4 yhnVig) + 2/2 1/4 1/7 1/3 l/i 1/5 1/6 

*«i 2/12/92/18 + 2/2 2/15 2/16 2/17 2/19 2/20 2/21 £s 4 2/192/5 y\ 2 + j/i 2/2 2/3 2/4 2/6 2/7 2/i9 

*«7 yly\y\i + 2/8 2/15 2/16 2/18 2/19 2/20 2/21 ts 3 yf 2/13 y| + 2/6 2/8 2/9 2/10 2/11 2/12 2/14 

ts 2 2/72/143/21 + 2/7 2/15 2/16 2/17 2/is 2/19 2/20 ts 6 2/f 2/n 2/ie + 2/3 2/8 2/9 2/io 2/12 2/13 2/i4 

ts 3 2/lo2/|2/i3 + 2/8 2/9 2/io 2/n 2/12 2/14 2/20 *s 5 2/? 2/4 2/15 + 2/1 2/2 2/3 2/5 2/6 2/7 2/io 

ts 6 2/^2/32/11 + 2/8 2/9 2/io 2/12 2/13 2/14 2/ie te 4 2/^2/5 2/?g + 2/i 2/2 2/3 2/4 2/6 2/7 2/12 
*«5 2/i 5 2/4 J/10 + 2/i 2/2 2/3 2/5 2/6 2/7 2/15 J/fyf 2/? 8 + t/9 2/15 2/16 2/17 2/19 2/20 2/21 

ts2 2/142/72/21 + 2/14 2/15 2/ie 2/17 2/is 2/19 2/20 ts 7 yfyjy 2 7 + 2/1 2/15 2/16 2/18 2/19 2/20 2/21 

and 2170 monomials of degree 7 
Indeed already the ideal J° generated by 

t( s 5 vlvioVis + s 4 2/52/122/19) + 2/2 2/4 2/7 2/3 2/1 2/5 2/6, 

t(s e ylyuyi 6 + s 3 2/e2/? 3 2/2o) + 2/io 2/n 2/12 2/s 2/9 2/i4 2/13, 
*(«7 S/i2/|s/i7 + s i 2/|2/92/?8 + s 2 2/?2/i 2 4 2/Ii) + 2/is 2/17 2/is 2/ie 2/19 2/20 2/21 
defines 3C°. 



Contraction of the mirror degeneration In the following we give a 
birational map relating the degeneration X° to a Greene-Plesser type orbi- 
folding mirror family by contracting divisors on Y°. See also Section 9.13 
below. 

In order to contract the divisors 



2/1 — 2/(-i, -1,0,0,0,2) = 
2/4 = 2/(-i,i,o,o,o,o) = 



Xl X2 
X2 



2/2 = 2/(-i -1,0,0,0,0) = 
2/5 = 2/(1,-1,0,0,0,0) = 
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VW = 1/(0,2,-1,-1,0,0) = 
2/12 = 1/(2,0,-1,-1,0,0) 
1/14 = 1/(0,0,-1,-1,2,0) 



x 3 X4 

xi 



X3 Xi 

xi 



X% Xi 



1/17 — 1/(0,0,0,0,-1,2) 



XO X5 



1/20 — 1/(0,0,3,0,-1,-1) — 



1/11 = 1/(0,0,-1,1,0,0) = 
1/13 = 1/(0,0,1,-1,0,0) = 
1/16 = 1/(0,0,0,3,-1,-1) = 



24 

X3 
Xi 



X X 5 Xfj 



XO X5 XQ 



1/18 - 1/(0,0,0,0,-1,-1) - - 



1/21 — 1/(0,0,0,0,2,-1) 



:/■(; 



20 X(j 



consider the Q-factorial toric Fano variety Y° = X , where S° = 

Fan C Mr is the fan over the Fano polytope P° C M R given as the 

convex hull of the remaining vertices of P° = V* corresponding to the Cox 



variables 



1/15 - 1/(0,3,0,0,-1,-1) - ll X6 1/8 - 1/(0,0,-1,-1,0,2) - 

1/9 = 1/(0,0,-1,-1,0,0) = ^2 1/3 = l/(-l, -1,0,2,0,0) = ^7 

2 „.3 



1/7 - -1,0,0,2,0) - ^ 1/19 - 1/(3,0,0,0,-1,-1) - XQ ^ ~ 

1/6 = y(-l -1,2,0,0,0) = ^7 

of the toric variety F° with Cox ring 

S° = C[y 15 , y 8 , 1/9, 1/3, 1/7, 1/19, ye] 

The Cox variables of Y° correspond a set of Fermat deformations of X. There 
are 6 sets of Fermat deformations with C* acting with weight 1 on all Cox 
variables 

{1/15,1/19,1/9,1/6,1/7,1/8,1/3} 

{1/15,1/14,1/19,1/2,1/6,1/8,1/3} 

{1/15,1/14,1/19,1/9,1/1,1/6,1/3} 

{1/16,1/20,1/2,1/12,1/10,1/7,1/8} 

{1/16,1/20,1/9,1/1,1/12,1/10,1/7} 

{1/16,1/14,1/20,1/2,1/1,1/12,1/10} 

Let 

Y° =X(E°) ^X(S°) =Y C 



be a birational map from Y° to a minimal birational model Y°, which con- 
tracts the divisors of the rays S°(l) — E°(l) corresponding to the Cox vari- 
ables 

1/1 1/2 1/4 1/5 1/10 1/11 1/12 1/13 
1/14 1/16 1/17 1/18 1/20 1/21 
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Representing Y° as a quotient we have 

y° = (c 7 -v (b (s°))) I/g° 

with 

G° = Z 2 x Z 2 x Z12 x (C*) 1 

acting via 

iy = ( Mi M3 1 U! • I/15, W 2 M3 • 2/8, «2 M3 • 2/9, «2 W3 V l ' 2/3, «1 «2 M3 «i • 2/7, Ul «3 V l ' 2/19, «1 ' 2/6 ) 

for £ = (mi,U2,«3,Ui) G G° and 2/ G C 7 - \/ (# 
Hence with the group 

H° = Z 2 x Z 2 x Z12 
of order 48 the toric variety Y° is the quotient 

Y° = F 6 /H° 

of projective space P 6 . 

The first order mirror degeneration X 10 induces via Y — > Y° a degener- 
ation X lD C y° x SpecC [t] I (t 2 ) given by the ideal / lo C S° ®C[t]/ (t 2 ) 
generated by the Fermat-type equations 

2/15 2/19 + t(s 3 2/? + s 2 2/1 + si 2/1), 
2/8 2/9 + ^(se 2/1 + S4 2/1), 
2/3 2/6 2/7 + t{s 7 2/? 5 + s 5 2/i 3 9 ) 

Note, that 

supp ((/x (B (/)))*) n N - Roots - dim (7> ) = 7 - 6 = 1 

so this family has one independent parameter. 

The special fiber Xq C 7° of X lD is cut out by the monomial ideal 1% C S" 5 
generated by 

{ 2/3 2/6 2/7 2/8 2/9 2/15 2/19 } 

The complex SP (j^j of prime ideals of the toric strata of Xq is 
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[(2/15, 2/9, J/e) , (j/i5, 2/8, 2/3) , (2/15, 2/8, 2/7) , (2/15, 2/9, 2/7) , (2/8, 2/3, 2/19) , 
(2/9, 2/19, 2/e) , (2/8, 2/19, 2/e) , (2/15, 2/9, 2/3) , (2/9, 2/3, 2/19) , (2/9, 2/7, 2/19) , 
(2/8,2/7,2/19) , (2/15, 2/8, 2/e)], 

[(2/15, 2/9, 2/7, 2/e) , (2/15, 2/8, 2/7, 2/19) , (2/15, 2/8, 2/9, 2/s) , (2/9, 2/3, 2/7, 2/19) , 
(2/15, 2/s, 2/3, 2/e) , (2/s, 2/3, 2/7, 2/19) , (2/8, 2/9, 2/3, 2/19) , (2/15, 2/9, 2/7, 2/19) , 
(2/15, 2/8, 2/9, 2/7) , (2/15, 2/8, 2/19, 2/e) , (2/9, 2/3, J/19, 2/e) , (2/8, 2/9, 2/7, 2/19) , 
(2/15, 2/8, 2/3, 2/7) , (2/15, 2/9, 2/3, 2/19) , (2/15, 2/8, 2/7, 2/e) , (2/15, 2/9, 2/19, 2/e) , 
(2/8, 2/7, 2/19, 2/e) , (2/8, 2/9, 2/19, 2/e) , (2/15, 2/9, 2/3, 2/7) , (2/15, 2/8, 2/3, 2/19) , 
(2/15,2/8,2/9,2/6) , (2/8,2/3,2/19,2/6) , (2/9,2/7,2/19,2/6) , (2/15,2/9,2/3,2/6)], 

[(2/15, 2/8, 2/7, 2/19, 2/e) , (2/15, 2/9, 2/3, 2/i9, 2/e) , (2/15, 2/8, 2/9, 2/3, 2/7) , (2/15, 2/9, 2/3, 2/7, 2/19) , 
(2/15, 2/8, 2/3, 2/7, 2/19) , (2/15, 2/8, 2/9, 2/7, 2/19) , (2/15, 2/8, 2/9, 2/3, 2/19) , (2/8, 2/9, 2/3, 2/7, 2/19) , 
(2/8, 2/9, 2/7, 2/19, 2/e) , (2/15, 2/8, 2/3, 2/7, 2/e) , (2/15, 2/9, 2/7, 2/i9, 2/e) , (2/15, 2/s, 2/9, 2/3, 2/e) , 
(2/15, 2/8, 2/9, 2/19, 2/e) , (2/15, 2/8, 2/3, 2/19, 2/e) , (2/15, 2/8, 2/9, 2/7, 2/e) , (2/15, 2/9, 2/3, 2/7, 2/e) , 
(2/8,2/9,2/3,2/19,2/6) , (2/8,2/3,2/7,2/19,2/6) , (2/9,2/3,2/7,2/19,2/6)], 

[(2/8, 2/9, 2/3, 2/7, 2/19, 2/e) , (2/15, 2/9, 2/3, 2/7, 2/19, 2/e) , (2/15, 2/8, 2/3, 2/7, 2/19, 2/e) , 
(2/15, 2/s, 2/9, 2/7, 2/19, 2/e) , (2/15, 2/s, 2/9, 2/3, 2/i9, 2/e) , (2/15, 2/8, 2/9, 2/3, 2/7, 2/e) , 
(2/15,2/8,2/9,2/3,2/7,2/19)], 

[] 



so Iq has the primary decomposition 

(2/15, 2/9, 2/3) H (1/9, 2/19, 2/e) H (j/15, 2/s, 2/7) H (y 8 , 2/19, 2/e) H (y 8 , 2/7, 2/19) H 
^0 = H (yi 5 , 2/9, 2/7) H (2/9, 2/3, 2/19) H (2/15, 2/9, 2/e) H (y 8 , 2/3, 2/19) n (y 15 , y 8 , 2/3) H 

n (2/15, 2/8, 2/e) n (2/9,2/7,2/19) 

The Bergman subcomplex I? (7) C Poset (V) induces a subcomplex of Poset ( V 



329 



V = ( P° ) corresponding to Iq. Indexing of the vertices of V by 



> 5 2 ' 5 2 ' 2 ' 2/ ^ 7 

3 = (— |, — |, —3, —3, —3, — 

4 = C-3 _3 _5 9 _5 q\ 

\ 4> 4' 4'4' 4' w / 

5 = (1,1, 1, |, 4,0) 

6 = f is _i 1 1 I 0) 

7 = I 3 _3 9 _5 _5 n\ 

' 4' 4'4' 4' 4' U / 

this complex is given by 

' D, 

[[1], [2], [3], [4], [5], [6], [7]], 

[[3, 4], [2, 5], [6, 7], [2, 7], [3, 7], [4, 7], [5, 7], [1,7], [1,4], [3, 6], [2, 4], 
[5, 6], [4, 5], [3, 5], [4, 6], [2, 6], [1,5], [1,3], [1,2]], 

[[2, 4, 6], [3, 4, 7], [5, 6, 7], [1,2, 7], [3, 5, 6], [1,3, 7], [1,5, 7], [2, 4, 7], 
[4, 6, 7], [3, 4, 5], [1, 2, 5], [1,4, 7], [3, 6, 7], [2, 5, 7], [3, 4, 6], [2, 4, 5], 
< [1, 3, 4], [1, 4, 5], [2, 6, 7], [3, 5, 7], [4, 5, 6], [1, 3, 5], [1, 2, 4], [2, 5, 6]], > 

[[2, 4, 5, 6], [3, 5, 6, 7], [3, 4, 6, 7], [2, 4, 6, 7], [1, 3, 5, 7], [1, 2, 4, 5], 
[1, 3, 4, 5], [2, 5, 6, 7], [1, 2, 5, 7], [1, 2, 4, 7], [1, 3, 4, 7], [3, 4, 5, 6]], 

0, 
0, 



9 The tropical mirror construction 

9.1 Concept of the tropical mirror construction 

In the following, the concepts involved in the tropical mirror construction 
are summarized, omitting detailed conditions and technicalities. 

Let iV = Z n be a lattice, M = Horn (TV, Z) the dual lattice and Y = X (E) 
a toric Fano variety of dimension n given by a Fano polytope P C JVr, i.e., 
E = E (P) is the fan over P. Denote by A = A_^ y = P* the dual polytope 
of P (which is not necessarily integral) and by S the Cox ring of Y. 
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Let X C Y x Spec (C [[£]]) be a flat family of Calabi-Yau varieties of 
dimension d given by the ideal / C C [t] <g) S. Suppose that the special fiber 
of X over the zero point Spec (C) is given by the reduced monomial ideal Io- 
We require that the tangent vector of X at X is sufficiently general in the 
tangent space of the component of moduli space of X containing the family 
X. 

The goal is to associate to X a degeneration X° of Calabi-Yau varieties 
with fibers in a toric Fano variety such that the general fibers of X and X° 
form a mirror pair. 

The presentation of the Chow group of Y 

-> M 4 Z s « -> A n _ x (Y) -> 

induces a correspondence of weight vectors on the Cox ring S and the ele- 
ments of 

Hom K (4i-i00®zK,K) ~ R 
This vector space naturally contains the lattice 

image (_ o A) = IT 

We associate to X the special fiber Grobner cone 

C = C Io (/) C R®N R 

defined as the closure of the set of weight vectors on C [t] <g) S which select I 
as initial ideal of /. It is a closed strongly convex rational polyhedral cone. 

The cone Co intersects the hyperplane of t -weight Wt — 1, which contains 
via stereographic projection the Bergman complex of I, in the polytope 

V = Co n {w t = 1} C {w t = 1} = N R 

The dual polytope V* is integral and contains as unique interior point, i.e., 
V* is a Fano polytope, defining a toric Fano variety Y° = P (E°) by the fan 
S° = E (V*) over the faces of V*. 

The intersection of the Bergman fan with the special fiber Grobner cone 

B (I) = BF (I) n C n {w t = 1} C Poset (V) 

is a subcomplex of dimension d of the boundary of V. 
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As B (I) is a subset of val (V K (I)) for the metric completion K of the 
field of Puisseux series, we have a map of complexes 



lim : B (I) 
F 



Strata (Y) = Poset (A) 
{lim^oa (t) | a E val" 1 (int (F))} 



Here val is the valuation map defined in Section 4.2 and Strata (Y) is the 
complex of all closures of toric strata of Y. Note that Strata (Y) is isomorphic 
to the complex of faces Poset (A) of A C Mr, considered as a complex. The 
image of the map lim is the complex StrataA (io) of strata of X considered 
as a subcomplex of Poset (A), i.e., 



As a consequence we expect that B (I) C Poset (V) is the complex of strata 
of the special fiber Xq of the mirror degeneration X°, i.e., 



and its ideal Iq is obtained as follows: 

Any ray v of the normal fan S° = NF (V) corresponds to a facet F v of 
V. Write S° = C [z v \ v G S° (1)] for the Cox ring of Y°. The subcomplex 
B(/)cV defines a monomial ideal 



generated by the products of variables of S* such that the corresponding 
union of facets contains supp (B (I)) as a subset. Here supp (B (I)) denotes 
the underlying set of the subcomplex B (I) C V. The special fiber of the 
mirror degeneration is expected to be given by 



Interpreting iV as the lattice of monomials of Y°, a general first order 
polynomial deformation of Iq, including trivial deformations, is given as a 
general linear combination of the lattice points of 



lim (B (I)) = Strata A (J„) C Poset (A) 



B (I) = Strata A (i °) 




X° = V (7°) C F° 



(lim (B (/)))* C Poset (A*) = P C M 
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which is the complex of faces F* C A* dual to the faces F of lim (B (I)). 
These lattice points map to Cox Laurent monomials via the presentation of 
the Chow group of Y° 

O^N^ Z s ° (1) -> A n ^ (Y°) -> 
Denote their image by 

S° = A (iV n supp (lim (B (/)))*) 
Define the first order deformation of Xq 

X la Cfx SpecC[t]/(t 2 ) 

by the ideal 

I lo = lu + t-^a a -a{u)\ueI°\dC[t\/ (t 2 ) <g> S° 
\ aes° I 

with general coefficients a a . The family X l ° is expected to be up to first 
order the mirror degeneration of X. 

This construction is motivated by the following structure on the first order 
deformations of X : For any face F of B (I) denote the associated initial ideal 
by hip (I). For any tie break ordering > inside C we have L > (hip (/)) = I Q . 
Associated to F there is a first order deformation 

X F cY x Spec (C [t] I (t 2 )) 

defined by the image of m F (J) under 

C[t]®S -> C[t]/(t 2 )®S 

u u 



m F (I) — > (m i0 + tJ2 dijin. 



ij 



where m w , ...,m r0 are minimal generators of I . By homogeneity the Cox 
Laurent monomials ^ are in the image of A, and the image of the map 

dual: B(I) -> Poset(V*) 

F i-> convexhull ^A' 1 (^j | i, j}) 
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associating to each face the convex hull of the first order deformations appear- 
ing in its initial ideal, carries the structure of a complex, indeed dual (F) = 
F* C V*. The lattice points 

MHsupp (dual (£(/))) 

of the image form a torus invariant basis of the space of those first order 
polynomial deformations of X , which map modulo trivial deformations in 
the tangent space direction of the component of the moduli space of X , 
containing the family X. 

Above construction depends on the degeneration X only up to first order. 
Applying the construction to the first order mirror family X° recovers the 
original degeneration X up to first order. 

We summarize the key identifications, made in above construction, denot- 
ing the identifications by the symbols J and <->. To make a clear distinction 
between the two mirror partners and their embedding toric Fano varieties, 
denote the lattice of monomials of Y° = X (E (V*)) by M° and its dual 
lattice by N° = Horn (M, Z) . Denote by X the general fiber of X. 



weight vectors on 
Cox ring S of X (E) 



one parameter sub- 
groups of T C X (E) 

characters of 
T° C X(E°) 

Cox Laurent 
monomials of X (E°) 



Hom K 



Hom K ( J 4 n _i 

!= 

N C N m 
I 

M° C M° 

n 

c 



E°(l) 



containing 

D Poset (V) DB(/)« SP (J °) 

toric Kahler 
classes on X 

n 



D 
D 



D 



D 



E 
I 

Poset (P) 



S(l) 

(hm (5 (/)))* 
I 



dual {B (/*)) 
I 

first order 
deformations of Xq 



and the analogous mirrored diagram. The key connections between both 
diagramms are made by the maps lim relating the complexes of strata of Iq 
and Iq, and by the map dual, i.e., the correspondence between weights and 
initial ideals. 
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As discussed in [Aspinwall, Greene, Morrison, 1993] in the case of hyper- 
surfaces, the identification of the lattice N and the lattice of monomials M° 
of X (E°) gives rise to a mirror map between complex and Kahler moduli. 

In an analogous way, above tropical mirror construction allows interpreta- 
tion of the vertices of the faces (or, via MPCP-blowup, of the lattice points) of 
dual (B (1°)) as first order polynomial deformations of Xq or as toric Kahler 
classes on X, which should induce a mirror correspondence between complex 
moduli and Kahler moduli. 

9.2 First order deformations and degree Cox Laurent 
monomials 

Consider a toric variety X (£) of dimension n with Cox ring S, and recall 
that the map deg in 

O^l" Z s « d -5 A n _, (X (E)) - 

can be considered as the map associating to a Cox Laurent monomial its 
degree in the Chow group of divisors A n _ 1 (X('E)). Hence image (A) = 
ker (deg) is precisely the set of degree Cox Laurent monomials. So there is 
an isomorphism 

A 

M z± image (A) C Z s(1) 

of M and the degree Cox Laurent monomials, and M R C IR 1 ^ 1 ) is a sub 
vector space containing the lattice M = Z n . 

The characters of the big torus (C*) S(1) = Hom z (Z s{1 \ C*) are the Cox 
Laurent monomials, i.e., the elements of Z S(1 ). 

Let Io C S be a monomial ideal. As Iq is generated by finitely many 
elements and the space of elements of S of this degree is finite dimensional, 
the degree homomorphisms in Horn (J , S/Io) form a finite dimensional 
vector space denoted by Horn (7 , S/I ) Q . The big torus (C*) s<1 - ) acts by 

Hom z (Z S W, C) x C [Z s «] -> C [Z s «] 
(A, m) I— > A (m) ■ m 

on C [Z 2 ^ 1 ^ and on S. The induced action of the abelian group Hom z (Z s ^\ C*) 
on the vector space Horn (7 , S/I ) gives a representation 

Hom z (Z s ^, C*) -> GL (Horn (J , 5/7 ) ) 
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which decomposes into characters, as any irreducible representation of an 
abelian group over an algebraically closed field is 1-dimensional. 

So, denoting first order deformations which are characters as (C*) S< ' 1 ' ) - 
deformations, the vector space Horn (I , S/I ) has a basis of (C*) 1 - 
deformations . Any such homomorphism 5 is represented by a degree 
Cox Laurent monomial, i.e., by a character of (C*) S<1 ' ) . There are relatively 
prime monomials go, Qi £ S with g image (A) such that for all minimal 

generators m E Io with 5{m) ^ we have — ^. So 5 is the degree 
homomorphism I — > S/I defined by 

. f 21 . m if g | m 1 

\ otherwise J 

for minimal generators m G Jo- 
Lemma 9.1 7/ Jo a monomial ideal, then Horn (7 , S/Iq) has a basis of 
(C*) S< - 1 - ) -deformations represented by elements o/ image (A) = M. 

With respect to weights on / recall from Section 6.7 that there is a bijec- 
tion 



TV D image (_ o A) ±+ HBwXZTtfTsllzl {graded wt. vec. on 5} 



Hom z (A n _ 1 (X(E)),Z) 



inducing an isomorphism of vector spaces 

Hom K (IR^ 1 ), IR) 



Hom M {A n ^{X{T))® z R,: 



i.e., iV R is a quotient of Hom R (R s(1) , R). 

The mirror correspondence between Calabi-Yau degenerations with fibers 
polarized in toric Fano varieties X (E) with lattices N and M respectively 
X (E°) with lattices iV° and M° will be induced by the identification of 



Hom R (RSW,R) 

Ha mR (A n _ 1 (X(E))® z K,K) ~ ^ Wlth M ^ C M 



and of 



i s(1) D Mm with N° 



Hom,(R s °( 1 ),R) 



Hom K (A„_i(X(S° 

and of the corresponding lattices. 
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9.3 Monomial ideals in the Cox ring and the stratified 
toric primary decomposition 

Let N = Z n , let M = Horn (N, Z) be the dual lattice, E C ATr a complete 
fan, F = X (E) the corresponding toric variety and S — C [y r \ r e E (1)] the 
Cox ring of F. 

Definition 9.2 Lei I C S be a reduced monomial ideal. If m E I is a 
monomial, define 

rays m (E) = {r e S (1) | y r divides m} 

The stratified toric primary decomposition SP (J ) o// zs £/ie complex 
with faces of dimension s given by 

{a e E (n — s) wii/i 
(y r | r G rays (a)) | rays (a) fl rays m (E) ^ > 
/or a// monomials m £ I 

Remark 9.3 Suppose that all maximal faces SP(Iq) have the same dimen- 
sion, i.e., the vanishing locus of I is equidimensional. The intersection 
complex IS (I ) of I is the subcomplex of the simplex on the maximal faces 
SP (Jo); containing the face F if the ideal 

i.e., if the ideal XIjgf J ^ s a 9 a ^ n a f ace °f SP (Jo)- The complexes SP (J ) 
and IS(I ) are dual to each other. 

Suppose D is a divisor on F = X (E) such that some multiple of D is 
ample Cartier, then A = Ao is not necessarily integral, but combinatorially 
dual to E, i.e., E = NF (Ad). 

For example we could consider a Fano polytope P C ATr, E = E (P) 
the fan over P and F = X (E) the corresponding toric Fano variety and 
A = A_ Ky = P* C Mr. 

We can reformulate above notations in terms of a subcomplex of the 
polytope A and the dimensions of the faces are the geometric dimension of 
the corresponding faces of A: 



337 



If F is a face of A, define 



facets^ (A) = {G \ G facet of A with F c G} 



as the set of facets of A containing F. If to G io is a monomial, define 



as the set of those facets of A, which appear, considered as Cox variable, as 
a factor of to. 

Definition 9.4 TTie complex of strata ofl is the subcomplex StrataA (io) 
of the associated complex Poset (A) o/A with faces of StrataA (io) of dimen- 
sion s given by 

{F a face of A of dim (F) = s with "| 
F | facets^ (A) n facets m (A) ^ \ 
for all monomials to G io J 

Lemma 9.5 TTie faces of dimension s of the stratified toric primary decom- 
position SP (io) o/ io are given by 

SP (7 ) s = {(y G » | G a facet of A with F C G> | F G Strata A (i )J 

and Strata A (i ) = SP (i ). 

These definitions may be generalized to the case of non-reduced monomial 
ideals, though this is not used in the following. 

Proposition 9.6 Let io C S be a reduced monomial ideal such that StrataA (io) 
is equidimensional of dimension d. Then there is a unique monomial ideal 
Iq C S maximal with respect to inclusion such that StrataA (io) = StrataA (if) ■ 



facetsm, (A) = {G \ G facet of A with yc* \ in} 



It holds 




Definition 9.7 We denote Iq as the Yi-saturation of Iq. 
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Remark 9.8 If 12 is simplicial, then 



J S = (J : B (E)°°) 

In the special case of Y = P n the complex StrataA (Io) is related to the 
representation of Stanley-Reisner ideals by the following remark (see also 
Section 13.6): 

Remark 9.9 Suppose Y = P (A) = P n where A is the degree n + 1 Veronese 
polytope and let S be the homogeneous coordinate ring ofY. So A* (and of 
course also A) is a simplex and the faces of A* correspond to the subsets of 
the set of vertices of A* . The vertices of A* generate the rays o/E = NF (A), 
the cones o/E correspond to the subsets o/E(l). The rays o/E correspond 
to the variables of S = C [y r \ r e E (1)] . 

Let Z be a simplicial subcomplex of Poset (E) = Poset (A*), where each 
face of Z is considered as a set of rays o/E, and 

h = (HreMVr | M C E (1) a non-face of Z) C S 

the corresponding Stanley-Reisner ideal. 

If F e StrataA (Io) i s a f ace an d F* C A* the dual face of F then denote 
the set of all rays o/E in the complement o/hull (F*) E T, by comp (F), so, 
e.g., if F is a vertex of A then the complement of F* C A* contains precisely 
one vertex of A* . The map 

Poset (A) Poset (E) = Poset (A*) 

U U 

comp : StrataA (Io) —> Z 

F i-> comp (F) 

is an isomorphism of complexes and 

I = ( Y\vv I J C E (1) with supp (Strata A (Io)) C (Jf,, \ 
\DeJ t)GJ / 

Example 9.10 Let Y = P (A) = P 3 wit/i 

A = convexhull {(-1, -1, -1) , (3, -1, -1) , (-1, 3, -1) , (-1, -1, 3)} 
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so 



A* = convexhull {(-1, -1, -1) , (1, 0, 0) , (0, 1, 0) , (0, 0, 1)} 



and write 

r = hull {(-1,-1,-1)} n = hull {(1,0,0)} r 2 = hull {(0,1,0)} r 3 = hull {(0, 0, 1)} 

x = y ro xi = y ri x 2 = y r2 x 3 = y r:j 

Consider the complex 

( {} 

{W , {r } , {r 3 } , {n}} 
{{^2, r } , {r , n} , {r 3 , r 2 } , {n, r 3 }} 
{} 
{} 



Z = 



\ 



J 



The Stanley- Reisner ideal associated to Z is the monomial ideal 

I = (x X 3 , XiX 2 , X X 1 X 2 , XoX^, x x 2 x 3 , x 1 x 2 x 3 , x x 1 x 2 x 3 ) 
= (X X 3 , XiX 2 ) C S = C [x , x 1 ,x 2 , x 3 ] 

The complex of strata associated to I is 

( {} 

{(-1,3,-1)} 

{(-1,-1,-1)} 
{(-1,-1,3)} 
{(3,-1,-1)} 
{(-1,3,-1), (-1,-1,-1)} 
{(-1,-1,-1), (3, -1,-1)} 
{(-1,-1,3), (-1,3,-1)} 
{(3, -1,-1), (-1,-1,3)} 

{} 

V {} 



StrataA (h) = convexhull 



/ 



This notation is short for applying convexhull to each face of the complex in 
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the argument. The dual of StrataA (Iq) is 



(StrataA (Iq))* = convexhull 



so 



comp ((StrataA (h))) = 



{} 
{} 

{(1,0,0), (0,0,1)} 
{(0,0,1), (0,1,0)} 
{(1,0,0), (-1,-1,-1)} 
{(-1,-1,-1), (0,1,0)} 

{(1,0,0), (-1,-1,-1), (0,0,1)}, 

{(0,0,1), (0,1,0), (1,0,0)}, 
{(-1,-1,-1), (0,1,0), (1,0,0)}, 
{(0,1,0), (-1,-1,-1), (0,0,1)} 

{} 



{} 

{hull (0,1,0)} 
{hull (-1,-1,-1)} 
{hull (0,0,1)} 
{hull (1,0,0)} 

{hull (-1, -1, -1) , hull (0, 1, 0)} 
{hull (-1, -1, -1) , hull (1, 0, 0)} 
{hull (0,0,1), hull (0,1,0)} 
{hull (1,0,0), hull (0,0,1)} 

{} 
{} 



Figure 9.1 shows the complexes StrataA {Iq) C Poset (A), Figure 9.2 
the complex (StrataA (/o))* C Poset (A*) and Figure 9.3 the corresponding 
Stanley-Reisner complex Z considered as a subcomplex of Poset (A*). 



9.4 Locally relevant deformations 

Let N = Z n and M = Hom(iV,Z), let S C N R be a complete fan and 
Y = X (E) the associated toric variety. 
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(xq, X\, x 2 ) 




(x ,xi,x 3 ) 



(x 1 ,x 2 ,x 3 ) 



Figure 9.1: The complex StrataA (/o) C Poset (A) for the ideal I = 

(x x 3 , XiX 2 ) 

Definition 9.11 Let X C Y be a union of equidimensional strata, let Xi e 
Strata (Xq) be a torus stratum of Xq and consider a first order deformation 
X C Y x Spec (C [t] I (t 2 )) of Xq. Then X is called locally irrelevant at 
the stratum Xi if there is a formal analytic open neighborhood U C Y of Xi 
such that for the open neighborhood U — U D Xq of Xi in Xq there is an 
isomorphism 



Otherwise, X is called locally relevant at Xi. The deformation X is called 
strongly locally relevant at Xi if X is locally relevant at Xi and locally 
irrelevant for all strata Xj e Strata (Xq) with Xi D Xj = 0. 

Example 9.12 Consider Xq C Y = P 3 given by the monomial ideal Iq = 
(xoX3,xix 2 ) C S = C [xq, X3]. The ideals of the strata of X are shown 
in Figure 9.1. Consider the following torus invariant deformations given by 
Cox Laurent monomials: 

• For — — the deformation X is qiven by 




U x Spec (C [t] I (t 2 )) = X n (0 x Spec (C [t] / (t 2 



))) 



which extends 



Xi x Spec (C [t] I (t 2 )) C X 




(x x 3 , x x x 2 + t • xl) 



) = (x 3 , xi) n (x 3 , x 2 ) n (x , xix 2 + t-x 2 3 



> 
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x 3 




x 2 



Figure 9.2: The complex (StrataA (Jo))* C Poset (A*) for the ideal Iq = 

(x X 3 , XiX 2 ) 



Figure 9.3: The subcomplex of Poset (A*) defining the Stanley-Reisner ideal 

J = (x x 3 , x x x 2 ) 

and is locally relevant at (x , x 2 ) , (x , xi) , (xq, X\, x 2 ). It is strongly 
locally relevant at (xq,xi,x 2 ). 

• For ^ the deformation X is qiven by 

Xq " 3 X 

(x x 3 + t-xj, xix 2 ) = (x 3 , xx)n(x 3 , x 2 )n(xx,x + t ■ x 3 )n(x 2 , x + t- x 3 ) 

and is locally relevant at (xq, x 2 ) , (xo, X\) , (xo, x±, x 2 ). It is strongly 
locally relevant at (x ,Xi,x 2 ) . 

• For — the deformation X is qiven by 

Xq j 3 a 

(x X 3 + t ■ XiX 3 , X\X 2 ) = (x 3 , Xi) fl (x 3 , x 2 ) fl (xi, Xo) n (x 2 , X + t ■ Xi) 



Xq 




x 2 
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and is locally relevant at (x , Xi,x 2 ) , (x , x 2 , x 3 ) , (x , x 2 ) , (xi,x ) , (x 3 , x 2 ) . 
It is strongly locally relevant at (xo,x 2 ). 

The Figures 9.4, 9.5 and 9.6 visualize the strata of X where these defor- 
mations are locally relevant or irrelevant. 



(x ,x 1 ,x 2 ) 




(x ,x 2 ,x 3 ) 


< 


i 


> 

» 


(x ,xi,x 3 ) 




(x 1 ,x 2 ,x 3 ) 



Figure 9.4: Visualization of the deformation of Iq = (xox 3 , x\x 2 ) 

See also Example 9.47 below. 

9.5 Setup for the tropical mirror construction for mono- 
mial degenerations of Calabi-Yau varieties polar- 
ized in toric Fano varieties 

Consider the following setup for the tropical mirror construction. The condi- 
tions on the degeneration may be subject to generalization and redundancy. 
We begin with the following setup: 

• Let N = Z n , let M = Horn (N, Z) be the dual lattice, P a Fano poly- 
tope, £ = £ (P) and Y = X (£) the corresponding toric Fano variety. 
Denote by S = C [y r \ r G £ (1)] the Cox ring of Y and by 

0^M4 Z s « -> A n _ x (Y) -> 
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the presentation of the Chow group of divisors of Y. 

• Let Iq C S be an equidimensional reduced monomial ideal with I = 
Iq and X C Y x SpecC[[t]] an irreducible flat family of Calabi-Yau 
varieties of dimension d given by the ideal I C C [t] ® S and suppose 
that the special fiber X over SpecC is given by Jo- 
Assume that the underlying topological space of the cell complex StrataA (h) 
is homeomorphic to a sphere. 

Define the following: 

• Let > be a monomial ordering on C [t] <8> S, which is respecting the 
Chow grading on S and is local in t. Let 

C Io (/) = {- (w t , w y )eR® N R | L >Mwy)) (I) = Io} 

be Grobner cone corresponding to the lead ideal Jo- 

• Let 

BF Io {I)=BF (J)nPoset (C Io (/)) 
We require X to satisfy the following conditions: 
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(x ,xi,x 2 ) 


(x ,x 2 } 


(x ,x 2 ,x 3 


< 


1 1 


1 


(x ,Xi) 

1 


1 1 


(x 2 ,x 3 ) 

» 


(xo,Xi,X3) 


(xi,x 3 ) 


(xi,x 2 ,x 3 



Figure 9.6: Visualization of the deformation ^ of I = (x x 3 ,xiX 2 ) 



1. c Io (i)n{w t = 0} = {0}. 

2. Cj (J) is the cone defined by the half-space equations corresponding to 
the torus invariant first order deformations appearing in the reduced 
standard basis of I in SxC [t] / (t 2 ) with respect to a monomial ordering 
in the interior of C7 (/). 

All lattice points of F* appear as deformations in /. 

3. Any first order deformation appearing in / is also a non-zero deforma- 
tion of the anticanonical Calabi-Yau hypersurface in Y. 

4. Any facet of StrataA (/o) is contained in precisely c facets of A = P*. 

5. Any facet of BFj (I) is contained in precisely c facets of Poset (C7 (/)). 

In the following we give a geometric interpretation of these conditions. 

1. We can satisfy requirement 1. via a condition on the position of the 
Hilbert point of Iq with respect to the state polytope of the general 
fiber: 

Let K, = cpl (E) fl Pic (Y) and I gen C S be the saturated ideal of the 
general fiber of X. Let P (t) be the Hilbert polynomial of I gen , h the 
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corresponding Hilbert function, D C m + /C such that the restriction 
map gives a closed embedding F ^ — * HI^^ n. Fix linearizations 
of the action of T on the elements of D. We require that the Hilbert 
point 

H (J ) G int (State (J ffen )) C M M 

If we fix the linearizations such that H (7 ) corresponds to G M K , 
then by Theorem 6.98 this condition is equivalent to H (I gen ) £ (£") 
with E = p* (Op(w) (1))) i- e -; that the Hilbert point of I gen is in the 
stable locus of the Hilbert scheme. 

The construction of the Hilbert scheme in Section 6 assumes Y to be a 
smooth toric variety. With an appropriate definition of State (I ge n) as 
discussed in Remark 6.97, this condition is expected to be stated in the 
same form for a general simplicial or even non simplicial toric variety 
Y. 

If the Grobner cone C Io (I) corresponding to I intersects BF (I) fl 
{w t = 0}, the Hilbert point H (J ) of I would lie on the boundary of 
State (Igen) C Mr contradicting H (J ) G int (State (I gen )), hence 

c Io (I) n {w t = 0} = {0} 

2. We can satisfy condition 2. via a genericity condition on the tangent 
vector with respect to the tangent space of the component of the Hilbert 
scheme containing X: 

Assume that X lies in a smooth component of the complex moduli space 
Ai of X (for example normal crossing at X ). 

Let Vi, ...,v p G Horn (J , S/I ) be a basis of the tangent space of that 
component of the Hilbert scheme at X , which contains the tangent 
vector v of X. 

Assume that X is maximal in its component of the Hilbert scheme, 
i.e., writing v = YTi=i^i v i we have \ ^ Vi. Consider the reduced 
standard basis of / with respect to a monomial ordering in the inte- 
rior of C/ (I). Then already the first order deformations appearing 
in this standard basis, i.e., the Cox Laurent monomials corresponding 
to t-linear non special fiber terms, give the linear half-space equations 
defining C Io (I). 
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3. We can satisfy condition 3. via a condition of the resolution of Xo - 
Assume that Ox has a resolution 

-> Oy (-K Y ) -> ... -> ^ _> CV _> C Xo _> o 

with direct sums ^} = ©jCV (Dji) with divisors .Djj. 

Consider the reduced standard basis of I in S x C [t] / {t 2 ) with respect 
to a monomial ordering in the interior of Cj (I). Then any first order 
(C*) ^^-deformation S appearing in the standard basis is represented by 
a Cox Laurent monomial such that the denominator divides iXeE(i)2/r- 
Hence 5 is also a deformation of the anticanonical Calabi-Yau hyper- 
surface in Y defined by (Y[ re ^^y r 

4. Denote by c the codimension of X C Y. We interpret condition 4. as 
the condition that the S-saturated ideals defining the components (i.e., 
strata of maximal dimension d) of Xo are generated by c variables of 
S, i.e., are of the form (y ri , ...,y rc ) C S. 

5. We can satisfy condition 5. via a condition on the locally relevant de- 
formations of X at the zero dimensional strata of X : 

Let p be a zero dimensional stratum of X Q and X p the flat family given 
by 

I p — (m + t ■ Cj • 5 (to) I 5 strongly locally relevant at p, to G Jo) 

with general coefficients Cj. For all zero dimensional strata p of Xo we 
require: All initial ideals in^, 7j for w G Cj (I) which do not contain 
a monomial and are minimal with respect to the set of contributing 
deformations involve precisely c first order deformations. 

Remark 9.13 Note that the condition H (J ) G int (State (/)) is indepen- 
dent of rescalation of State (I) by changing D, and independent of translation 
of State (I) by changing the linearizations. 

For hypersurfaces the requirement H (7 ) £ int (State (/)) is equivalent to 
the condition that the special fiber of X corresponds to the unique interior 
lattice point of the Batyrev polytope A = P* . We may fix a linearization of 
the torus action on Oy (—K Y ) such that G M corresponds to the unique 
interior lattice point, i.e., we fix the element 

^(rUs(i)^) e \~Ky\ 
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of the linear system \—K Y \- 

The condition that all facets of StrataA (^o) are contained in precisely c 
facets of A = P* says, by flatness of the family X, that the total space of X 
is a local complete intersection at the generic points of the strata of maximal 
dimension d of X . So if (y ri , y rc ) is a stratum of maximal dimension, 
then I is given by c equations in the localization ^ ^ <g) C [t] at the 

prime ideal (y ri , y rc ). Note that 

S (y ri ,..., yrc ) = C(y r | r ^ {n,...,r c }) [y ri ,...,y r . c } > 

for any local ordering > on the monomials in the variables y ri , y Tc . 

The condition on the locally relevant deformations at the -dimensional 
strata of Xq, is a condition on the singularities of X at these strata. But 
note that this condition is far away from requiring the total space of X to be 
a local complete intersection there. 

9.6 The Grobner cone associated to the special fiber 

Consider the setup given in Section 9.5. Let mi, m r be minimal generators 
of the monomial ideal I C S, let the flat family of Calabi-Yau varieties 
X C Y x Spec (C [[*]]) be given by the ideal 

/ = (fj = mj + t gj | j = 1, r)cC[i]®S 

and suppose that the fj are reduced with respect to J , i.e., no term of gj is 
in Iq considered as an ideal in C [t] <E> S. 

Fix a tie break ordering > on C [t] <g) S, which is respecting the Chow 
grading on S and is local in t, so L > (fj) = rrij. 

Definition 9.14 Let Ci (I) be the cone of weight vectors selecting I as lead 
ideal 

Cio (!) = {- K w y )ER® N R | L >Mwy)) (I) = Jo} 

Consider w = — (w t ,w y ) e C/ (/) and the weight ordering >( Wt ^{w y )) on 
C [t] <g> S with tie break ordering >, so 
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As X is flat, for every syzygy s G S r of mi, ...,m n i.e., with 

(mi, m r ) • s = 
there is an / G (C [[£]] <E> 5') c such that 

(f 1 ,...J r ).(s-t-l) = 

so 

^ (A, -, A) • s = (01 » •••»&■) • s = (A, A) • i 

i.e., 

- (A>-> A) • s e (A>-> A) 

and the Buchberger normal form in C [[£]] <8> 5* yields 

W > H ^))((/l.-./r)-«,-0=0 

so fi, f r form a minimal Grobner basis of 7 with respect to >( Wt)¥ ,( w )). 

As we have fi,...,f r assumed to be reduced, they form the reduced 
Grobner basis of I with respect to >( WuV ,( w )) and hence the condition 

L> { i ^ {I) — Iq 

is equivalent to 

trop (fj - rrij) (w t , ip (w y )) < trop (rrij) (ip (w y )) Vj 

Here trop (fj — rrij) denotes the corresponding piecewise linear function of 
fj — rrij G C [t] <S> S and trop (rrij) the piecewise linear function of rrij G S. 

Lemma 9.15 With the notation from above 

Ci (-0 = {- ( w t, w y ) eR® N R \ trop (fj - rrij) (w t , tp (w y )) < trop (rrij) (ip (w y )) Wj} 

It is a closed polyhedral cone with (1, 0, 0) G Cj Q (I). 

The defining equations of (7j (I) are the deformations appearing in I, 
represented as degree Cox Laurent monomials, which again correspond to 
lattice monomials in M, i.e., if t a m ^ rrij is a monomial of fj, then 

is a defining equation of C/ (I), hence: 
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Lemma 9.16 The dual cone of Cj (I) is spanned by the deformations ap- 
pearing in I, considered as degree Cox Laurent monomials, i.e., 

n h n (\ i~ ~ \ r- ra> m At i 3 J such that *** -A(m)- rrij G C [t] <g> S \\ 

C Io (I) = hull <^ (pit, m) el® Mr . v ; J > 

Y [ ana as a monomial of fj — rrij J J 

and (1,0,. ..,0) G C Io (/)*. 

By assumption 

c Io (/) n { Wt = 0} = {0} 

hence: 

Lemma 9.17 The cone C/ (/) minus the zero point is contained in the half- 
space {w t > 0}. 

If (1, 0, 0) G C Jo (/)* would lie on the boundary of C Io (J)*, then C/ (J) 
would contain a ray in {u^ = 0}, hence: 

Lemma 9.18 The monomial (1, 0, 0) lies in the interior of the dual cone 
C Io (I)*, i.e., 

(l,0,..,0)eint(C Jo (/)*) 
The flat family X CY x Spec (C [[t]}) induces a first order flat family 
X 1 C Y x Spec (C [t] / (t 2 )) 

given by 

J 1 = (// = mj + tgj | j = 1, r> = C [f] / (t 2 ) ® 5 

with a) G 5. 

By above assumption the defining equations of Cj Q (I) are given by first 
order deformations appearing in the reduced standard basis of /, so 

C h ( J ) = {- ( w u w y ) 6I9JVr I trop {g)) (w t , (w y )) +w t < trop {rrij) (tp (w y )) Vj} 

Corollary 9.19 Intersecting C/ (J) with the hyperplane {w t = 1} we obtain 
the convex polytope 

V = C Io (I) n {w t = 1} C iV R 

V = {-«;„ G iV M | trop (gj) (<p (w y )) - 1 < trop (rrij) (<p (w y )) Vj} 
and m the interior o/ V. 
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Rewriting the tropical equations 



V = {—w y G N R | trop (m) (<p (w y )) — 1 < trop (mj) (</? V monomials m of Vj} 

= ^Wy G iV]R | <f (w y ) ^ — > -1 V monomials m of gr] and Vj| 

= G N K | 1 '"^j/^ > -1 V monomials m of and Vj| 



hence 

V* = convexhull |^ 1 e ^ K I ^ sucn ^ nat m * s a mon o m ial of #j | 

so it follows: 

Lemma 9.20 V* is an integral polytope. 

Any first order deformation appearing in g 1 - represented by a Cox Laurent 
monomial — is also a deformation of the anticanonical Calabi-Yau hyper- 

surface in Y defined by ^Ilr-eE(i)^, hence A' 1 (jj^ G A = A_ Ky , i.e., 
V* C A. As A is dual to a Fano polytope, it has as unique interior lattice 
point by Lemma 7.9. Hence also V* has no interior lattice point besides 0. 
As (1, 0, 0) G int (C/ (/)*), the polytope V* contains in its interior. 

Lemma 9.21 V* contains as unique interior lattice point. 

Theorem 9.22 V* is a Fano polytope, hence the fan S° = £ (V*) over the 
faces of V* defines a Q-Gorenstein toric Fano variety Y° = X 

9.7 The dual complex of initial ideals 

Definition 9.23 If F is a face of V , there is an associated initial ideal 
of I with respect to the face F: For all u>i,u>2 in the relative interior 
int (F) of F we have 

in n (I) = m n (/) 
Denote this ideal by hip (J). For all Wi,w 2 G int (F) and f G / 

in n (/) = in n (/) 

\ J / (i,^o 2 )) VJ 7 

denote this initial term of f by in F (/). 
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If F is a face of V, then 

in F (I) = (in F (/j) \j = l,...,r) 

as fx, f r form a Grobner basis of / with respect to any weight vector in 

Cio (I)- 

Recall that we wrote 

I 1 = (fj = m j + tg 1 j \j = l,...,r) 

with g] G S for the ideal of the first order deformation X 1 associated to X. 
For j = 1, r define Gj (F) as 



inF (//) = t ^ c m-m + 



TJlj 



Definition 9.24 If F is a face ofV , then define the dual face of F as 

dual (F) = convexhull ^A' 1 (j^j \ m e Gj (F) , j = 1, ...,rj C M M 

£/ie convex hull of the first order deformations appearing in the initial ideal 
with respect to F. The dual face is a lattice polytope in M R . 

By the genericity condition on the tangent vector of X we have: 

Lemma 9.25 

dual (F) n M = jV 1 (j^J \ meGj(F), j = 1, r j 

The dual of V is the convex hull of the first order deformations appearing 
in / 

V* = convexhull 1 e ^ R I ^ sucn ^ na ^ m * s a monoima l of ^)|^ 
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so for the dual face of F we have 

dual (F) = convexhull ( <J A' 1 ( — ) | m G Gj (F) , j = 1, 



convexhull I J <^ A" 1 — m G Gj (F) 



= convexhull 




m G g] with 

(A-^,w y ) = -l\/w y EF 

= convexhull ({in G V* D M \ (in, w y ) = —1 Ww y G F}) 
= {in G V* | (ih,w y ) = —1 Ww y G F} 

hence: 

Proposition 9.26 If F is a face ofV, then 

dual (F) = F* 

in particular dual (F) is a face of V* ; 

dual : Poset (V) -> Poset (V*) 
F i — ^ dual (F) 

an inclusion reversing map of complexes and 

dim (dual (F)) = n — 1 — dim (F) 

The non-special fiber terms of in F (fj), j = l,...,r, i.e., the elements 

of Gj (F), j = 1, ...,r split into characters of the big torus (C*) S( ' 1 - ) . These 
characters are the Cox Laurent monomials 

6f (/1) = {^ |mGG,(f) ' J = 1,V } 

and represent the first order (C*) -deformations contributing to the de- 
generation defined by inp (J 1 ). Flat families defined by initial ideals are also 
called Grobner deformations. Note that the syzygies of a monomial ideal are 
binomial and a syzygy between and rrij is represented by the character of 
(C*) s<1 - ) given by lcm (mi,rrij). Note also, that monomials m G Gi(F) and 
w! G Gj (F) with ^7 = ^- appear with the same coefficient in the initial 

forms. On the other hand the elements of 8p (I 1 ) correspond via A^ 1 to the 
lattice points of F*, so: 
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Lemma 9.27 The lattice points of F* are in one-to-one correspondence to 
the first order deformations contributing to in^/ 1 ). If 5 & F* is a lattice 
point and — — A (8) with relatively prime monomials go, Qi £ S then 



for minimal generators m e Iq defines the corresponding (C*) -deformation 
in Hom(/ ,S , // )o- 

9.8 Bergman subcomplex of V 

Definition 9.28 The special fiber Bergman fan is defined as the inter- 
section of the fan Poset (C/ (/)) over the special fiber Grobner cone Cj (I) 
with the Bergman fan BF (I) of I 



B (/) = BC h) (/) = (BF (/) n Poset (C h (/))) n {w t = 1} C Poset (V) 



is defined as the complex whose faces are the intersections of the hyperplane 
{w t = 1} with the faces of the Bergman fan BF (I) in C/ (/). 

We also refer to B (I) as the Bergman subcomplex or tropical subcomplex 
of V. By Theorem 4.10 we have: 

Remark 9.29 The complex B (I) consists of those faces F of V such that 
hip (I) does not contain a monomial. 

Lemma 9.30 The special fiber Bergman complex B (I) is a polyhedral cell 
complex, it is subcomplex of the boundary <9V o/V. 

9.9 Remarks on the covering structure in dual (B (I)) 

Interpreting the lattice points of the faces of dual (B (I)) as deformations of 
X and associating them to the reduced standard basis equations fi, i — 1, ...r 
defining the total space, we get: 




BF h (/) = BF (/) n Poset (C Io (/)) 



The special fiber Bergman complex 
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If F e B (I) is a face, then denote by Gj? a minimal standard basis of / 

in 

s lQ{F) ®c\t]/{e) 

with the localization 

S I(){F) = C( yj \ 3 i J) [yj | j ejy 

where the prime ideal I (F) = (yj \ j E J) C S denotes the face of SP (I ) 
corresponding to F and > is a local ordering on the yj. The standard basis 
is computed using Mora normal form. Let s be the maximum number of 
elements of the Gf over all faces F e B(I). Denote by Gf the standard 
basis reduced via Grobner normal form. 

Lemma 9.31 If F e B (I) is a face, the lattice points of dual (F) are the 

first order deformations appearing in the initial ideal of Gf with respect to 
F. 

The complex dual (B (/)) contains an s : 1 covering of faces: IfG is a face 
over F v e B (J) v , then the lattice points of G are the deformations appearing 
in the initial form of one of the equations of the reduced local standard basis 
Gf of I considered as an ideal in S Iq{f) ® C [t] / (t 2 ). 

In general this covering is branched and the number of faces over F v G 
B (J) v is the number of elements of the reduced local standard basis Gp of I. 

Note that this covering can have degenerate faces, i.e., faces G over F v e 
B (iy with dim (G) < dim (F v ). It can be branched in the sense that if X is 
not a local complete intersection, the number of faces G over a face of B (J) v 
may be larger than the codimension. Note that this number is bounded from 
below by the codimension. 

If two first order deformations 5i and 5 2 he i n the same face of the covering, 
then there is an element fj = rnj + tgj of the global reduced standard basis 
such that both 5\ and 62 contribute in fj, i.e., gj involves the monomials 
5\ (rrij) and 62 {nrij). If two deformations contribute in the same element of 
the reduced global standard basis, they are connected by a chain of faces of 
the covering. 

The set of faces over B (J) v can be totally disconnected, e.g. if every 
element of the global reduced Grobner basis involves at most one of the first 
order deformations, then all fibers of the covering consist of points. 

Removing all faces of the covering, which correspond to locally irrelevant 
equations, removing multiple faces, which correspond to locally equivalent 
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equations, and keeping only faces, which involve only vertices of faces of the 
covering of smaller dimension, we obtain a covering ir of B (iy denoted as 
the reduced covering. 

Remark 9.32 If I is a complete intersection the reduced covering n is the 
c : 1 covering given in Section 8.10. If I is a local complete intersection then 
Ti is also c : 1. 

Algorithm 9.33 The following algorithm computes the reduced covering n: 

• If F is a face of B (I) of dim (F) = d and pi, ...,p c are the vertices of 
dual (F) then set 

n ( Pj ) = F v 

for j = l,...,c. 

• If I > and F is a face of B (I) of dim (F) = d — I then the faces of 
the covering n over F y are the convex hulls H of those subsets of the 
set of vertices of dual (F) with 

— H involves only vertices of faces n -1 (Q v ) with Q y £ B (J) v , Q y g 
F v , i.e., of faces of the covering lying in some lower dimensional 
dual (F) forFeB(I). 

— H intersects at most one of the elements of n^ 1 (Q y ) for all faces 
qv c F v ofB{I) y , i.e., for all faces Q of B (/) with F^Q, 

— H in' 1 (Q v ) for all faces Q v g F v . 
9.10 Limit map 

Recall that N ^Z n , M = Horn (N, Z) is the dual lattice of N, P is a Fano 
polytope, A = P*, E is the fan over P and Y = X (E) is the corresponding 
toric Fano variety with Cox ring S = C [y r \ r £ E (1)] and presentation 

0^ M 4 WDiv T (X(E)) = Z S « A n _!(X(E)) ^0 

of A n _i (X (E)). By Section 1.3.9 

G (E) = Hom z (X (E)),C*) 
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acts on C E W and with the irrelevant ideal 

B(E) = (j[y r \aeE\cS 

\r<£a I 

in the Cox ring, C S( ^ — V (B (£)) is invariant under G (E) and we have 

Y = (C s(1) - V (£(£))) //G(E) 

Considering the setup from Section 9.5, recall that I C 5 is an equidi- 
mensional reduced monomial ideal and X C F x SpecC [[t]} is a flat family 
of Calabi-Yau varieties of dimension d given by the ideal I C C [t] <S> S and 
special fiber X , defined by I . 

As defined in Section 4.2, we denote by K the metric completion of the 
field of Puisseux series C (t) and by 

val : (K*) n -> R n 
-, /n) >-»■ (uai (/i) , -, ^a/ (/„)) 

the valuation map. 

Applying Hom z (-, X*) to 

0^ M 4 WDiv T (X(E)) A n _!(X(E)) ^0 

we get an exact sequence 

l-> Hom z (A^ (X (E)) , X*) -> Hom z (WDiv T (X (E)) , X*) -> 

"-^ Hom z (M,K*) -> 1 

The isomorphism 

-> WDiv T (X (E)) 

(a r ) reS (i) | — ZlreS(l) a rA- 

where _D r , r e S (1) denote the prime T-Weil divisors, gives an isomorphism 
Hom z (WDiv T (X (E)) , K*) -> (X*) s{1) 

^ (f (A-))r6E(l) 
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and choosing a basis ei, e n of N, we have an isomorphism 

Hom z (M,if*) -> (K*) n 

h - (Me*)). 

Representing A by (arj) reS (i) j=i n wr th respect to these bases, we have 



Hom z (A n _ 1 (X(E)),X*) 



-> Hom z (WDiv T (X(S)) , X*) ^» Hom z (M, X*) -> 1 

(if*) 2 *- 1 - 1 A (if*) n 

( c r)res(i) l-> (rires(i) Cr J ) 

Then W (i) C (K*) n is the image of the vanishing locus of I C C [t] <S> S in 
(if *) S ^ 1 " 1 I Hom z (Ai-i (-^ (S)) , if*) under the isomorphism induced by 7r 

(if *) S{1) / Horn, (A t _! (X (£)) , if*) = (if *)" 

If F is a face of the special fiber Bergman complex 

F G B (I) C val (V K (/)) = - tropvar (i) 

then 

vaP 1 (int (F)) C (i) C (if *) n 

is the set of arc solutions of i over the weight vectors in the relative interior 
of F. Hence if w G int (F) there is an arc 

a (t) = (a it Wi + hot) t=1 _ n G V K (i) C (if*)" 

with d G C*. Using multi index notation write 

a (t) = ( ai t Wi + hot) i=lj n = a w -t w + hot G (if*)" 

with a w G (C*)". In the following we show that for all arcs a (t) G val" 1 (int (F)) 
the limit point lim^o a (0 lies in the same stratum of the fiber Y of Y x 
SpecC[[£]] — > SpecC[[i]] over SpecC. We identify the stratum and show 
that it is a stratum of X . 
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First suppose a (t) = a w ■ t w + hot G (K*) n is any element of (K*) n , then 
approximating a real vector w G N K = W l by a sequence rational vectors 
(qj) with gj G int (F) and lim^oo qj = w, we may assume that w G Q n . The 
limit of a power lim^o (t) b with 6 G Z>i of the arc a (t) exists if and only 
if lim^ a (t) exists and lies in the same stratum of Y. Taking the power of 
the arc multiplies w G Q n with b, hence we may assume that w' = bw G N. 

Recall from Section 1.3.2 that there is a one-to-one correspondence between 
lattice points of N and 1-parameter subgroups of T = Horn (M, C*) given by 

N -> Hom(C*,T) 

\ w : C* -> Hom(M,C*) 
w ^ A w (t) : M -> C* 

So if r is a cone of E with few G int (r) in the relative interior by Propo- 
sition 1.56 

lim \ bw (t) = x T 

where x T is the distinguished point 

x T : f n M -> C 

f 1 if m G r 1 1 
1^0 otherwise J 

As E = NF (A) is complete, lim^o a (0 exists in Y and lies in the unique 
stratum of Y containing x T = lim^ ^bw (0- 

Lemma 9.34 // a(t) = a w ■ t w + hot G (K*) n = Eom z (M,K*), then 
lim t ^ a (t) exists in Y and lies in the unique stratum of Y containing x T 
where r is the cone of E containing w in its relative interior. This stratum 
isV(r). 

Now suppose F is a face of the special fiber Bergman complex B (I) C 
val (V K (I)) and a (t) G vaP 1 (int (F)), so a (t) = a w ■ t w + hot G (K*) n with 
iu G int (F). 

Lemma 9.35 If F is a face of the special fiber Bergman complex B (I) then 
there is a unique cone r of E such that int (F) C int (r) . 
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Definition 9.36 Hence we can define the map 

(jl: B(I) -> Poset (A) 
F h-> G 



where G is the face of A with r = hu\\(G*), where r the unique cone of S 
such that int (F) C int (r) . 

Lemma 9.37 Suppose F is a face of the special fiber Bergman complex B (I) 
and a (t) G vaP 1 (int (F)). If Xj, is the stratum of Y containing lim t _^ a (t) 
in its interior, then Xi is a stratum of X . 

For any point x G X , by taking a hyperplane section of X C Y x 
Spec C [[£]] through Xo, there is an arc a (t) G Vk (I) such that lim^ a (t) = 
x , so val (a (t)) G 5 (/), hence: 

Proposition 9.38 If F is a face ofB(I), then 



Associating to a face F of the special fiber Bergman subcomplex B (I) its 
limit stratum, we obtain an inclusion reversing map of complexes 



where Strata (Y) denotes the poset of closures of toric strata of Y , and it 




is a closed stratum of X , called the limit stratum of F. 

If r is the unique cone of E such that int (F) C int (r) 7 then 

lim (F) =V(t)=V (hull ((/i (F))*)) 



lim : B (I) 
F 



Strata (X ) C Strata (Y) 
{limi_ a(t)\ae val" 1 (int (F))} 



holds 



lim (B (/)) = SP (J ) = Strata A (I ) 



We have the following correspondence 



Strata (Y) ^ Poset (A) 

U U 

B(I) -> Strata (X ) ^ Strata A (I ) 

F ^ lim (F) = V (r) i-> if 



5P(/ ) 

(yG* | G C A /acei H C G) 
(y r | r G E (1) , r C r) 
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where r 6 E = E (A*) is the cone with int (F) C int (r) and H C A is the 
face dual to t. 

Elements of (K*) n = (K*f {1) / Hom z (A*-i (£)) , are represented 
by Cox arcs in (K*) Siyl \ Using multi index notation we write c (t) G (K*)^^ 
as 

c (t) = (c r t jr + hot) rgE{1) = cj • t J + hot 

Remark 9.39 Cox arcs c x (t) = c Jx ■ t h + hot G (K* f (1) and c 2 (*) = c Ja • 

t j2 + hot G (-ft'*) S< ' 1 ' ) represent the same arc in (K*) n if and only if 

q(t) = a (t) c 2 (ty 1 

satisfies 




in particular for the lowest order exponents we have A 1 {J\ — J|) — 0. 
As is in the interior of 

A* = convexhull {f | r G E (1)} 
there are A r G M>o such that 

V A r r = 

^reS(l) 

So denoting by R>o^ C IR 1 ^ 1 ) the positive orthant 

(A r ) res{1) G ker [A 1 ) n int (k^) 

is in the interior of the positive orthant, hence there is a basis u>i, w s G 
int ^IR^q 1 ^ of ker (A*). Denoting by Poset ^R^q 1 ^ the simplex of faces of 

we have: 

Lemma 9.40 Suppose a(t) G (K*) n and c(t) G (K*f {1) is a Cox arc 
representing a(t) = ir(c(t)), and write c(t) = cj ■ t J + hot with cj G 
(C*) S<1 ' ) . The intersection of the affine space J 1 + ker (A 1 ) with the elements 
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o/Poset yR >0 J is a poset. There is a minimal 0- dimensional element (J') 
and a Cox arc d if) = cj> ■ t J ' + hot with a(t) — ir (d (t)) such that 

limc'(t) G C s(1) -V(B(E)) 

For any such minimal J' and any Cox arc c' (t) = cj> ■ t J ' + hot with a (t) = 
n (c' (t)) the limit point lim t _> c' if) rnaps to 

lhna(t)eY=(C^-V(B(Z)))//G(Z) 

The limit point lim t ^ a if) H&s in the interior of the stratum of Y given by 
the ideal 

(y r \reH (1) with f ^ 0) C S 

This allows to compute an ideal in the Cox ring defining the limit of a 
Bergman face in terms of Cox arcs: 

Remark 9.41 Let F be a face of B(I). Suppose a{f) G val _1 (mt(F)) 
and c(t) G (K*) is a Cox arc representing a(t) = ir(c(t)). Write 
c{f) = c,j-t J + hot with cj G (C*) S( ' 1 - ) and let J\, J* be those 0- dimensional 
elements of the intersection of the affine space J* + ker (A 1 ) with the elements 

of Poset ^M^o 1 ^ such that 

Ip,i = (y r \r G £ (1) with J i>r ^ 0) 

satisfies 

{I Fti : B (E)°°) = J F>i 
Then lim (F) C Y is given by any of the ideals 

(y r \r G E(l) with J i>r ^0)c5 

for i = 1, q, hence lim (F) is also the vanishing locus of the ideal 

Ip = If,1 + ••• + lF,q 

= (i/ r | r G E (1) such that 3i with J' i r ^ 0) 
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Representing lim (F) by the ideal Ip has the advantage that the intersec- 
tion lim (Fi) fl lim (F 2 ) of two Bergman faces is given by the sum I Fl + Ip 2 
of the corresponding ideals. 

The ideal defining the stratum lim (F) is unique if Y is simplicial. 

Note that the O-dimensional elements of the intersection of the affinc 
space J + ker (A 1 ) with the elements of Poset (m>q 1 ' ) ) depend only on the 1- 

skeleton E (1) of the fan E. The subset of admissible limit strata represented 
by Ji, J q are given via the irrelevant ideal B (E), i.e., by a subdivision of 
E (1) to build a fan E. 

For an example see Section 12.4. 

Proposition 9.42 By assumption the complex 

lim (B (/)) = SP (J ) = Strata A (/ ) 

is a polyhedral cell complex homeomorphic to a sphere. By the map lim the 
complex B (I) is a subdivision of the dual cell complex of SP (Jo), hence B (J) 
is homeomorphic to a sphere. 

In particular B (J) is equidimensional, connected in codimension one and 
its dimension is the fiber dimension d = dimX t of X. 

Remark 9.43 The primary decomposition of Iq is given by 

lo = f]peSP(I ) d P = rWstrata A (/ o)d (Vr I T G E (l) , T C hull (H*)) 

Remark 9.44 We have the obvious representation of I as the intersection 
of the prime ideals 

h = r\peSP(i ) d P = n^iDpeSP^o)^ 
This intersection corresponds to a Stanley decomposition of S/I 

S/Io = ®U®PeSP(I 0)] y DP ■ C [Vr I Vr $ P] 
With Dp = J2y r £P D r- 

The dual complex relates to the locally relevant deformations. 
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Lemma 9.45 The locally relevant deformations at the stratum X { of X are 
the lattice points 

( , me dual (G) for some G G B (I) with X { C lim (G) 1 

\ m E 1 and mi dual ((?') /or all G E B (/) wtfi ^ £ lim (G) J 

z.e. 7 £/ie open star of the faces lim (F) G dual (B (/)) wift lim (F) = Xj. 

Let Si,...,S p G Horn (J , 5 , /^o)o be a basis of the tangent space of the 
component of the Hilbert scheme at X Q , which contains the tangent vector v 
of X. Let 5i be a first order deformation contributing to the tangent vector of 
the degeneration X at X , i.e., writing v = Y^a=i we have Aj ^ 0. Then 
Si has to be locally relevant in at least one of the strata of X , hence: 

Proposition 9.46 All first order deformations contributing to the tangent 
space of X at X Q are among the lattice points of dual (B (/)). 

Example 9.47 Consider degeneration X of Pfaffian elliptic curves given by 
the ideal defined in Example 3.4- The first order deformations of Xq appear- 
ing in X fit together in the complex dual (B (I)) consisting of 5 triangles and 
5 prisms. The triangles have 3 lattice points forming their vertices and the 
prisms have 7 lattice points. Figure 9.7 visualizes the complex dual (.£?(/)). 
The faces of this complex are in one-to-one correspondence to SP(I ), as 
also shown in Figure 9.7. For details see Section 10.3. 

For example, the torus invariant locally relevant deformations of Xq at 
the stratum (0:0:0:0:1) given by (xo, ...X3) are 

X2 Xj Xj 24 x 4 X4 X\ 

XO X\ £3 XQ X1X2 X2 xz 

2 

and £4 354 j£4_ are tfa e s f ron giy locally relevant deformations. 

x.'x ' xn ' xt xo & & J 



9.11 The special fiber Xq of the mirror degeneration 

In the same way the spherical subcomplex lim (B (/)) = StrataA (/o) C A 
corresponds to the special fiber monomial ideal of the degeneration X, we 
expect the spherical subcomplex B (I) C V to correspond to the monomial 
special fiber of the mirrror degeneration X°. 
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(x 2 ,x 3 ,x ) (x 2 ,x 3 ,x 4i ,x ) 



(x 




X 4 



(Xi, X3, X4) 

(xi, X 2 , X3, £4) 

Figure 9.7: Complex of deformations for the Pfaffian elliptic curve 



By Theorem 9.22 the polytope V* is a Fano polytope, so the fan S° = 
£ (V*) over the faces of V* defines a Q-Gorenstein toric Fano variety Y° = 

Denote by S° = C [z r \ r 6 S° (1)] the Cox ring of Y°, so the variables of 
S° correspond to the vertices of the polytope V* of first order deformations 
appearing in X. 

Define the monomial ideal 

j o = ( n*« 1 j c s ° ^) with supp ( b w c U f ") c5 ° 

\veJ vej I 

where F v is the facet of V corresponding to the ray v of the normal fan 
S° = NF (V) so: 



366 



Proposition 9.48 1° is a reduced monomial ideal. As B (J) is a cell complex 
homeomorphic to a sphere, 1° defines a Calabi-Yau variety Xq C Y° , which 
is the union of toric strata of Y° 

= CVeem ( z g* I G a facet of V with F C G) 

= riH^HBdm^ & I r G S° (1) , r C hull (JJ) G E°> 

9.12 First order mirror degeneration X° with special 
fiber X ° 

In the same way as the lattice points of (B (/))* C V* are the first or- 
der deformations of Io appearing in I, we consider the lattice points of 
(lim (B (/)))* C A* as elements in Horn S°/Iq) , i.e., as first order defor- 
mations Of Xq. 

Note that the deformations of X° are represented independently of the 
embedding of Xq in Y°. Indeed the deformations of Xq depend on the 
embedding of X . 

A first order deformation of Xq 

X 10 CY° x SpecC[t]/(t 2 ) 

is defined by the ideal 
I 10 = /m + t- a Q • a (m) mG/ °j cC[i] / (t 2 ) S° 

\ a€supp((lim(B(/)))*)nAT / 

with general coefficients a a . 

Proposition 9.49 The special fiber Grobner cone of X la gives back A C 
M R , i.e., 

A = c /o c (/ l0 ) n {w t = 1} 

Let I° en C S° be the ideal of the general fiber of X 10 . As G X is the 
unique interior point of the Fano polytope A* the Hilbert point of Jq lies in 
the interior of the state polytope of I° en , i.e., 

H (Jo) G int (State {l° gen )) C X M 
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Conjecture 9.50 IfX° is the flat family with tangent direction in X la , then 
the general fiber of X° and the general fiber of X form a mathematical mirror 
pair. 

Remark 9.51 Suppose X and X' are degenerations as defined above with 
fibers inY = X (£ (P)) such that the special fiber ideals Iq and I' define the 
same subcomplex of P* and X\ and X 2 involve the same first order defor- 
mations, then the tropical mirror construction applied to X respectively X' 
will lead to the same result. Hence, e.g., passing from I to 1$, i.e. the non 
simplicial analogue of saturation, and from 

I — (m + t • ^2 cs ■ S (m) \ m G Iq 

\ <5esupp(dual(.B(/)))nM 

to 

I' = (m + t- c s -5(m) \ me Iq 

\ <5esupp(dual(£(/)))nM 

does not change the geometry of the degeneration and the objects involved in 
the tropical mirror construction. 



9.13 Remarks on orbifolding mirror families 

Suppose Y = X (£) is projective space P n given by the fan £ C TVr with 
the rays generated by (1, 0, 0) , (0, 0, 1) , (-1, -1) G N. Let (5 i ) i 
be the torus invariant basis of the space of first order deformations spanning 
the tangent space of X at X , so {5i \ i} = dual (B (I)) fl M. Denote by c 
the codimension of the fibers in Y . 

Representing each deformation 5i as a Cox Laurent monomial Si = with 
relative prime Cox monomials and bi, there is a preordering on {Si \ i} by 
divisibility of the denominators b i: i.e., f; = Si < Sj = ^ b { | bj. 

If S = | is deformation with relative prime Cox monomials a and b, then 
S is called pure, if a has the form a = for some homogeneous variable y s 
of Y and for some d > 0. 

For each 0-dimensional stratum p of Y denote by 

Dp = {m e M \m G F* with limP = p} 

the set of all torus invariant first order deformations of X in X corresponding 
to p. 
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Definition 9.52 Let $ be a set of non-trivial deformations of X in X corre- 
sponding to vertices of faces of dual (B (/)) and denote by TZ the correspond- 
ing set of rays of S°. We call $ a set of Fermat deformations of X, if 

the following conditions are satisfied: 

• \1Z fl Dp| = 1 for all 0- dimensional strata p of Y (in particular \1Z\ = 
n + l). 

• The convexhull of {f \ r e 7Z} is a polytope of dimension n = dim (N®) 
containing in its interior, i.e., 7Z spans a projective fan S° (note that 
this fan is uniquely determined by TZ). 

• The elements of $ are incomparable with respect to the preordering < . 

Let Y° = X be the toric Fano variety defined by S° with Cox ring 

S° = C zr\re£° (1)] and 

_> M R -> Z n ^ A n _! (ft) -> 

the corresponding presentation of A n _i = Ai-i (^) = H (B Z with 

finite and let (/i r , rf r ) = deg (z r ). As is in the interior of the convex hull 
of |f | r e E° (1)|, we can assume that the d r are positive integers. For all 
w e (limF)* fl N, F e B (I) the Laurent monomials 

reS°(l)^r 

are of degree with respect to the grading deg (z r ) = d r . 

Note that for complete intersections the deformations corresponding to 
vertices of faces of dual (B (I)) are pure. The set J is not unique in general, 
see for example the complete intersection Calabi-Yau of degree 12 in P 6 . If X 
is a degeneration of complete intersections of codimension c = 2, then there is 
a unique set of Fermat deformations J, which is the set of maximal elements 
of dual (B (/)) fl M with respect to the preordering < defined above. 

Remark 9.53 With the notations of the preceding sections, let $ be a set of 
Fermat deformations ofX. Then 

P° = convexhull {A" 1 (5) | 5 G $} C P° = V* 
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is a Fano polytope. Y° is an orbifold Y° = P (di, d n+ i) /G with the di 

defined as above. Let Y° = X (E°) — > X (ll j = Y° be a birational map 

contracting all divisors of Y° corresponding to deformations not in J. Then 
the first order flat family X lD C Y° x SpecC [t] / (t 2 ) induced by X 10 C Y° x 
SpecC [t] I {t 2 } has special fiber given by 

Iq = (rh | 3 minimal generator m of Iq divisible by Ylret°(i) z r^ c S° 
and involves the deformations 

10 Tropical mirror construction for the ex- 
ample of Pfaffian Calabi-Yau varieties 

10.1 Pfaffian Calabi-Yau varieties 

Definition 10.1 A subscheme X o/P^- of codimension 3 is called Pfaffian 
subscheme if there is 

1. a vector bundle E on P^ of rank 2k + 1 for some k G Z> 

2. and a skew symmetric map ip : £ (—t) — > £* , where £ = Op« (E) such 
that 

(a) ip is generically of rank 2k 

(b) <p degenerates to rank 2k — 2 in the expected codimension 3 

3. X is scheme theoretically the degeneracy locus of p. 

Theorem 10.2 (Buchsbaum-Eisenbud) [Buchsbaum, Eisenbud, 1977], 
[Okonek, 1994], [Walter, 1996] A Pfaffian subscheme X ofW 1 ^ has a locally 
free resolution 

-> O wl< (-t - 2s) r( Z^ 2s) s (-t -s)^£* (-s) X C P n — O x -> 

where s — c\ (£) + kt, and ip is locally given by the Pfaffians of order 2k of 
p. 
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Remark 10.3 X is locally Gorenstein with 

uo° x = O x {t + 2s-n-l) 
Thus u° x = Ox if and only if t + 2s = n + 1 . 

Theorem 10.4 [Walter, 1996] Let K be a field with char (K) ^2. If X C 
P^ is an equidimensional, locally Gorenstein subscheme of dimension n — 3, 
which is subcanonical, i. e., uj° x = Ox (I) for some integer I, then X is Pfaffian 
if and only if the following condition is satisfied 

n = 0mod4 and I = 2s even =>- x(Ox (s)) is even 

Corollary 10.5 A codimension 3 subscheme o/P 6 is Pfaffian if and only if 
it is locally Gorenstein and subcanonical. 

Example 10.6 Using this construction, we get the following projectively 
Gorenstein Pfaffian Calabi-Yau threefolds 

£* rank(£) deg (X) h 1 ' 2 (X) h 1 ' 1 (X) X (X) 

20(l)©e> 3 12 73 1 -144 

0(1) ©40 5 13 61 1 -120 

70 7 14 50 1 -98 

Example 10.7 In [Tonoli, 2000] families of non projectively Cohen- Macaulay 
Pfaffian Calabi- Yau threefolds with the following data were constructed and 
it is shown that generic elements of each family are smooth: 

S* rank(£) deg (X) h 1 * 2 (X) h 1 ' 1 (X) x P0 

Q 1 (l)©30 9 15 40 1 -78 

Syz 1 (M) 11 16 31 1 -60 

Syz 1 {M l ) 13 17 23 1 -44 

where M is a generic module of length 2 generated in degree —1 with Hilbert 
function (2, 1, 0, ...), and M' is a special module of length 2 generated in degree 
— 1 with Hilbert function (3,5,0, ...) (the generic choice of M' gives a bundle 
£ = Syz 1 (M') 7 which does not admit any alternating map £* (—1) — > £). 
There are 3 unirational families of smooth Pfaffian Calabi- Yau threefolds of 
degree 17 and all 3 families have h 1 ' 2 (X) = 23. The Hodge numbers were 
obtained via computer algebra. 
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The Pfaffian given by 8 =20 (1) © O is a complete intersection and the 
mirror construction is given in Section 8. In the following, we will be con- 
cerned with the remaining two projectively Gorenstein examples. 

10.2 Deformations of Pfaffian varieties 

Let Y = X (TO) be a toric Fano variety given by the fan E C N-g. over the 
Fano polytope P C ATr and denote its Cox ring by S. 

Suppose that I = (m 1; ...,m r ) C S is an ideal generated by monomials 
rrii E H° (F, Oy (£*)), % — 1, ...,r, which has a Pfaffian resolution 

-> £>y (Xy) -> .F (Xy) ^ JF* ^ Cy 

with 

J^ = Cy (Si) © ... © Oy (£ r ) 

m = (mi, m r ) 

and 

<P° e /\ 2 T* (-K Y ) 
Suppose X 1 C Y x Spec C [£] / (t 2 ) is a first order deformation of I defined 

by 

I 1 = </• = t ■ 9j + rrij | j = 1, .., r) c C [t] / <t 2 > <g> 5 
with e S^j. 

Denote by 7^ : F x SpecC[t]/ (t 2 ) — > F the projection on the first 
component and by 

K l = Ky xS pcc(C[t]/{t 2 ))/Spcc(C[t]/{t 2 )) 

the relative canonical sheaf. Then flatness of X 1 gives a lift of the syzygies 
of m, hence a Pfaffian resolution of I 1 of the form 

— >■ CVxSpccCM/(t 2 ) — >■ ^ ^ ^ CVxSpccC[t]/(< 2 } 

with / x = (A 1 , ...,/!) and 

and is skew symmetric by the Theorem of Buchsbaum-Eisenbud , i.e., 

^G/\ 2 ^ (-K 1 ) 
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Denote by Hi : F x Spec C[[t]] — > F the projection on the first component 
and by 

K = if(y x SpecC[[t]])/SpecC[[t]] 

the relative canonical sheaf. Let 

£ = k\T 

and let ip G /\ 2 £ (-K) be a representative of ip 1 of t-degree 1. Defining 
/ = (fi, f r ) as the Pfafnans of ip, one obtains a Pfaffian resolution of the 
ideal generated by f 1: ...,f r 

— > CVxSpecC[[t]] — >■ £ (K) ^ £* Cy x s P ecC[[t]] 

hence a lift of X 1 to a flat family X C F x Spec C [[£]], so: 

Proposition 10.8 The deformations of I are unobstructed and the base 
space is smooth. 

By the same argument one obtains: 

Proposition 10.9 Let Y = X (E) be a toric Fano variety given by the fan 
S C A/r over the Fano polytope P C N^. Denote the Cox ring ofY by S. 

Suppose that X C F is defined by an ideal I = (mi, m r ) C S , which is 
generated by monomials mi G (F, CV (-Ej)), z = 1, r and has a Pfaffian 
resolution 

0^O Y (K y ) ^T(K y ) t>F™0 Y 

withm= (mi,..,m r ), T = O y (E ± ) © ... © O y (E r ) and cp° G /\?F*(-K Y ). 

Denote by i\\ : Y x Spec C [[t\] — > F £ne projection on the first component. 
Suppose that 3C C F x SpecC [[£]] is gwen fry an zdea/ 1 C C [[£]] £g> 5, which 
has a Pfaffian resolution 

— > CVxSpecC[[t]] (-^) — > £ (X) ^> £* — > CVxSpecC[[t]] 

tfii/j £ = vr*^ 7 and K = if(y x s P ecC[[t]])/s P ecC[[t]], i-e., I is generated by the 
Pfaffians of tp G /\ 2 £ (-K). Suppose that X = X Xfcpj Spec k. 

Then X is a flat degeneration of Pfaffian Calabi- Yau varieties with fibers 
polarized in Y and special fiber X . 
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Corollary 10.10 The families given in Example 3.4 (monomials degenera- 
tions of a general Pfaffian elliptic curve in F 3 ), in Example 3.5 (1-parameter 
degeneration of a Pfaffian Calabi-Yau threefold in an orbifold ofF 6 ), in Ex- 
ample 3.6 (monomial degeneration of a general Pfaffian Calabi-Yau threefold 
of degree 14 in F 6 ) and in Example 3.7 (monomial degeneration of a gen- 
eral Pfaffian Calabi- Yau threefold of degree 13 in F 6 ) are flat and satisfy the 
genericy condition on the tangent direction, given in Section 9.5. 



10.3 Tropical mirror construction for the Pfaffian el- 
liptic curve 

10.3.1 Setup 

Let Y = P 4 = X (£), £ = Fan (P) = NF (A) C iV R with the Fano polytope 
P = A* given by 

. „ / (4, -1,-1,-1) (-1,4,-1,-1) (-1,-1,4,-1) \ 
A = C0IWexhu "( (-1,-1,-1,4) (-l! -1,-1,-1) J cM ' 

and let 

S = C[x ,x 1 ,x 2 ,x 3 ,x 4 \ 
be the Cox ring of Y with the variables 

x l — £(1,0,0,0) X 2 — £(0,1,0,0) 

£3 — #(0,0,1,0) X 4 = £(0,0,0,1) 

£o = £(-i ,-i ,-i ,-i) 

associated to the rays of E. 

Consider the degeneration X C Y x Spec C [t] of Pfaffian elliptic curves 
with Buchsbaum-Eisenbud resolution 

-> Oy (-5) -> £ (-3) ^ £* (-2) -> O y -> Xt -> 

where 

£= 50 
A t = A + t-A 
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A = 









Xi 


— x 4 














x 2 


-x 


-x 1 











x 3 


x 4 


-x 2 














x 


-x 3 









the monomial special fiber of X is given by 

I = ( —x 2 x 3 -x 3 x 4 -x 4 Xq -Xi x —Xx x 2 ) 
and generic A e /\ 2 S (1) 








w 2 


W 3 


W A 


-IWl 





w b 




w 7 


-W2 









w 9 


— tU 3 


-iu 6 


-iw 8 





WlO 


— U> 4 


— U> 7 


-U> 9 


-Wio 






wi — S1X1 + s 2 x 2 + s 3 x 3 + s 4 x 4 + s 5 x 

W 2 = S g Xl + S 7 ^2 + S 8 X 3 + «9 X A + S10 x 

^3 = sn xi + S12 x 2 + S13 x 3 + S14 x 4 + si 5 x 

U> 4 = Si6 Xi + S17 ^2 + Si 8 X 3 + S19 x 4 + S20 xo 
W 5 = S 2 1 Xi + S 2 2 x 2 + S 2 3 x 3 + S 24 X 4 + S25 x 
Wq = S 2 6 Xi + S 2 7 X 2 + S 2 8 X 3 + S 2 9 X 4 + S 30 X 
w 7 = s 31 x x + s 32 x 2 + S33 X 3 + S 34 X 4 + S35 x 

W 8 = S 36 X X + S37 X 2 + S 38 X 3 + S39 X 4 + S 40 X 

W 9 = S41 Xi + s 42 x 2 + s 43 x 3 + s 44 x 4 + s 45 x 

Wio = S46 Xi + S 47 X 2 + S 48 X 3 + S 49 X 4 + S 50 X 

The total space of the degeneration X is a local complete intersection. 
The induced first order degeneration 

X 1 C Y x SpecC[t]/(t 2 ) 

is given by the ideal I C S*® C [£] / (t 2 ) with J - reduced generators of degrees 
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2,2,2,2,2 



-x 2 x 3 + t(ci x 3 x + c 2 x 2 x + c 3 x 2 x 4 + C 4 Xi x 3 + c 5 x\ + c 6 x\ + c 7 x|), 

-X 3 X 4 + t(c 3 x\ + C 7 X 2 X 4 + Cg X 3 X + C 10 x\ + C n X 3 X 1 + C 12 X 4 X 1 + C u %i), 
-X 4 X + t(c s x\ + Cg x\ + Cio X 3 X + C i3 X 4 X l + C 15 x\ + C 16 X X 2 + C i7 X 4 X 2 ), 
-Xi X + t(c 13 x\ + C15 X 4 Xi + Cis Xi X 3 + C19 Xg + C 20 X^ + C 2 i X X 2 + C 22 X X 3 ), 
-Xi X 2 + t(c 4 xl + C 6 Xi X 3 + Cig X X 2 + C 2i X2 + C 23 X x X 4 + C 24 X 2 X 4 + C 25 xf ) 

where 



Cl = 


~ s 38 — s 30 


c 2 = 


= -S37 - S45 


c 3 = 


= -S44 


c 4 = 


— s 26 


c 5 = 


= -S40 


c 6 = 


- — s 28 


c 7 = 


-s 42 


c 8 = 


= sir 


c 9 = 


= S15 


ClO = 


Sl3 


Cll 


= s n - s 48 


C12 


= — S49 — S41 


Cl3 = 


S31 


C14 


= -S46 


C15 


= S34 


Cl6 = 


$20 + Sl2 


Cl7 


— S32 + Sl9 


Cis 


— s 33 — s \ 


Cig = 


— s 10 


C 2 


= -«3 


C21 


= -s 7 


C 22 = 




c 23 


= -S21 - S29 


C24 


= -Sg - S 22 


C 2 5 = 


-S24 











The corresponding syzygy matrix is given by 

W 1 — S 1 Xi + S 3 X 3 + S 5 X W 2 = S 7 X 2 + S s X 3 + Sg X 4 + S 10 X 

W 3 = Sn Xi + S12 X 2 + S13 X 3 + S15 X W 4 = Sir X 2 + S19 X 4 + S 2 ^0 

^5 = S 2 l Xi + S 2 2 X 2 + S 24 X 4 W 6 = S 2 6 ^1 + S28 ^3 + S 2 g X 4 + S 30 X 

W 7 = S31 Xi + S 32 X 2 + S 33 X 3 + S 34 X 4 U>8 = -s 37 x 2 + s 38 x 3 + S 4 ^0 

Wg = S41 Xi + S 42 X 2 + S 44 X 4 + S 45 X lUio = S 46 #1 + «48 ^3 + «49 ^4 



10.3.2 Special fiber Grbbner cone 

The space of first order deformations of X has dimension 25 and the defor- 
mations represented by the Cox Laurent monomials 



xf 


< 








X4 


x x 


x x 


X2 


%2 


Xx 


xo 


X3 


X 3 X4 


Xl x 2 


X2 X 3 


Xl x 


X4 XQ 


X2 


X4 


X3 


X4 




Xo 


X4 


X4 


Xi 


%3 


X4 


X2 


x 


X2 


Xo 


%3 


Xx 


X4 


%3 


Xo 




XZ 


XQ 


XQ 


XQ 


XI 


XI 


X2 


X2 


X2 


XX 


XX 


X3 





376 



form a torus invariant basis. These deformations give linear inequalities 
defining the special fiber Grobner cone, i.e., 

C Io (/) = {{w t , w y ) e R © N R | (w, A' 1 (m)) > -w t \/m) 

for above monomials m and the presentation matrix 

10 

10 

.4 1 

1 

^ -1 -1 -1 -1 

of A 3 (Y). 

The vertices of special fiber polytope 

v = c Io (/) n { Wt = 1} 

and the number of faces, each vertex is contained in, are given by the table 

(1,0,0,0) (0,1,0,0) (-1,-1,-1,-1) (0,0,0,1) 
(0,0,1,0) 

Co -l -i -l) (-1 i - -i) 

V w ' -"-> 2' ) \ 2' 2' 2' 2/ 

8 -1,4,-1,0) (|,0,1,1) 
(1,1,0, J) 

(0,-1,0,-1) (-1,0,0,-1) (1,0,1,1) (1,1,0,1) 
(-1,0,-1,0) 

(1,0,1,0) (-1,0,-1,-1) (1,0,0,1) (0,1,0,1) 

(-1,-1,0,-1) 



The number of faces of V and their F-vectors are 



Dimension Number of faces F-vector 

-1 1 (0,0,0,0,0,0) 
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20 


(1,1,0,0,0,0) 


point 


1 


50 


(1,2,1,0,0,0) 


edge 


2 


15 


(1,3,3,1,0,0) 


triangle 


2 


30 


(1,4,4,1,0,0) 


quadrangle 


3 


5 


(1,9,15,8,1,0) 




3 


10 


(1,6,9,5,1,0) 


prism 


4 


1 


(1,20,50,45,15,1) 





The dual P° = V* of V is a Fano polytope with vertices 



(2,0,-1,-1) (-1,-1,0,2) (0,-1,-1,0) (-1,0,2,0) 

(0,2,0,-1) (0,1,-1,0) (1,0,0,0) (0,0,0,-1) 

(0,0,1,-1) (0,0,-1,1) (0,0,0,1) (-1,0,0,0) 

(-1,1,0,0) (0,-1,1,0) (1,-1,0,0) 



and the F-vectors of the faces of P° are 



Dimension Number of faces F-vector 



-1 1 (0,0,0,0,0,0) 

15 (1,1,0,0,0,0) point 

1 45 (1,2,1,0,0,0) edge 

2 15 (1,4,4,1,0,0) quadrangle 

2 35 (1,3,3,1,0,0) triangle 

3 5 (1,4,6,4,1,0) tetrahedron 
3 5 (1,6,10,6,1,0) 

3 5 (1,5,8,5,1,0) pyramid 

3 5 (1,6,9,5,1,0) prism 

4 1 (1,15,45,50,20,1) 



The polytopes V and P° have as the unique interior lattice point, 
and the Fano polytope P° defines the embedding toric Fano variety Y° = 
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X (Fan (P°)) of the fibers of the mirror degeneration. The dimension of the 
automorphism group of Y° is 



dim(Aut (Y°)) =4 

Let 

5° = C[yi,y 2 ,-,yi5] 
be the Cox ring of Y° with variables 



Vl - 2/(2,0-1-1) - ^7 2/2 - y(-l,-l,0,2) - — 2/3 - 2/(0,-1,-1,0) - ^ 

3^2 

2/4 = 2/(-i,o,2,o) = — Q 2/5 = 2/(0,2,0,-1) = ^ 2/6 = 2/(0,1,-1,0) = ~ 3 

2/7 = 2/(i,o,o,o) = % 2/8 = 2/(o,o,o,-i) = ^ 2/9 = 2/(o,o,i,-i) = ff 

XA Xf) 

2/io = 2/(o,o,-i,i) = ^ 2/ii = 2/(o,o,o,i) = ^ 2/12 = 2/(-i,o,o,o) = 77 

3^3 X\ 

2/13 = 2/(-i, 1,0,0) = — 2/14 = 2/(0,-1,1,0) = — 2/15 = 2/(1,-1,0,0) = — 



10.3.3 Bergman subcomplex 

Intersecting the tropical variety of I with the special fiber Grobner cone 
Ci (I) we obtain the special fiber Bergman subcomplex 

B(I) = C Io (I) DBF (I)f]{w t = l} 

The following table chooses an indexing of the vertices of V involved in B (I) 
and gives for each vertex the numbers riy and of faces of V and faces of 
B (I) it is contained in 



1 = (0,-1,0,-1) 2 = (-1,0,0,-1) 
9 2 3 = (1,0,1,1) 4 = (1,1, 0,1) 
5 = (-1,0,-1,0) 



With this indexing the Bergman subcomplex B (I) of Poset (V) associated 
to the degeneration X is 
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[1],[2],[3],[4],[5]], 

[4,5], [2,5], [1,3], [1,2], [3,4]], 



B (I) has the F-vector 



Dimension -10 12 3 4 
Number of faces 5 5 



and the F-vectors of its faces are 



Dimension Number of faces F-vector 

5 (1,1,0,0,0,0) point 

1 5 (1,2,1,0,0,0) edge 



10.3.4 Dual complex 

The dual complex dual (B (/)) = (B (I))* of deformations associated to B (I) 
via initial ideals is given by 



M* = (^f^V[3,4]' = 



X2 X4 



X4 



X'2 



£3 ' £3 ' X4 XQ J Xq j Xl X2 ' Xl 



X3 X4 ' Xq ' X2 



-_0_ 



20 20 

X2 Xz" 1 £4 ' XI 



,[2]* 



X4 Xi X4 



X2 ±2 X2 
Xz ' X4XQI Xl 



Xl 



Xz X4 ' Xz ' X(f ' XQ ' Xl X2 ' 2:2 
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when writing the vertices of the faces as deformations of Xq. Note that the 
T-invariant basis of deformations associated to a face is given by all lattice 
points of the corresponding polytope in Mr. 

When numbering the vertices of the faces of dual (B (I)) by the Cox 
variables of the mirror toric Fano variety Y° the complex dual (B (I)) is 

0, 
[], 
[], 

[[4, 5]* = (yg, y 4 , y 1A ) , [2, 5]* = (y u y 7 , y 15 ) , [1, 3]* = (y 6 , y 5 , y 13 ) , 
[1, 2]* = (y 10 , y n , y 2 ) , [3, 4]* = (y 3 , y s , y 12 )], 

[[1]* = (Ve, 2/io, V5, Vu, 2/2, 2/13) , [2]* = (yi, 2/10, 2/7, 2/ii, 2/2, 2/15) , 
[3]* = (2/3, 2/6, 2/5, 2/8, 2/12, 2/13) , [4]* = (2/3, 2/8, 2/9, 2/4, 2/u, 2/12) , 
[5]* = (2/1,2/9,2/4,2/7,2/14,2/15)], 

[] 



The dual complex has the F- vector 

Dimension —10 12 3 4 
Number of faces 5 5 

and the F- vectors of the faces of dual (B (/)) are 

Dimension Number of faces F-vector 

2 5 (1,3,3,1,0,0) triangle 

3 5 (1,6,9,5,1,0) prism 
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Recall that in this example the toric variety Y is projective space. The 
number of lattice points of the support of dual (B (J)) relates to the dimension 
h 1 ' (X) of the complex moduli space of the generic fiber X of X and to the 
dimension h 1 ' 1 (1°) of the Kahler moduli space of the MPCi?-blowup 1° 
of the generic fiber X° of the mirror degeneration 

|supp (dual (B (/))) n M\ = 25 = 24 + 1 = dim (Aut (Y)) + h 1 ' (X) 

= 20 + 4 + 1 

= (Roots (Y) | + dim (TV) + h 1 ' 1 (X°) 

There are 

h 1 ' (X) + dim(Tyo) = 1 + 4 
non-trivial toric polynomial deformations of X 



X\ XQ X3X4 X4XQ XI X2 X2XZ 



They correspond to the toric divisors 

^(-1,0,2,0) -0(2,0,-1,-1) ^(0,2,0,-1) £>(_i_i A 2) -D(o_l_l i0 ) 



on a MPCR-blowup of Y° inducing 1 non-zero toric divisor classes on the 
mirror X°. The following 20 toric divisors of Y induce the trivial divisor 
class on X° 



O(o,o,i,-i) 0(0,-1,1,0) O(i,-i,o,o) -O(i,o,o,o) O(o,i,-i,o) 

0(-i, 1,0,0) O(o,o,-i,i) O(o,o,o,i) O(o,o,o,-i) 0(_i, 0,0,0) 

-O(o,i,o,o) 0(_i, 0,0,1) O(i,o,-i,o) O(o,-i,o,i) O(o,i,o,-i) 

O(o,o,-i,o) -O(o,-i,o,o) O(„i,o,i,o) O(i,o,o,-i) ^(0,0,1,0) 
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10.3.5 Mirror special fiber 



The ideal Iq of the monomial special fiber Xq of the mirror degeneration X° 
is generated by the following set of monomials in S° 



2/2 2/3 2/5 1/14 1/15 2/2 2/3 2/6 2/14 2/15 Vl 2/2 2/4 2/12 2/13 2/1 2/3 2/4 2/6 2/10 

2/3 2/4 2/5 2/7 2/11 2/2 2/3 2/13 2/14 2/15 2/4 2/5 2/7 2/8 2/11 2/1 2/2 2/5 2/8 2/9 

2/2 2/4 2/7 2/12 2/13 2/i 2/3 2/6 2/io2/i4 2/2 2/4 2/12 2/15 2/13 2/ii2/8 2/i2/5 2/9 

2/io2/3 2/i 2/9 2/6 2/4 2/11 2/7 2/12 2/5 2/i 2/5 2/s 2/9 2/io 

and 228 monomials of degree 5 



Indeed already the ideal 

T o _ / 2/2 2/3 2/6 2/14 2/15 2/11 2/8 2/1 2/5 2/9 2/2 2/4 2/12 2/15 2/13 2/4 2/11 2/7 2/12 2/5 



\ 2/10 2/3 2/1 2/9 2/6 / 

defines the same subvariety of the toric variety V , and Jq S = Iq . Recall that 
passing from Jq to Jq S is the non-simplicial toric analogue of saturation. 

The complex _B (/)* labeled by the variables of the Cox ring S* of F*, as 
written in the last section, is the complex SP (Iq) of prime ideals of the toric 
strata of the special fiber Xq of the mirror degeneration £°, i.e., the primary 
decomposition of Iq is 

= (2/9, 2/4, 2/14) n (2/6, 2/5, 2/is) n (yi, y 7 , 2/is) n (2/10, 2/n, 2/2) H (2/3, 2/8, 2/12) 

Each facet F E B (I) corresponds to one of these ideals and this ideal is 
generated by the products of facets of V containing F. 

10.3.6 Covering structure in the deformation complex of the de- 



According to the local reduced Grobner basis each face of the complex of 
deformations dual (B (I)) decomposes into 3 polytopes forming a 3 : 1 un- 
ramified covering of B (I) 




generation X 



□ 

□ 
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[[(yu) , (yg) , (y*)] i-> (y9,V4,yu)* v = [4,5] v , 

[(yi),(y 7 ),(yi5)]^(yi,y 7 ,yi5)^ = [2,5] v , 

[(ye) , (ys) , (yis)] >-»■ (ye, ys, yis)* v = [l, 3] v , 
[(yio> , (yu) , (y2)] >-> (yio,yn,y2)* v = [i,2] v , 
[(ys) , (ys) , {yu}} >-»• (ys,ys,yi2)* v = [3,4] v ], 

[[(ye, yio) , (ys, yu) , (y2, yn)] >-»• (ye, yio, ys, yu, 2/2, yi3)* v = [1]' 
[(yi, yio) , (wt, yu) , (y2, yis)] i-> (yi, yio, y 7 , yu, 2/2, yis)* v = [2] v 
[(ys, ye) , (ys, ys) , (yi2, yis)] i-> (ys, ye, ys, ys, yi2, yis)* v = [3] v , 
[(ys, yu) , (ys, yg) , (s/4, 2/12)] >->• (ys, ys, yg, y4, yu, yi2)* v = [4] v , 
[(yu,yis) , (yi,yg) , (y4,y?)] i-> (yi,yg,y4,y7,yu,yis)* v = [5] v ], 





Here the faces F E B (I) are specified both via the vertices of F* labeled 
by the variables of S* and by the numbering of the vertices of B (I) chosen 
above. 

The numbers of faces of the covering in each face of dual (B (/)), i.e. over 
each face of B (J) v are 



Dimension Number faces number preimages 

-10 



1 

2 5 3 

3 5 3 

4 



This covering has one sheet forming the complex 
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[], 
[], 

0, 

[(via) , (yg) , (v*) , (yi) , (y?) , (1/15) , (ye) , (1/5) , (1/13) , (yio) , 
(yn) , (1/2) , (ys) , (ys) , (2/12)], 

[(ye, yio) , (ys, yn) , (y2, 3/13) , (yi, yio) , (y7, yn) , (y2, yis) , (y3, ye) , (ys, ys) , 
(yi2, yis) , (ys, yn) , (ys, yg) , (y4, yi2) , (yu, yis) , (yi, yg) , (y4, y?)], 

[] 

with F-vector 

Dimension Number of faces F-vector 

15 (1,1,0,0,0,0) point 

1 15 (1,2,1,0,0,0) edge 



Writing the vertices of the faces as deformations the covering is given by 
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with one sheet forming the complex 




Note that the torus invariant basis of deformations corresponding to a Bergman 
face is given by the set of all lattice points of the polytope specified above. 
See also Figure 9.7 for a visualization of the dual complex and the sheets of 
the covering. 

In general we have for local complete intersections: 

Remark 10.11 Let X C Y x SpecC[t], Y = X (E) = P n be a degen- 
eration satisfying the conditions for the tropical mirror construction with 
fibers of codimension c. Let the special fiber be given by the monomial 
ideal Iq = 1^ C S with minimal generators m 1? ...,m r and the associated 
first order degeneration X C Y x SpecC[£]// (t 2 ) be given by the ideal 
J 1 = (fi = rrii + tgi) C S<S>C [t] / (t 2 ) . If the total space X is a local complete 
intersection, then all first order deformations of X contribute precisely once 
in the local equations of X at the strata of X : 

Suppose F C SP (Jo) is the prime ideal of a stratum of X Q and 

I l F C S F ®C [t] I if) = C (y r \y r £F, reX (1)) [y r | y r e F, r e E (1)] > <8)C [t] / (t 2 ) 
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where > is a local ordering on y r G F, r G S (1), £/ie localization of I at F. 
Then for all deformations 5 G dual (B) n M any monomial S (rrii) appears at 
most once in the minimal reduced standard basis of If- 

The complex dual (B) contains a c : 1 unramified covering of B y . 

10.3.7 Limit map 

The limit map lim : B (I) — > Poset (A) associates to a face F of B (I) the 
face of A formed by the limit points of arcs lying over the weight vectors 
w G F, i.e., with lowest order term t w . 

Labeling the faces of the Bergman complex B (I) C Poset (V) and the 
faces of Poset (A) by the corresponding dual faces of V* and A*, hence 
considering the limit map lim : B (I) — > Poset (A) as a map B (I)* — > 
Poset (A*), the limit correspondence is given by 

[], 

[{ye, l/io, 2/5, Vu, 2/2, 2/13) i-> (xi, x 3 , x ) , 
(yi, 2/io, 2/7, 2/ii, 2/2, 2/15) i-> (ar 2 , £3, Zo) , 
(2/3, 2/6, 2/5, 2/8, 2/12, 2/13) >-»• fai, x 3 , x 4 ) , 
(2/3, 2/8, 2/9, 2/4, 2/14, 2/12) >-»• (a:i, x 2 , x 4 ) , 

(2/1,2/9,2/4,2/7,2/14,2/15) >-»• (^2,^4,^0>], 

[(2/9,2/4,2/14) ^ (^1,^2,^4,^0) , (2/1,2/7,2/15) >-»• (^2,a:3,a:4,a;o) , 
(2/6,2/5,2/13) i-> (xi,a;3,X4,a;o) , (2/10,2/11,2/2) >-> (xi, x 2 , x 3 , x ) , 
(2/3,2/8,2/12) ^ (^1,^2,^3,^4)] 



The image of the limit map coincides with the image of /x and with the 
Bergman complex of the mirror, i.e. lim (B (I)) — fj,(B (I)) = B (I*). 

10.3.8 Mirror complex 

Numbering the vertices of the mirror complex /i (B (/)) as 

1 = (4, -1,-1,-1) 2 = (-1,4, -1,-1) 
3 = (-1,-1,4,-1) 4 = (-1,-1,-1,4) 
5 = (-1,-1, -1,-1) 

H{B {!)) C Poset (A) is 
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[3],[1],[2],[4],[5]], 

[2,4], [1,4], [2,5], [3,5], [1,3]], 



The ordering of the faces of /i (B (/)) is compatible with above ordering of 
the faces of B (I). The F- vectors of the faces of \i [B (J)) are 

Dimension Number of faces F-vector 

2 5 (1,3,3,1,0,0) triangle 

3 5 (1,4,6,4,1,0) tetrahedron 

The first order deformations of the mirror special fiber Xq correspond to 
the lattice points of the dual complex (p, [B (/)))* C Poset (A*) of the mir- 
ror complex. We label the first order deformations of Xq corresponding to 
vertices of A* by the homogeneous coordinates of Y 

x x yfyrms x = x vh& ms 

(1,0,0,0) j/2 jm j/12 j/13 2 (OAAO) 2/2 jra j/14 j/15 

x _ x vh$ m± x = Xs \— y % yioyi1 

3 (0,0,1,0) yiysyeyw 4 (°A0,1) j/i j/5 J/8 J/9 

„ — rr, s — viva yi2 

Xn — X(— 1 _i _i — 

u V ' ' ' > J/4 J/5 J/7 jm 

So writing the vertices of the faces of (/i (B (I)))* as homogeneous coordinates 
of Y, the complex (/x (5 (/)))* is given by 



[(X1,X 3 ,X ) , (x 2 ,X 3 ,X ) , (xi,X3,X4) , (xi,X2,X4) , (x 2 ,X 4 ,X )], 

[{xi,X 2 , X 4 , Xq) , (x 2 , X 3 , X 4 , Xq) , (x U X 3 , X 4 , X ) , (xi, X 2 , X 3 , X ) , (x 1 ,X 2 , X 3 , X 4 )\, 
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The complex /i (B (/))* labeled by the variables of the Cox ring S gives the 
ideals of the toric strata of the special fiber X of X, i.e., the complex SP (7 ), 
so in particular the primary decomposition of Iq is 

i = (x 1 , x 2 , x 4 ) n (x 1 , x 3 , x 4 ) n (x 1 , x 3 , x ) n (x 2 , x 3 , x ) n (x 2 , x 4 , x ) 

10.3.9 Covering structure in the deformation complex of the mir- 
ror degeneration 

Each face of the complex of deformations (/i (B (/)))* of the mirror special 
fiber Xq decomposes as the convex hull of 3 respectively 4 polytopes forming 
a 4 : 1 ramified covering of fx (B (I)) v 

0, 
0, 

[[(xi) , (x ) , (x 3 )] i-> (x 1 ,x 3 ,x )* v = [2,4] v , 

[(x 2 ) , (x ) , (x 3 )] i-> (x 2 ,x 3 ,x )* v = [l,4] v , 

[(x 4 ) , (xi) , (x 3 )j i-> (x u x 3 , x 4 )* v = [2, 5] v , 

[(x 2 ) , (x 4 ) , (xi)] i (xi, x 2 , x 4 )* v = [3, 5] v , 

{(x 2 ) , (x 4 ) , (x )] i-> (x 2 , x 4 , x )* v = [1, 3] v ], 

[[(x 2 ) , (x 4 ) , (xi) , (x )] i-> (xi,x 2 ,x 4 ,x )* v = [3] v , 
[(x 2 ) , (x 4 ) , (x ) , (x 3 )] i-> (x 2 ,x 3 ,x 4 ,x )* v = [l] v , 
[(x 4 ) , (xi) , (x ) , (x 3 )] i (xi,x 3 ,x 4 ,x )* v = [2] v , 
[(x 2 ) , (xi) , (x ) , (x 3 )j i-> (xi,x 2 ,x 3 ,x )* v = [4] v , 
[(x 2 ) , (x 4 ) , (xi) , (x 3 )j i-> (xi,x 2 ,x 3 ,x 4 )* v = [5] v ], 

[] 



Due to the singularities of Y° this covering involves degenerate faces, i.e. 
faces G h-> F v with dim (G) < dim (F v ). 
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10.3.10 Mirror degeneration 

The space of first order deformations of Xq in the mirror degeneration X° 
has dimension 5 and the deformations represented by the monomials 



{ 



2/12/7 2/15 



( 2/12 



2/5 2/6 2/13 



2/4 2/9 2/14 



2/ 2 2/10 2/1 



2/2 2/4 2/12 2/13 2/4 2/5 2/7 2/1 1 2/2 2/3 2/14 2/15 2/1 2/3 2/6 2/10 2/1 2/5 2/8 2/9 



form a torus invariant basis. The number of lattice points of the dual of the 
mirror complex of / relates to the dimension h 1,0 (X°) of complex moduli 
space of the generic fiber X° of X° and to the dimension h 1,1 (X) of the 
Kahler moduli space of the generic fiber X of X via 



|supp ((/i (B (/)))*) n N\ = 5 = 4 + 1 



= dim (Aut + h 1 ' (1°) = dim (T) + h 1 ' 1 (X) 

The conjectural first order mirror degeneration X l0 cY°x Spec C [t] / (t 2 ) 
of X is given by the ideal I 10 C S° ® C [£] / (t 2 ) generated by 



*«3 yf ye 2/13 + y2 y3 2/5 yu 2/15 

*«1 J/lJ/7 2/15 + 2/1 2/2 2/4 2/12 2/13 
*«2 2/f2/8 2/12 + 2/3 2/4 2/5 2/7 2/11 
*«2 2/I2/I2/12 + 2/4 2/5 2/7 2/8 2/11 
tsi 2/?2/ 2 2/i5 + 2/2 2/4 2/7 2/12 2/i3 

*«1 J/l5J/lS/7 + 2/2 2/4 2/12 2/15 2/13 

te 4 ylyiyu + 2/10 2/3 2/1 2/9 2/e 

^5 yfovhu + 2/1 2/5 2/8 2/9 2/10 



*«3 2/61/51/13 + 2/2 2/3 2/6 2/14 2/15 
ts A 2/I2/9 2/14 + 2/1 2/3 2/4 2/6 2/10 
is 3 ylzVlVis + V2 V3 2/13 2/14 2/15 
£s 5 yfyio J/11 + 2/1 2/2 2/5 2/8 2/9 

£s 4 2/ 2 4 2/f 2/9 + yi y3 ye yio yi4 
*«5 ylivlvw + yn ys yi ys yg 
*«2 y^yfys + y4 yn y7 yi2 y5 



and 228 monomials of degree 5 



Indeed already the ideal J° generated by 

ts 3 ylylyi3 + y2y 3 ye y u y 15, x 
ts 5 yliylyw + yn ys yi ys yg, 
tsi y\^y\yi + y2 y4 yi 2 yis yi3, 
ts 2 ynvivs + y4 yn y7 yn ys, 
*«4 ygyiyu + yio y3 yi yg ye 



defines X lc . 



390 



10.3.11 Contraction of the mirror degeneration 

In the following we give a birational map relating the degeneration X° to a 
Greene-Plesser type orbifolding mirror family by contracting divisors on Y°. 
In order to contract the divisors 



2/6 = 2/(0,1,-1,0) = 
2/9 = 2/(0,0,1,-1) = 
2/l2 = 2/(-i,o,o,o) 

2/l5 = 2/(1,-1,0,0) 



X3 
X3 

X4 

_ 2o 

X\ 
_ XI 
X2 



2/7 = 

2/io 

2/13 



2/(i,o,o,o) = 
= 2/(o,o,-i,i) 
= 2/(-i,i,o,o) 



£1 

xo 



X4 

X3 
X2 
Xl 



2/8 = 

2/n 

2/14 



2/(0,0,0,-1) - 
= 2/(o,o,o,i) = 
= 2/(o,-i,i,o) 



Xo 
X4 
X4 

Xo 
_ X3 

X2 



consider the Q-factorial toric Fano variety Y° = X , where £° = 

Fan C M K is the fan over the reflexive Fano polytope P° C M R given 

as the convex hull of the remaining vertices of P° = V* corresponding to the 
Cox variables 

2/4 = 2/(-i,o,2,o) = ^ 2/i = 2/(2,0,-1,-1) = ^7 

2/5 = 2/(0,2,0,-1) = ^ 2/2 = 2/(-l,-l,0,2) = ^ 

2/3 = 2/(0,-1,-1,0) = jf^ 
of the toric variety Y° with Cox ring 

S° = C[y 4 , 2/i, 2/5, 2/2, 2/3] 

The Cox variables of Y° correspond to the set of Fermat deformations of X. 
Let 

y° = x(s°) -> x (e°) = r° 

be a birational map from F° to a minimal birational model Y°, which con- 
tracts the divisors of the rays E° (1) — S° (1) corresponding to the Cox vari- 
ables 

2/6 2/7 2/8 2/9 2/10 2/11 2/12 2/13 2/14 2/15 

Representing F° as a quotient we have 

Y° = (c 5 -v(b (e°)))//G° 
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G° = Z 5 x (C*) 1 



£V = ( u\ Vi • J/4, «1 V X ■ J/i, Ui ' 2/5, «? «1 • 1/2, U? «1 ' Vz) 



with 

acting via 



for f = Vl ) G G° and y G C 5 - V \B 
Hence with the group 

H° = Z 5 

of order 5 the toric variety Y° is the quotient 

Y° = P 4 /H° 

of projective space P 4 . 

The first order mirror degeneration X 10 induces via Y — > Y° a degener- 
ation X 10 cf°x SpecC [t] I (t 2 ) given by the ideal / lo C S°®C[t]/ {t 2 } 
generated by the Fermat-type equations 

2/| + 2/12/3, 

tS 2 V\ + 2/2 1/4, 

ts 5 vl + ViVb, 

tSlVl + 1/4 1/5, 

I ts 3 y* + y 2 ys ) 

Note, that 

supp ((/i (B (/)))*) n N - Roots ( Y° ) - dim (7> ) = 5 - 4 = 1 



so this family has one independent parameter. 

The special fiber Xq C 7° of X lc is cut out by the monomial ideal Jq C S* 
generated by 

{ 1/4 1/5 1/2 1/3 1/2 1/4 1/11/5 J/l J/3 } 

The complex SP (j^j of prime ideals of the toric strata of Xg is 
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l(yi, 2/5, 2/2) , (2/4, yi, 2/2) , (2/4, yi, 2/3) , (2/4, 2/5, 2/3) , (2/5, 2/2, 2/3)], 

[(2/1, 2/5, 2/2, 2/3) , (2/4, 2/5, 2/2, 2/3) , (2/4, 2/1, 2/2, 2/3) , (2/4, 2/1, 2/5, 2/3) , 
(2/4,2/1,2/5,2/2)], 

[] 



so Iq has the primary decomposition 

^0 = (2/1, 2/5, 2/2) n (2/4, 2/1, 2/2) n (2/4, 2/1, 2/3) n (2/4, 2/5, 2/3) n (2/5, 2/2, 2/3) 

The Bergman subcomplex B (I) C Poset (V) induces a subcomplex of Poset 
V = corresponding to Jq. Indexing of the vertices of V by 

1 = (0,-1, 2,-1) 2 = (3, 0,1,1) 3 = (-1,2,-1,0) 

4 = (1,1, 0,3) 5 = (-3, -2, -2, -3) 

this complex is given by 

[[1],[2],[3],[4],[5]], 

[[1,5], [3,5], [3,4], [2,4], [1,2]], 
< > 



The ideal P° cS°®C[t]/ (t 2 ) has a Pfaffian resolution 

~^ ^V°xSpccC[t]/(t 2 ) fa 1 ) — >■ Z 1 {K 1 ) ^ (i" 1 ) ^ CyoxSpccCM/^ 2 } 

where f^Tx SpecC [t] / <t 2 ) -> Y° and £ x = tt*.F 



393 



with 

Oyo (.0(2,0,-1,-1) + 0(0,-1,-1,0)) © O fo (D(_i, 0) 2,0) + O(_i,_i,o,2)) © 
.F = Cyo fO>( 2 ,0,-l,-l) + O(o,2,0,-1)) © Cyo (D(_i,o ) 2,0) + 0(0,2,0-1)) © 

Oy (0>(_i,_i,o,2) + O(o,_i,_i,o)) 
and fT 1 = ^yo xSpecC[t]/(t 2 )/SpecC[t]/(t2) and if 1 E /\ 2 S 1 (-K 1 ) given by 






ts 3 2/5 


2/3 


-2/4 


-ts 2 2/i 


ts 3 y 5 





ts 4 2/4 


2/i 


-2/2 


-2/3 







£s 5 2/2 


2/5 


2/4 


-2/i 


-*s 5 2/2 








. ts 2 yi 2/2 -2/5 -tsij/3 
Hence via the Pfaffians of y? 1 we obtain a resolution 

^V°xSpecC[t] (^0 £ (K) ~^ £* ~^ ^Y°xSpecC[t] 

where m : F x Spec C [t] -> y , 5 = vr*^ 
and X = -^yo xSpccC [i]/ SpccC [ t ] 

of the ideal J°c5°®C [t] generated by 

-2/i 2/5 + t (-S5 2/1) + ^ 2 (S4 si 2/ 3 2/4) , 
-1/4 2/5 + * (-si 2/1) + t 2 (S2 s 5 2/1 2/2) , 
< -V2V4 + t(-s 2 yf) + 1 2 (s 3 Si y 3 y 5 ) , > 

-2/2 2/3 + * (-S3 2/|) + ^ 2 (s 2 S4 2/i 2/4) , 
k -2/12/3 + *(-s 4 2/1) (S3S5 2/2 2/5) , 

which defines a flat family 

X° C y° x SpecC[t] 
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10.4 Tropical mirror construction for the degree 14 
Pfaffian Calabi-Yau threefold 

10.4.1 Setup 

Let Y = P 6 = X (E), E = Fan (P) = NF (A) C iV R with the Fano polytope 
P = A* given by 



A = convexhull 



/ (6,-1,-1,-1,-1,-1) 
(-1,-1,6,-1,-1,-1) 
(-1,-1,-1,-1,6,-1) 

V (-1,-1,-1,-1,-1,-1) 



(-1,6,-1,-1,-1,-1) \ 
(-1,-1,-1,6,-1,-1) 
(-1,-1,-1,-1,-1,6) 



C M M 



and let 

S = C[x , Xi, X 2 , X 3 , X 4 , X 5 , Xq] 

be the Cox ring of Y with the variables 



x i — £(1,0,0,0,0,0) 
£3 — £(0,0,1,0,0,0) 
x 5 — £(0,0,0,0,1,0) 
£q = £(-1,-1-1,-1-1,-1) 



x 2 = ^(0,1,0,0,0,0) 
X4 = £(0,0,0,1,0,0) 
x 6 — £(0,0,0,0,0,1) 



associated to the rays of E. 

Consider the degeneration X C Y x Spec C [t] of Pfaffian Calabi-Yau 3- 
folds with Buchsbaum-Eisenbud resolution 







where 



A 



-7)- 




4) h£*(- 


-3)- 


Oy - 








£ = 


70 










A 


t = A 


+ t 


A 












x 2 








-£5 














X4 








-£o 


-x 2 











£6 








- 


-X4 











£1 











-Xq 











£3 


£5 








-Xi 














£0 








-£3 
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the monomial special fiber of X is given by 

h = ( x x 6 x l x 2 x l x 3 x h x 4 x 3 x 5 x x 6 x 2 x x l x 2 X A x 3 x 5 x 4 x 6 

and generic A e /\ 2 £ (1) 






Wi 


w 2 


w 3 


W4 


w 5 


Wq 







w 7 


w 8 


Wg 




w u 


-w 2 


— w 7 





W12 




w u 


w 15 


-w 3 


-w 8 


-w 12 







w 17 


w 18 


—W4 


-Wg 


-w 13 


-w 16 





Wig 


w 20 


-w 5 


-w w 


-w u 


-w 17 


-w 19 





w 2 l 


-w 6 


-Wu 


-w 15 


-Wis 


-w 20 


-W21 






Wi = Si X 1 + S 2 X 2 + S3 X 3 + S 4 x 4 + S5 x 5 + «6 x % + S7 x 

W 2 = S 8 Xi + Sg X 2 + S W X 3 + Su X 4 + S ±2 X 5 + S 13 X 6 + S 14 X 

W 3 = S15 Xi + Si 6 X 2 + S17 X 3 + Si 8 ^4 + «19 ^5 + S 20 ^6 + «21 ^0 

u> 4 = s 22 xi + s 23 a; 2 + s 2A x 3 + s 25 x 4 + s 26 x 5 + s 27 x 6 + s 28 x 

U> 5 = S 29 Xi + S 30 X 2 + S31 X 3 + S 32 X 4 + S 33 X 5 + S 34 X 6 + S 35 X 
^6 = S 36 x l + S 37 X 2 + S 38 X 3 + S 3 g X 4 + S 40 X 5 + S 4i X 6 + S 42 X 

U> 7 = S 43 Xi + s 44 x 2 + s 45 x 3 + s 46 x 4 + s 47 x 5 + s 48 x 6 + s 49 x 
w 8 = S 50 Xi + S51 x 2 + s 52 x 3 + s 53 x 4 + s 54 x 5 + s 55 x 6 + s 56 x 

= S 57 Xi + S 58 X 2 + S 59 X 3 + S 60 X 4 + S 6 i X 5 + S 62 X 6 + S 63 X 

W W = S 64 Xi + s 65 x 2 + s 66 x 3 + s 67 x 4 + s 68 x 5 + s 69 x 6 + s 70 x 

ty n = Syi Xi + S 72 X 2 + S 73 X 3 + S 74 X 4 + S 75 X 5 + S 76 X 6 + S 77 X 
Wl 2 = S 78 Xi + S 79 X 2 + S 80 X 3 + S 8 i X 4 + S 82 X 5 + S 83 X 6 + S 84 X 
Wi 3 = S 85 Xi + S 86 X 2 + S 87 X 3 + S 88 X 4 + S 89 X 5 + S 90 X 6 + Sgi X 

U?l 4 = S 92 Xi + s 93 x 2 + s 94 x 3 + s 95 x 4 + s 96 x 5 + s 97 x 6 + s 98 x 

W 15 = s 99 x l + s 100 x 2 + SlOl ^3 + s 102 x 4 + ^103 x 5 + s 104 ^6 + s 105 ^0 
W W = Sl06 x l + Sl07 ^2 + Sl08 ^3 + ^109 x 4 + «110 x 5 + Sill x 6 + «112 ^0 
^17 = «113 x l + SlU x 2 + «115 x 3 + «116 ^4 + «117 ^5 + «118 ^6 + «119 ^0 
Wis = Sl20 Xl + «121 ^2 + Sl22 ^3 + «123 x 4 + Sl24 x 5 + Sl25 x 6 + «126 ^0 
Wig = S i27 Xi + S i28 X 2 + Si 29 X 3 + Si 30 X 4 + S i3 i X 5 + S i32 X 6 + S i33 X 
W 2 Q = S i34 Xi + Si 35 X 2 + Si 36 X 3 + S i37 X 4 + Si 38 X 5 + S i3 g X 6 + Si 40 X 
W 2 i = Sui Xi + S U2 x 2 + S M3 x 3 + S M4 x 4 + s i45 x 5 + S U6 x 6 + s 147 x 

The degeneration 

X C Y x SpecC[t] 
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is given by the ideal / C S (g> C [t] generated by the Pfaffians of A + 1 ■ A of 
degrees 3, 3, 3, 3, 3, 3, 3. 



10.4.2 Special fiber Grobner cone 

The space of first order deformations of X has dimension 98 and the defor- 
mations represented by the Cox Laurent monomials 



x 2 x 


XO XQ 2 


Xs XQ 


2 

XqXQ 


x\x2 


xo xi 2 


XqXI 


X2 XQ XI 


X2 X4 X3 


X2 X\ X3 


X2 X4 X3 


X5 X4 XQ 


XS X4 X3 


XS X4 X3 


XI X2 2 


X2 X3 2 


X<^X3 


X^XQ 


X4 X3 2 


X4X3 


XS X4 2 


X$ X4 XQ 


X5 Xo XQ 


X5 XO XQ 


X2 XI X3 


XQ XQ XI 


XO XQ XI 


X2 XO XI 
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x 2 


X4 


x 3 


X l 


x s 


x\ 


X4 X3 
x 5 x 


XS XQ 
X2 X 


xo Xl 

X 2 X4 


XO XQ 
X2 X4 


X2 X3 
X4 XQ 


X2 Xl 
X4 X3 


XS X4 
XS X3 


X4 X3 
XI X3 


X§ XQ 

X2 X3 


X$ XQ 
XO XQ 


X Xl 
X4 XQ 


X Xl 
XQ Xl 


XQXl 


XQ XQ 
XS Xo 


X XQ 
X2 Xl 


X 5 X 
X 5 X 3 


X2 X4 
Xo Xl 


X2 X 3 
XQ Xl 


X2 X 3 
Xl X3 


Xl X3 
Xo X2 


X2 Xi 
XS X4 


X4 XQ 
XQ XQ 


X2 Xl 
X 5 X4 


X5 X3 
X Xl 


Xs X4 
XO XQ 


XS X4 
X§ X4 


X4 X3 
X4 X3 


XO X2 
X2 Xi 


X4 X3 


xo xi 


X5 X4 


X2 X3 


X2 Xl 


xo xi 


XS XQ 


X2 X3 


xo xi 


X2 Xl 


XS XQ 


X2 X3 


X§ XQ 


X4 X3 


XS XQ 
X2 


X4 X3 
£5 


XS X4 
£5 


X2 Xl 
X4 


XO XQ 
XQ 


X2 X3 

£i 


XO XQ 

xo 


XO 
XQ 


XQ 
X4 


xo 
xo 


XQ 

£1 


XI 
X3 


XQ 
XI 


XQ 
£3 


XO 
X2 


X3 
X2 


X5 
Xo 


xo 

X4 


X4 

£i 


X2 
£3 


X2 
XQ 


X3 
XQ 


XI 

X2 


XI 
£5 


X2 
X3 


X3 
XQ 


XI 

X4 


XS 
£5 


X2 
X2 


X4 
£5 


X3 
£3 


XS 
XO 


X4 
XQ 


xs 
X4 


X4 

£0 


XQ 

xr> 


Xl 
Xl 


XQ 
XQ 


X3 
£3 


X2 

£i 


XO 

£2 


X4 
X4 


X2 


X4 


X3 


XQ 


XS 


XS 


Xl 



form a torus invariant basis. These deformations give linear inequalities 
defining the special fiber Grobner cone, i.e., 

C Io (/) = {{w t , w y ) G K © N R I (w, A" 1 (m)) > -w t \/m) 
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for above monomials m and the presentation matrix 



A = 



1 




















1 




















1 




















1 




















1 




















1 


-1 


-1 


-1 


-1 


-1 


-1 



of A 5 (Y). 

The vertices of special fiber polytope 

v = C Io (/) n {w t = 1} 

and the number of faces, each vertex is contained in, are given by the table 



35 



65 



70 



73 



86 



-I 1 o - -- o) Co -± i i (± i 1 i 1) 

2' 2' ' 2' 2' / V ' 2' 2' ' 2' 2/ V 2 ' 2 ' ' '2' / 

2 , 2 ,w,w, 2' 2/ V ' 2' 2' 2/ V ' 2' ' ' 2' 2/ 

_I o -1 -i -i -1) 

0,0,0,1,0,0) (0,0,0,0,1,0) (0,0,0,0,0,1) 

0,1,0,0,0,0) (0,0,1,0,0,0) (1,0,0,0,0,0) 

-1,-1,-1,-1,-1,-1) 

0,0,-1,0,0,-1) (0,-1,0,0,0,-1) (0,-1,0,0,-1,0) 
-1,0,0,0,-1,0) (1,1,1,0,1,1) (1,1,0,1,1,1) 
-1,0,0,-1,0,0) 

-1,-1,-1,0,-1,-1) (1,0,0,1,0,0) (1,0,0,0,1,0) 
0,1,0,0,1,0) (0,0,1,0,0,1) (0,1,0,0,0,1) 

-1,-1,0,-1,-1,-1) 

0,-1,-1,0,-1,-1) (-1,-1,0,0,-1,-1) (1,0,0,1,1,0) 
1,1,0,0,1,0) (0,1,0,0,1,1) (0,1,1,0,0,1) 

-1,-1,0,-1,-1,0) 

-1,0,-1,0,-1,-1) (1,0,0,1,0,1) (0,1,0,1,0,1) 
1,0,1,0,1,0) (-1,0,-1,-1,0,-1) (-1,-1,0,-1,0,-1) 

1,0,1,0,0,1) 



The number of faces of V and their F- vectors are 
Dimension Number of faces F-vector 



-1 


1 


(0. 


0,0,0,0,0,0,0) 







42 


(1. 


1,0,0,0,0,0,0) 


point 


1 


308 


(1. 


2,1,0,0,0,0,0) 


edge 


2 


98 


(1. 


4,4,1,0,0,0,0) 


quadrangle 


2 


693 


(1. 


3,3,1,0,0,0,0) 


triangle 


3 


497 


(1. 


4,6,4,1,0,0,0) 


tetrahedron 


3 


42 


(1. 


6,10,6,1,0,0,0) 




3 


280 


(1 


5,8,5,1,0,0,0) 


pyramid 


3 


7 


(1 


6,12,8,1,0,0,0) 


octahedron 


3 


7 


(1 


8,12,6,1,0,0,0) 


cube 


3 


7 


(1 


7,15,10,1,0,0,0) 




3 


42 


(1 


6,9,5,1,0,0,0) 


prism 


4 


70 


(1 


6,13,13,6,1,0,0) 




4 


21 


(1 


8,21,22,9,1,0,0) 




4 


70 


(1 


7,15,14,6,1,0,0) 




4 


7 


(1 


6,14,16,8,1,0,0) 




4 


28 


(1 


8,19,19,8,1,0,0) 




4 


21 


(1 


9,25,27,11,1,0,0) 




4 


28 


(1 


7,17,18,8,1,0,0) 




4 


14 


(1 


8,21,23,10,1,0,0) 




4 


14 


(1 


7,18,21,10,1,0,0) 




4 


14 


(1 


10,24,23,9,1,0,0) 




4 


28 


(1 


8,18,17, 7,1,0,0) 




4 


7 


(1 


9,20,18,7,1,0,0) 




4 


91 


(1 


5,10,10,5,1,0,0) 




4 


14 


(1 


7,16,16,7,1,0,0) 




5 


7 


(1 


14,51,77,52,14,1,0) 




5 


14 


(1 


11,38,58,41,12,1,0) 




5 


14 


(1 


12,42,61,40,11,1,0) 




5 


14 


(1 


9,28,40,28,9,1,0) 




5 


7 


(1 


11,37,54,38,12,1,0) 




5 


14 


(1 


14,53,83,58,16,1,0) 




6 


1 


(1 


42,308,791,882,427, 70,1) 
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The dual P° = V* of V is a Fano polytope with vertices 



-1,-1,-1,0,2,1) 

0,1,2,0,-1,-1) 

-1,-1,0,1,2,0) 

0,-1,-1,-1,0,1) 

1,0,-1,-1,-1,0) 

0,0,-1,-1,0,0) 

0,1,0,1,-1,-1) 

-1,0,0,2,0,0) 

1,0,1,0,0,-1) 

0, -1,0,-1,0,1) 

1, -1,-1,0,0,1) 
1,1,0,-1,0,-1) 
1,0,-1,0,-1,0) 
1,0,1,-1,-1,0) 
0,1,0,0,0,0) 
0,0,0,1,0,-1) 
0,0,0,0,0,-1) 

0. 0.0.0,-1,0) 

1, -1,0,0,0,0) 
-1,1,0,0,0,0) 
1,0,-1,0,0,0) 
0,-1,0,0,0,0) 
0,0,1,0,-1,0) 
0,0,0,-1,1,0) 



-1,0,2,1,0,-1) 

0,2,1,0,-1,-1) 

0,-1,-1,-1,0,2) 

2,1,0,-1,-1,-1) 

1,2,0,-1,-1,-1) 

0,1,0,0,-1,-1) 

-1,1,0,1,0,0) 

-1,0,1,1,0,-1) 

0,1,1,0,-1,0) 

0,-1,-1,1,0,1) 

-1,0,-1,0,1,1) 

-1,-1,0,0,2,0) 

2,0,0,-1,-1,0) 

0,1,-1,-1,0,0) 

0,0,0,0,1,-1) 

-1,0,0,0,0,1) 

0,0,0,0,0,1) 

1,0,0,0,0,0) 

0,-1,1,0,0,0) 

-1,0,0,0,0,0) 

-1,0,1,0,0,0) 

0,1,0,-1,0,0) 

0,0,0,-1,0,1) 



-1,0,1,2,0,-1) 

-1,-1,0,2,1,0) 

-1,-1,-1,0,1,2) 

2,0,-1,-1,-1,0) 

0,0,-1,-1,1,0) 

0,2,0,0,-1,-1) 

-1,0,0,1,0,1) 

0,0,1,0,1,-1) 

0,0,2,0,0,-1) 

0,-1,-1,0,0,2) 

-1,-1,0,0,1,0) 

-1,-1,1,0,1,0) 

1,0,0,-1,-1,1) 

0,-1,0,1,1,0) 

0,0,0,0,1,0) 

1,0,0,0,0,-1) 

0,0,-1,1,0,0) 

0,0,1,-1,0,0) 

0,1,-1,0,0,0) 

0,-1,0,1,0,0) 

0,0,0,0,-1,1) 

0,0,-1,0,1,0) 

0,0,0,1,-1,0) 



and the F-vectors of the faces of P° are 



Dimension Number of faces F-vector 

-1 1 (0,0,0,0,0,0,0,0) 

70 (1,1,0,0,0,0,0,0) point 

1 427 (1,2,1,0,0,0,0,0) edge 
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2 


322 


(1,4,4,1,0,0,0,0) 


2 


560 


(1,3,3,1,0,0,0,0) 


3 


301 


(1,6,9,5, 1,0,0,0) 


3 


28 


(1,6,10,6,1,0,0,0) 


3 


42 


(1,7,11,6,1,0,0,0) 


3 


14 


(1,8, 13,7, 1,0,0,0) 


3 


140 


(1,4,6,4,1,0,0,0) 


3 


35 


(1,6,12,8,1,0,0,0) 


3 


231 


(1,5,8,5, 1,0,0,0) 


4 


35 


(1,12,30,28,10,1,0,0) 


4 


14 


(1,10,23,21,8,1,0,0) 


4 


14 


(1,6,13,13,6,1,0,0) 


4 


7 


(1,12,26, 22,8,1,0, 0) 


4 


21 


(1,7, 17, 18,8, 1,0,0) 


4 


42 


(1,9,20, 18,7, 1,0,0) 


4 


7 


(1,9,18,15,6,1,0,0) 


4 


7 


(1,12,30,30,12,1,0,0) 


4 


28 


(1,7, 15, 14,6, 1,0,0) 


4 


35 


(1,8,16,14,6,1,0,0) 


4 


21 


(1, 12, 31, 30, 11, 1, 0, 0) 


4 


28 


(1,8,18, 17, 7,1,0,0) 


4 


14 


(1,8,19,19,8,1,0,0) 


4 


7 


(1,10,30,30,10,1,0,0) 


4 


14 


(1, 12,31,31, 12, 1,0,0) 


4 


14 


(1, 12,27,24,9, 1,0,0) 


5 


7 


(1,18,65,93,58,14,1,0) 


5 


7 


(1, 24, 88, 120, 70, 16, 1, 0) 


5 


7 


(1, 11,35,49,33, 10, 1,0) 


5 


7 


(1,20,70,90,50, 12, 1,0) 


5 


7 


(1,24,86, 117, 69, 16, 1,0) 


5 


7 


(1, 20, 73, 108, 73, 20, 1, 0) 


6 


1 


(1,70,427,882,791,308,42,1) 



quadrangle 

triangle 

prism 



tetrahedron 

octahedron 

pyramid 



The polytopes V and P° have as the unique interior lattice point, 
and the Fano polytope P° defines the embedding toric Fano variety Y° = 
X (Fan (P°)) of the fibers of the mirror degeneration. The dimension of the 
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automorphism group of Y° is 

dim(Aut (Y°)) = 6 

Let 

S° = C[y 1 ,y 2 ,...,y 70 ] 
be the Cox ring of Y° with variables 



yi = 

2/4 = 
2/7 = 
Vw = 

J/13 

2/16 
2/19 
2/22 
2/25 

2/28 
2/31 

2/34 

2/37 
2/40 
2/43 
2/46 
2/49 
2/52 
2/55 
2/58 
2/61 
2/64 
2/67 
2/70 



2/(-i -1,-1,0,2,1) 
2/(0,1,2,0,-1,-1) = 



2 2 XI £3 



22 23^ 



25 20 xe 
x\x4 

2/(— 1,-1,0,1,2,0) £22:021 

2 

XqX6 

; 2/(0,-1,-1,-1,0,1) " — - 



— 2/(1,0,-1,-1,-1,0) 
= 2/(0,0,-1,-1,0,0) = 



X2 24 23 
2q21 

Xf, X4 23 
~2 



X4 23 
X2 X4 



2/(0,1,0,1,-1,-1) - x X6 



2/(-l,0,0,2,0,0) 



X0 XI 

— xi xz 

2/(1,0,1,0,0,-1) - — 

m, s XQ xe 

2/(0,-1,0,-1,0,1) - 7777 

n,, , XQ XI 

2/(1,-1,-1,0,0,1) - 7777 
22 21 

14 XQ 

go 21 

25 23 

„. 2123 

2/(1,0,1,-1,-1,0) - 7777 

„, 22 

2/(0,1,0,0,0,0) 



2/(1,1,0,-1,0,-1) 
2/(1,0,-1,0,-1,0) 



10 



— 2/(0,0,0,1,0,-1) — 
= 2/(0,0,0,0,0,-1) = 
= 2/(0,0,0,0,-1,0) = 
= 2/(1,-1,0,0,0,0) = 
= 2/(-i, 1,0,0,0,0) = 

— 2/(1,0,-1,0,0,0) — 

— 2/(0,-1,0,0,0,0) — 

— 2/(0,0,1,0,-1,0) — 

— 2/(0,0,0,-1,1,0) = 



24 

26 
20 
26 
2Q 

25 
21 

22 
22 



21 

23 
20 

22 
23 

25 
25 

24 



2/2 = 
2/5 = 
2/8 = 

2/11 = 

2/14 = 

2/17 = 

2/20 = 

2/23 = 

2/26 = 

2/29 = 

2/32 = 

2/35 = 

2/38 = 

2/41 = 

2/44 = 

2/47 = 

2/50 = 

2/53 = 

2/56 = 

2/59 = 

2/62 = 

2/65 = 

2/68 = 



2/(-l,0,2,l,0,-l) = 
2/(0,2,1,0,-1,-1) = 
2/(0,-1,-1,-1,0,2) 



24 23 

20 2 6 21 

2223 
25 20 26 
_ 2Q 26 2 



22 24 23 
2 2 22 
25 24 26 



2,1,0,-1,-1,-1) 

_ 21 22^ 
1,2,0, — 1,-1, — 1) £5x426 

s _ 2 2 2Q 

0,1,0,0,-1,-1) - 7777 
_ 22 24 

-1,1,0,1,0,0) - 7777 

. 24 23 

-1,0,1,1,0,-1) - 7777 

0,1,1,0,-1,0) = ffff 



0,-1,-1,1,0,1) - 

-1,0,-1,0,1,1) = 

-1,-1,0,0,2,0) = 

2,0,0,-1,-1,0) = 

0,1,-1, 



22 23 
25 26 



22 21 

~2 



25 24 
2Q 22 

1.0:0) - — 

0,0,0,0,1,-1) = 77 

1,0,0,0,0,1) — 77 
0,0,0,0,0,1) = 77 

21 

1,0,0,0,0,0) - 77 
0,-1,1,0,0,0) = 77 
1,0,0,0,0,0) = 77 
1,0,1,0,0,0) = 77 
0,1,0,-1,0,0) = 77 
0,0,0,-1,0,1) = 77 



2/3 = 
2/6 = 
2/9 = 
2/12 = 
2/15 = 

2/18 = 

2/21 = 

2/24 = 
2/27 

2/30 
2/33 

2/36 

2/39 
2/42 
2/45 
2/48 
2/51 
2/54 
2/57 
2/60 
2/63 
2/66 
2/69 



2^2 3 
20 2 6 21 

25 2 4 2 
22 20 21 

2 

_ 25 26 



2/(-l,0,l,2,0,-l) 
2/(-l, -1,0,2,1,0) = 

2/(-i, -1,-1,0,1,2) = 

: 2/(2,0,-1,-1,-1,0) 

: 2/(0,0,-1,-1,1,0) = 
: 2/(0,2,0,0,-1,-1) = 7777 

- 24 26 

: 2/(-i,o,o,i,o,i) - 7777 



= 2/(0,0,1,0,1,-1) 

= 2/(0,0,2,0,0,-1) = 
= 2/(0,-1,-1,0,0,2) = 



22 21 23 
_ 2Q 2l 2 

25 24 23 
2520 
24 23 



25 23 



20 26 



20 26 



2/(-i, -1,0,0,1,0) 
2/(-i, -1,1,0,1,0) 
2/(1,0,0,-1,-1,1) 



22 23 

25 2Q 



22 21 
_ 25 23 
22 21 
_ 26 21 

25 24 

„ , , < 25 24 

2/(0,-1,0,1,1,0) - 7777 



= 2/(0,0,0,0,1,0) = 

— 2/(1,0,0,0,0,-1) — 
= 2/(0,0,-1,1,0,0) = 
= 2/(0,0,1,-1,0,0) = 
= 2/(0,1,-1,0,0,0) = 
= 2/(0,-1,0,1,0,0) = 
= 2/(0,0,0,0,-1,1) = 

— 2/(0,0,-1,0,1,0) — 
= 2/(0,0,0,1,-1,0) = 



25 
20 



21 

26 
24 

23 
23 

24 
22 

23 
24 

22 
26 

25 
25 

23 

24 
25 
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10.4.3 Bergman subcomplex 



Intersecting the tropical variety of / with the special fiber Grobner cone 
Cj (/) we obtain the special fiber Bergman subcomplex 

B(i) = c Io (i)nBF (i)n{w t = i} 

The following table chooses an indexing of the vertices of V involved in B (I) 
and gives for each vertex the numbers n v and n B of faces of V and faces of 
B (I) it is contained in 



nv n B (i) 



70 10 



86 8 



88 8 



1 = 


= (0,0,-1,0,0,-1) 


2 = 


(0,-1,0,0,0,-1) 


3 = 


= (0,-1,0,0,-1,0) 


4 = 


(-1,0,0,0,-1,0) 


5 = 


= (1,1,1,0,1,1) 


6 = 


(1,1,0,1,1,1) 


7 = 


= (-1,0,0,-1,0,0) 






8 = 


= (0,-1,-1,0,-1,- 


-1) 


9 = (-1,-1,0,0,-1,-1) 


10 


= (1,0,0,1,1,0) 




11 = (1,1,0,0,1,0) 


12 


= (0,1,0,0,1,1) 




13 = (0,1, 1,0, 0,1) 


14 


= (-1,-1,0,-1,- 


1,0) 




15 


= (-1,0,-1,0,-1, 


-1) 


16 = (1,0,0,1,0,1) 


17 


= (0,1,0,1,0,1) 




18 = (1,0, 1,0, 1,0) 


19 


= (-1,0,-1,-1,0, 


-1) 


20 = (-1,-1,0,-1,0,-1) 


21 


= (1,0,1,0,0,1) 







With this indexing the Bergman subcomplex B (I) of Poset (V) associated 
to the degeneration X is 



[[8], [15], [9], [10], [1], [2], [16], [17], [3], [4], [11], [18], [12], [5], [6], [19], [20], [21], [13], 
[14], [7]], 

[[2,9], [9,20], [3,9], [4,9], [9, 14], [2, 10], [10, 16], [1, 10], [6, 10], [4, 15], [15, 17], 
[1, 15], [9, 15], [7, 19], [1, 2], [19, 20], [15, 19], [12, 17], [6, 17], [1, 11], [4, 17], [1, 19], 
[13, 17], [1,6], [5, 6], [5, 13], [5, 21], [5, 7], [7, 20], [14, 20], [3, 21], [3, 14], [3, 4], 
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[14, 21], [13, 21], [13, 14], [7, 13], [4, 13], [4, 7], [4, 14], [2, 3], [2, 20], [2, 18], [10, 11], 
[10, 18], [7, 14], [11, 18], [6, 11], [11, 19], [11, 12], [5, 11], [8, 9], [8, 10], [8, 16], [18, 20], 
[18, 21], [5, 18], [1, 8], [3, 8], [2, 8], [8, 15], [16, 21], [16, 17], [3, 16], [6, 16], [5, 12], 
[6, 12], [12, 19], [12, 13], [7, 12]], 

[[1, 6, 8, 16], [2, 8, 10], [2, 10, 18], [2, 3, 10, 16], [1, 2, 10], [2, 3, 18, 21], 

[3, 16, 21], [3, 14, 21], [3, 4, 13, 21], [6, 12, 17], [4, 7, 12, 17], [4, 13, 14], [12, 13, 17], 

[5, 11, 18], [5, 7, 12], [5, 7, 18, 20], [5, 7, 13], [5, 13, 21], [5, 12, 13], [1, 6, 11], 

[1, 11, 19], [3, 4, 14], [7, 14, 20], [6, 16, 17], [5, 6, 13, 17], [8, 10, 16], [7, 13, 14], 

[6, 11, 12], [6, 10, 16], [5, 7, 14, 21], [5, 18, 21], [10, 16, 18, 21], [3, 4, 16, 17], 

[2, 3, 8], [11, 18, 19, 20], [14, 18, 20, 21], [2, 3, 14, 20], [4, 13, 17], [4, 7, 15, 19], 

[3, 4, 8, 15], [10, 11, 18], [11, 12, 19], [4, 15, 17], [5, 11, 12], [4, 7, 14], [8, 15, 16, 17], 

[1, 6, 15, 17], [2, 9, 20], [2, 3, 9], [2, 8, 9], [1, 2, 9, 15], [12, 15, 17, 19], 

[2, 18, 20], [1, 15, 19], [1, 8, 15], [4, 7, 9, 20], [9, 14, 20], [9, 15, 19, 20], 

[8, 9, 15], [5, 6, 12], [5, 6, 11], [5, 6, 16, 21], [1,6, 12, 19], [3, 9, 14], [3, 4, 9], 

[3, 8, 9], [6, 10, 11], [5, 6, 10, 18], [3, 8, 16], [7, 12, 13], [4, 7, 13], [4, 9, 14], 

[4, 9, 15], [1, 6, 10], [1, 8, 10], [1, 10, 11], [5, 7, 11, 19], [7, 12, 19], [7, 19, 20], 

[13, 14, 21], [13, 16, 17, 21], [1, 2, 8], [1, 2, 11, 18], [1, 2, 19, 20]], 

[[5, 7, 14, 18, 20, 21], [2, 3, 8, 10, 16], [1, 2, 8, 10], [3, 4, 8, 15, 16, 17], 

[5, 6, 10, 11, 18], [2, 3, 10, 16, 18, 21], [1, 2, 10, 11, 18], [5, 6, 10, 16, 18, 21], 

[5, 7, 11, 18, 19, 20], [1, 6, 12, 15, 17, 19], [4, 7, 9, 15, 19, 20], [5, 6, 12, 13, 17], 

[1, 6, 8, 15, 16, 17], [2, 3, 8, 9], [5, 7, 11, 12, 19], [4, 7, 12, 15, 17, 19], 

[5, 7, 12, 13], [5, 7, 13, 14, 21], [4, 7, 12, 13, 17], [5, 6, 13, 16, 17, 21], 

[1, 2, 9, 15, 19, 20], [2, 3, 14, 18, 20, 21], [3, 4, 9, 14], [5, 6, 11, 12], [4, 7, 13, 14], 

[3, 4, 13, 16, 17, 21], [4, 7, 9, 14, 20], [1,6, 10, 11], [1, 6, 11, 12, 19], 

[1, 2, 11, 18, 19, 20], [2, 3, 9, 14, 20], [3, 4, 13, 14, 21], [1, 2, 8, 9, 15], 

[1,6, 8, 10, 16], [3, 4, 8, 9, 15]], 

[], 
0, 




B (I) has the F-vector 



Dimension —1 1 2 3456 
Number of faces 21 70 84 35 
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and the F-vectors of its faces are 



Dimension Number of faces F-vector 






21 


(1,1,0,0,0,0,0,0) 


point 


1 


70 


(1,2,1,0,0,0,0,0) 


edge 


2 


28 


(1,4,4,1,0,0,0,0) 


quadrangle 


2 


56 


(1,3,3, 1,0,0,0,0) 


triangle 


3 


14 


(1,5,8,5,1,0,0,0) 


pyramid 


3 


7 


(1,4,6,4,1,0,0,0) 


tetrahedron 


3 


14 


(1,6,9,5,1,0,0,0) 


prism 



10.4.4 Dual complex 

The dual complex dual (B (I)) = (B (I))* of deformations associated to B (I) 
via initial ideals is given by 



[2 3 8 10 161* = ( X2Xi — —) \1 2 8 101* = ( X2 Xi — — 

' ' 'J \ Xr, xn X(\ 7 XI 7 XA I 7 L ' ' ' -I \ X$ XQ 7 X\ 7 X4 



5,7, 14,18,20,21]* = 



■ L 4 X4 X2 X4 
XQ Xi 7 X3 7 XZ, XQ 



\1 6 8 161* = ( XA ^ ^3 Xs X3 X2 X 3 2 z 3 x 'i 
I- ' ' ' J \ XQ X(j XI 7 XQ XQ 7 X2 X\ 7 X5 XQ XQ 7 X4 7 X\ / ' 

10,16,18,21]*= , 

' ' ' J \ X4 X3 1 X\ 1 X$ XQ 1 X\ 1 X$ XQ 1 X4 X3 

1,2,10]* 



2,8,10]- 




X2 X 3 XQ XQ 2 XQ X! XQ Xe XQ 
?5 XQ 7 X2 X4 X3 7 £5 X4 ' X5 7 Xi 7 X4 
2 

X 2 X3 X2 X3 X2 Xq X2 Xq 
X5 XQ XQ 7 X5 XQ 7 XI 7 XI 7 X4 7 X4 



X$ XQ 1 X 6 XQ_ X$ XQ X\ X2 XQ XQ 1 XQ X2 X2 XQ X\ 

X2 XI X3 7 X2X3 7 XQ 7 X\ X3 7 £5 X4 XQ 7 X2 X4 X3 7 X4X3 7 X3 7 X$ X4 7 
X2 X 2 XQ 
XQ 7 X4 7 X4 

X5 XQ 2 x'i XA X Q xq X2 X3 XQ XQ 2 XQ X\ XQ XQ XQ 

X2 Xl X3 7 X2X3 7 Xq Xi 7 Xq 7 £5 Xq 7 X2 X4 X3 7 X5X4 7 £5 ' X\ 7 X4 
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[9, 14]* 
[9,20]* 



x l x 2 Xi Xi X2 2 Xl X2 X2 X 5 X2 Xi X 5 
( X 5 X 4 X 6 ' Xo ' X<5 X4 XQ ' I4I6' 13 ' ^0 ' ^0 ' ^3 ' x 3 

x \ xq x\x2 x 2 Xl xi X2 2 go Xl 2 X2 XQ Xl XQ Xl 



[1]* 



X2 X3 ' xo ' X5 X4 xq ' X514' xo ' X5 X4 xq ' X5 X4 X3 ' X3 ' X5 £4 ' X2 x 3 : 
x ' x 3 



2 22 

XgX4 Xg Xg xi, X4 XQ X5 X3 X'j, 



X2 Xl X3 ' X2 Xo Xi ' X(jXQ ' X2 X3 ' X2 Xo ' Xo ' X2 Xl ' X2 ' X2 Xl X3 ' 
a l Xl X3 XI ^5 X 5 X3 Xi X3 X3 XQ X6 2 X6 Xl X6 Xl 
X5 X4 ' Xo Xg ' Xo ' X2 Xi ' Xo X6 ' X5 X4 ' X4 ' X2 X4 X3 ' X5 X4 ' X2 X3 : 
XQ XQ XI X5 X5 X6 
X2 X4 ' X2 ' X4 ' Xo ' X4 
X5 Xg 2 X g X4 X4 X3 2 x 3 X4 X6 X6 X5 X 3 XgXg 
X2 Xl X3 ' X2 Xo Xl ' Xo Xfj Xl ' Xo X6 ' Xo Xl ' Xo ' X2 Xl ' X2 Xl X3 ' 
X 5 Xq X 2 X 3 X2 X3 2 X2 X 3 x 5 X4 X2 X 5 X 3 X2 X3 X 5 
Xi X3 ' X5 Xo X6 ' X5 Xo X6 ' X5 Xo ' X2 Xi ' Xo Xi ' Xo X6 ' Xi ' X4 ' X4 ' 
X5 X2 X3 Xq X2 X6 
Xo ' Xo ' Xl ' Xi ' X4 ' X4 

K 2 X/l X-i 2 x? X 



X5 XQ" X4 X3" x 3 x 6 X4 X6 XQ X5 X3 X3 



X 2 Xl X 3 ' X X 6 Xl ' X X 6 ' X 2 X 3 ' X Xl ' X ' X 2 Xl ' X2 ' x 5 x x 6 ' 

X2 X3 xi x 3 X3 xp x 6 2 x 6 xi X6 xp xq 13 16 13 3 
X5 XQ ' X5 X4 ' X4 ' X2 X4 X3 ' X5 X4 ' X5 ' X2 X4 ' Xl ' Xl ' X5 ' X4 



when writing the vertices of the faces as deformations of X . Note that the 
T-invariant basis of deformations associated to a face is given by all lattice 
points of the corresponding polytope in Mr. 

In order to compress the output we list one representative in any set of 
faces G with fixed F- vector of G and G*. 

When numbering the vertices of the faces of dual (B (I)) by the Cox 
variables of the mirror toric Fano variety Y° the complex dual (B (J)) is 

[], 
[], 
[], 

[[2, 3, 8, 10, 16]* = (y 5 , y 58 , 2/65> , [1, 2, 8, 10]* = (y 26 , y i7 , y 68 ) , 
[5,7, 14,18,20,21]*= (2/22,2/51,2/19),...], 

[[1, 6, 8, 16]* = (y 2 , 2/27, 2/36, 2/4, 2/54, 2/62) , [10, 16, 18, 21]* = (y 16 , y 59 , y 18 , y 58 , Vn, 

[1, 2, 10]* = (2/26, 2/8, 2/39, 2/63, 2/47, J/68> , [ 2 , 8, 10]* = (2/5, 2/26, 2/58, 2/47, 2/65, 2/6s) , 
-..], 
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[[2, 9]* = (y 9 , 2/30, 2/50, 2/32, 2/14, 2/8, 2/41, 2/57, 2/39, 2/43, 2/65, 2/6s) , 
[1, 2]* = (2/9, 2/30, 2/21, 2/50, 2/26, 2/8, 2/39, 2/63, 2/47, 2/6s) , 

[9, 14]* = (yn, y 53 , y i4 , y 34 , y 57 , y 45 , y 43 , y 61 , y m ) , 

[9, 20]* = (y 30 , 2/50, 2/11, 2/38, 2/53, 2/14, 2/l2, 2/57, 2/39, 2/31, 2/43, 2/6l) , 




2/9, 2/7, 2/27, 2/30, 2/42, 2/50, 2/36, 2/56, 2/l, 2/38, 2/25, 2/53, 2/35, 
2/24, 2/40, 2/54, 2/8, 2/39, 2/31, 2/28, 2/55, 2/70, 2/45, 2/68 
2/9, 2/7, 2/2, 2/27, 2/21, 2/50, 2/36, 2/l, 2/32, 2/5, 2/4, 2/26, 2/35, 
2/20, 2/24, 2/58, 2/54, 2/70, 2/45, 2/43, 2/62, 2/47, 2/65, 2/68 
2/9, 2/2, 2/27, 2/30, 2/21, 2/50, 2/36, 2/56, 2/4, 2/26, 2/40, 2/54, 2/8, 
2/39, 2/63, 2/28, 2/62, 2/47, 2/67, 2/68 



The dual complex has the F- vector 

Dimension —101 2 3 4 56 
Number of faces 35 84 70 21 

and the F- vectors of the faces of dual (B (I)) are 



Dimension Number of faces F-vector 



2 35 (1,3,3,1,0,0,0,0) triangle 

3 35 (1,6,12,8,1,0,0,0) octahedron 

3 49 (1,6,9,5,1,0,0,0) prism 

4 35 (1,12,30,28,10,1,0,0) 
4 7 (1,10,30,30,10,1,0,0) 
4 7 (1,9,18,15,6,1,0,0) 

4 21 (1,12,31,30,11,1,0,0) 

5 7 (1,24,88,120,70,16,1,0) 
5 7 (1,24,86,117,69,16,1,0) 
5 7 (1,20,70,90,50,12,1,0) 
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Recall that in this example the toric variety Y is projective space. The 
number of lattice points of the support of dual (B (I)) relates to the dimension 
h 1 ' 2 (X) of the complex moduli space of the generic fiber X of X and to the 
dimension h 1 ' 1 (X°) of the Kahler moduli space of the MPCi?-blowup X° 
of the generic fiber X° of the mirror degeneration 

|supp (dual (B (/))) n M\ = 98 = 48 + 50 = dim (Aut (Y)) + h 1 ' 2 (X) 

= 42 + 6 + 50 

= (Roots (Y) | + dim (T Y ) + h 1 ' 1 (X°) 

There are 

h 1 ' 2 (X) + dim(Tyo) = 50 + 6 
non-trivial toric polynomial deformations of X 



X2 X4 


T 2 

x 4 


x\xz 


X2 Xz 


X5 Xz 


x 5 


2 

XqXQ 


x\ 


X;i XQ 


xo xi 


X;i Xo XQ 


x 5 Xo 


Xo Xo 


X2 Xi 


X 2 X4 Xz 


X5 XQ 


XO X2 


XO XO 2 


XO X 2 


x o 


X4 Xo 


x 3 


xi xz 


x\ 


X4 X Z 


X2 X4 Xz 


x 5 x e 


X4 Xz 


X2 'fZ 


Xo Xo 


X$ X4 


Xz, X4 


X\ XQ 


XqXi 


X5 XZ 


X5 Xo 


x\xz 


xi xz 


xo xi 


X5 X4 2 


X2 XZ 


Xf, X4 XZ 


X2 XI 


xi xz 


xo XO XI 


XO xo 


xz, xz 


X2 Xo Xl 


XO Xl 2 


XO x 5 


Xg Xl 


T 2 

x e> 


X4 X2 


X2 Xi 


X4 Xz 


X 5 X4 


X5 X4 XZ 


X2 Xl 


X5 X4 


X2 XZ 


XO XI 


X4 Xo 


XO XI 


X2 Xo 


xo £5 


x\x2 


Xo Xq 


X4 Xz 2 


X4 Xo 


Xi X2 2 


xi o x4 


X5 Xo 2 


X4 XZ 


X5 X4 XQ 


X4 X2 


xo xo xi 


XO XI 


X5 X4 XO 


X2 XQ Xl 


X2 Xl XZ 


x 2 xz 2 


X^XQ 


Xo Xq 


X$ X4 


xo xi 


Xo XQ 


X5 X4 


X4 Xz 


x 5 xo x 6 


X2 Xi X 3 


X4 Xz 


xo xi 




X2 Xz 


X 2 Xi 


xo Xl 


X2 Xl 


X2 X 3 


XQXl 


X2 Xi 


x% XQ 


X2 Xz 


x 5 x 6 


X4 Xz 


X5 X6 


X5 X6 


X4 XZ 


X5 X4 


X2 Xi 


XO XO 


X2 XZ 


XO XO 



They correspond to the toric divisors 



-D(o,i,o,i,-i,-i) 

0(0,0,1,0,1,-1) 
0(0,1,-1,-1,0,0) 

0(0,-1,-1,1,0,1) 
0(1,-1,-1,0,0,1) 

O(-i,0, 1,2,0,-1) 
0(2,0,-1,-1,-1,0) 
^(-1,1,0,1,0,0) 
^(0,0,-1,-1,1,0) 



-O(-l,0,0,2,0,0) 
0(_i -1,0,0,2,0) 
0(0,-1,-1,-1,0,2) 
0(0,0,2,0,0,-1) 

0(1,0,-1,-1,-1,0) 
0(1,0,1,0,0,-1) 
0(-i -1,0,0,1,0) 
0(1,1,0,-1,0,-1) 

0(2,1,0,-1,-1,-1) 



-0(0,2,1,0,-1,-1) 

0(0,-1,-1,-1,0,1) 

0(0,1,0,0,-1,-1) 

0(1,0,1,-1,-1,0) 

0(-i, -1,1,0,1,0) 

0(1,0,-1,0,-1,0) 

0(1,0,0,-1,-1,1) 

0(-i, ,i,i,o,-i) 

0(0,-1,0,-1,0,1) 



-0(0,1,1,0,-1,0) 

0(0,2,0,0,-1,-1) 

0(0,0,-1,-1,0,0) 

0(2,0,0,-1,-1,0) 

0(-i, 0,-1,0,1,1) 

0(-l, -1,0,2,1,0) 
0(0,-1,-1,0,0,2) 

0(0,-1,0,1,1,0) 

O(-i, ,2,l,0,-l) 
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^(-1,0,0,1,0,1) 
^(0,1,2,0,-1,-1) 

-D(i,o,o,-i,-i,o) 
-D(i,i,o,o,-i,-i) 

^(-1,-1,0,0,1,1) 



-0(1,2,0,-1,-1,-1) 
0(-l -1,-1,0,2,1) 

O(o,-i,-i,o,o,i) 
O(o,i,i,o,-i,-i) 
O(o,i,i,o,o,-i) 



^(-1,-1,0,1,2,0) 

O(o,o,-i,-i,o,i) 
0(-i, -i,o, 1,1,0) 
O(i,o,-i,-i,o,o) 
0(0,-1,-1,0,1,1) 



0(-l -1,-1,0,1,2) 

O(_i, ,o,i,i,o) 
0(-i, o,i, i,o,o) 
O(i,i,o,-i,-i,o) 

^(0,0,1,1,0,-1) 



on a MPCR-blowup of Y° inducing 50 non-zero toric divisor classes on the 
mirror X°. The following 42 toric divisors of Y induce the trivial divisor 
class on X° 



D 



(0,0,-1,1,0,0) 



D 



0(-i,o,o,o,o,i) O 



D 
D 
D 
D 
D 
D 
D 



(0,0,0,0,-1,1) 

(0,0,0,0,0,-1) 

(0,-1,0,1,0,0) 

(0,0,0,0,0,1) 

(1,0,-1,0,0,0) 

(0,1,0,0,-1,0) 

(-1,0,0,1,0,0) 



^(0,0,0,-1,0,0) 
^(0,0,1,0,0,0) 



(0,1,0,-1,0,0) 
(0,0,0,-1,1,0) 
(0,0,0,1,-1,0) 
(0,-1,0,0,0,0) 

O(i,_i,o,o,o,o) 

^(0,1,-1,0,0,0) 



D 
D 



D 
D 
D 



(0,0,0,0,1,-1) 
(0,1,0,0,0,-1) 
(0,0,-1,0,0,0) 



^(0,-1,0,0,1,0) 
^(1,0,0,0,-1,0) 



O(_i,i, ,o,o,o) 

0(0,0,0,0,-1,0) 

-0(0,-1,1,0,0,0) 
0(0,0,1,-1,0,0) 
-D(o,o,o,i,o,-i) 
-0(0,0,-1,0,1,0) 
0(0,0,1,0,-1,0) 
-O(_i,o,o,o,i,o) 



D 



(0,-1,0,0,0,1) 



-D(o,o,o,-i,o,i) 

0(-l, 0,0,0,0,0) 
0(1,0,0,0,0,0) 



D 
D 
D 
D 
D 
D 



(0,1,0,0,0,0) 

(1,0,0,0,0,-1) 

(0,0,0,0,1,0) 

(-1,0,1,0,0,0) 

(0,0,1,0,0,-1) 

(0,0,0,1,0,0) 



-D(i,o,o,-i,o,o) 0(0,0,-1,0,0,1) 



10.4.5 Mirror special fiber 

The complex B (I)* labeled by the variables of the Cox ring S* of Y*, as 
written in the last section, is the complex SP (Jq) of prime ideals of the toric 
strata of the monomial special fiber Xq of the mirror degeneration X°, i.e. 
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the primary decomposition of Iq is 

(y22, 2/51, yig) n (y 5 , 2/58, 2/65) n (2/26, 2/47, yes) n (2/35, 2/24, 2/70) n 
n (2/10, 2/59, 2/52) n (2/18, 2/58, 2/41) n (y 8 , y 63 , y 47 ) n (2/16, 2/59, 2/17) n 
n (2/22, 2/29, 2/69) n (2/27, 2/56, 2/40) n (2/38, 2/53, 2/31) n (2/13, 2/49, 2/64) n 
n (2/27, 2/36, 2/54) n (2/32, 2/43, 2/65) n (2/3, 2/69, 2/eo) n (2/38, 2/25, 2/55) n 

^0 = n (2/37, 2/eo, 2/4e) n (2/6, 2/51, 2/46) H (2/12, 2/55, 2/4s) H (2/16, 2/33, 2/49) H 

n (2/30, 2/50, 2/39) n (2/18, 2/20, 2/57) n (2/34, 2/45, 2/ee) n (2/23, 2/64, 2/52) n 
n (2/42, 2/61, 2/4s) n (2/35, 2/44, 2/15) n (yn, 2/53, 2/61) n (2/28, 2/62, 2/67) n 

H (2/2, 2/56, 2/67) n (2/30, 2/21, 2/63) n (y M , y 57 , y 43 ) n (2/7, 2/44, 2/ee) n 

n (2/9, 2/50, 2/es) n (2/4, 2/54, 2/62) n (2/1, 2/70, 2/45) 

Each facet F E B (I) corresponds to one of these ideals and this ideal is 
generated by the products of facets of V containing F. 

10.4.6 Covering structure in the deformation complex of the de- 
generation X 

According to the local reduced Grobner basis each face of the complex of 
deformations dual (B (J)) decomposes into 3 respectively 5 polytopes forming 
a 5 : 1 ramified covering of B (I) 

[], 
[], 
0, 

[[(2/ 58 ) , (2/s) , (2/es)] - [2, 3, 8, 10, 16] v , [(2/47) , (2/ 26 ) , (yes)] - [1, 2, 8, 10] v , 
[(2/22) , (2/51) , (2/19)] - [5, 7, 14, 18, 20, 21] v , ...], 

[[(2/36, 2/62) , (2/54) , (2/27, 2/4)] ^ [1, 6, 8, 16] v , [(2/is, y 17 ) , (2/59, y 58 ) , (y ie , 2/41)] ^ [10, 16, 18, 
[(2/47) , (2/26, 2/es) , (2/8, yes)] >-> [1, 2, 10] v , [(y 58 , y 47 ) , (y 5 , y2e) , (yes, yes)] >-> [2, 8, 10] v , 
-..], 

[[(yso, ^3) , (yg, ^30, y32, ys7) , (yu, ^39, ye5, yes)] >-»■ [2, 9] v , 

[<2/2i, yso, y47) , (yg, y3o, y47) , (yso, y26, ym) , {yao, 2/s, yes) , (2/39, 2/63, yes)] ^ [1, 2] v , 

[(y57, 2/61, 2/ee) , (ys3, y45, y43) , (yn, yu, 2/34)] >-»• [9, 14] V , 

[(yso, yss, y4s) , (yso, ys?, ysi, yei) , (yn, yss, yu, ysa)] ^ [9, 20] v , 

...], 

[[(2/27, yso, y25, y53, y24, y4s) , (yg, y3o, y3e, y56, yi, y35, 2/31, yss) , 
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(2/38, 2/40, 2/54, 2/39, 2/70, 2/6s)] ^ [15] V , [(2/9, 2/36, 2/l, 2/32, 2/35, 2/58, 2/62, Vai) , (2/54, 2/70, 2/65, 2/6s) , 
(2/27, 2/50, 2/5, 2/4, 2/26, 2/24, 2/45, 2/43)] ^ [8] V , [(2/2, 2/27, 2/21, 2/50, 2/62, 2/47) , (2/9, 2/30, 2/36, 2/56, 2/62, 
(2/40, 2/54, 2/39, 2/63, 2/67, 2/6s) , (2/27, 2/50, 2/4, 2/26, 2/63, 2/67) , (2/30, 2/56, 2/54, 2/8, 2/28, 2/6s)] >-> [l] V , 



Here the faces F E B (I) are specified both via the vertices of F* labeled 
by the variables of S* and by the numbering of the vertices of B (I) chosen 
above. 

The numbers of faces of the covering in each face of dual (B (J)), i.e. over 
each face of B (J) v are 



Dimension Number faces number preimages 



-1 

















1 








2 


35 


3 


3 


84 


3 


4 


63 


3 


4 


7 


5 


5 


14 


3 


5 


7 


5 


6 









This covering has one sheet forming the complex 
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[], 
[], 
[], 

[<l/58> , (ys) , (yes) , (1/47) , (jfce) , (yes) , (3/22) , (ysi) , 
(yig) , •••], 

[(j/36, ^2) , (2/54) , (2/27, 2/4) , (yis, yn) , (2/59, yss) , (2/16, 2/41) , 
(2/47) , (s/26, ye3) , (ys, yes) , (yss, y47) , (ys, y2e) , (yes, yes) ,•••], 

[(yso, Viz) , (yg, y3o, y32, ys7) , (yu, y39, yes, yes) , (y2i, yso, y47) , (yg, y3o, y47) , 
(yso, y26, yes) , (y3o, ys, yes) , (y39, ye3, yes) , (ys7, yei, yee) , (ys3, y45, y43) , 
(yn, yu, y34) , (yso, ys3, y43) , (y3o, ys7, 2/31, yei) , (yn, y3s, yu, y3g) ,•••], 

[(y27, yso, y25, ys3, y24, y4s) , (yg, y3o, y3e, yse, yi, y35, j/si, yss) , (y3s, y4o, ys4, y3g, y7o, yes) , 
(yg, y36, yi, y32, y35, yss, ye2, y47) , (ys4, y7o, yes, yes) , (y27, yso, ys, y4, y2e, y24, y45, y43) , 
(y2, y27, 2/21, yso, ye2, y47) , (yg, y3o, y3e, yse, ye2, y47) , (y4o, ys4, y3g, ye3, ye7, yes) , 
(y27,y5o,y4,y26,y63,ye7) , (y3o,ys6,y54,y8,y28,y6s) , •••], 

[] 

with F-vector 



Dimension 


Number of faces 


F-vector 







70 


(1,1,0,0,0,0,0,0) 


point 


1 


182 


(1,2,1,0,0,0,0,0) 


edge 


2 


112 


(1,4,4,1,0,0,0,0) 


quadrangle 


2 


77 


(1,3,3,1,0,0,0,0) 


triangle 


3 


14 


(1,8,13,7,1,0,0,0) 




3 


7 


(1,4,6,4,1,0,0,0) 


tetrahedron 


3 


7 


(1,8,12,6,1,0,0,0) 


cube 


3 


49 


(1,6,9,5,1,0,0,0) 


prism 



Writing the vertices of the faces as deformations the covering is given by 



[], 
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J 



xi I ' \ X5 xo xq I i \ X4 



" >, f ]-[2,3,8,10,16] v , 



16 \ / X2 X-j \ / X6 
. XI / ' \ X5 XO / ' \ X4 

X4 \ / £4 



X'l / ' \ X3 / ' \X5X6 



X5 X 3 X3 \ I X3 



[l,2,8,10] v , 
- [5,7,14,18,20,21]\ 



X2 X\ 1 X\ / 7 \ X4 I 1 \ Xo XQ 1 X5 Xo X6 
x 2 X2 XQ \ / X X2 \ / X Q XQ X..: 



X5 X6 ' X5 X6 / ' \ X\ ' X\ / ' \ X4 X3 ' X4 X3 

' : 6 \ / X2 1^6 \ / Xp x 6 2 x 6 \1 , . n 9 inlV 



[l,6,8,16] v , 
- [10, 16, 18,21] v , 
[1,2,10P 



Xl / ' \ X5 X() ' X5 / ' \ X2 X4 X3 ' X4 

/_*g*3_ X2X3 \ /X2 X6 \l ,_, r 2 8 1Q ]V 
\ x 5 x x 6 ' x 5 x / ' \ x 4 ' x 4 / J L ' 1 J 1 



[2,9] v , 




XQ 7 XQ 



[9,20] v , 



X 6 Xl X 3 Xl X 5 X 3 X 5 \ / X 5 X 6 " Xq" x 5 x 3 x 3 x 5 -x 6 X 5 " Xl X 6 Xl 



XO XQ XQ XQ XQ XQ XQ XQ XQ / ' \ X2 Xl X 3 ' X2 X 3 ' X2 Xl ' X2 ' X2 XI X 3 ' X2 XI ' X2 X3 ' X2 
E l Xl X3 X3 Xl X6 X5 X6 \l ^ [15] V 



X5 X4 ' X5 X4 ' X4 ' X5 X4 ' X4 ' X4 

X5 XQ 2 X 5 X 3 X 5 2 X 6 X 5 XQ X 5 2 X2 X3 £6.\ / X3 x 5 X 2 XQ 
X2 Xl X3 ' X2 Xl ' X2 XI X3 ' XI X3 ' X2 XI ' XI ' XI ' XI / ' \ X4 ' X4 ' X4 ' X4 



X2 X3 X 5 X3 X 5 X2 



XQ XQ XQ X5 XQ X6 1 X 5 XQ X6 7 X5 XQ XO X6 XQ XQ 



[8] v , 



X3 2 X4 xq xq X3 xq \ I x 5 xq- .(■(,- r:, .r :i - , ;_: .r,; 



Xo X6 Xl ' Xo X6 ' Xo Xl ' Xo ' Xl ' Xl / ' \ X2 Xl X3 ' X2 X3 ' X2 Xl ' X2 ' Xl ' Xl 

L'_L':: ! ..' ' i •''( ' ; : 6 \ / : : x 6 x 2 x 3 2 x 2 X3 xq X3 



X5 X4 ' X4 ' X5 X4 ' X5 ' X5 ' X4 / ' \ XQ XQ XQ X5 XQ XQ ' X5 XQ X5 ' X5 



X3 X£_ Xq Xq Xq Xq Xq 

X2 X3 ' X2 ' X4 ' X2 X4 X3 ' X2 X4 ' X4 



[1] V , 
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with one sheet forming the complex 



2 

X 2 XZ 
XB XO X6 



/ X 2 Xz 
\ X5 XO 



xo xi 



X2 Xj 
XS XQ 



XT, X$ X 3 

X2 x\ ' x\ 



x 3 X 2 X 3 ' 

xo xe ' xs xo xa 



. xi 



X2 X3 Xq 
Xs Xo ' X5 



\ X2 X4 Xz ' X4 



xs xq 



XQ XQ' 



XQ 



£2 
X\ ' 



£0 
XI ' 



X2 XQ 

xs xe 

I X^X-j X2 Xz 
' \ X<5 xo x 6 ' x 5 xo 



X2 
X4 '■ 



i 



Xf, X2 
XO ' XQ 



X\ X2 



X& X\ 



X4 XQ XQ XQ 

XQ Xl ' xo ' Xl 



X2 XQ 
X4 ' X4 
„2 



XQ Xl X2 

, xo ' xo ' xo 




X 2 X 
X4 X3 



X4 X3 



xq xi xq_ xq_\ /£2£l£5\ / xi x 5 X2 

Xs X4 1 Xs ' X4 



XQ XQ XQ 
X2 X% ' X2 X4 Z3 ' X4 
2 



Xl X2 



Xl X2 



X^ X4 XQ 1 XS X4 XQ 1 X4 XQ 



XQ XI 

XS X4 XQ 1 XSX4 1 Xs X4 XQ 1 XS X4 



x-j XQ xi xz xi xs xz xs 
Xo Xq'' X ) XQ Xq'' Xq ' X XQ ' Xo 

X l Xl X 3 X 3 Xl XQ xs XQ 



xs xq' 



XS XZ XZ 



; 



XI XQ 



X2 Xi Xz ' X2^3 ' X2 Xl ' X2 ' X2 Xl Xz ' X 2 Xl ' X2 Xz 



Xs X4 ' Xs X4 ' X4 XS X4 X4 X4 



Xs Xq' 



Xs Xz 



Xs Xq Xs 



X2 Xz Xq 



X2 xi xz 1 X2 XI 1 X2 xi xz ' xi xz' X2 xi ' xi ' xi ' xi 



Xz Xs_ X2 XQ 



XQ 



X2 Xz 



X2 X 3 



X2 X 3 X 5 x :j X 5 X2 



X4 ' X4 ' X4 ' X4 / ' \ XQ Xq ' Xq ' Xs Xq Xq ' Xs Xq Xq ' Xs Xq ' XqXq'' Xq'' Xq / ' 



X4 Xz 



XZ 



X4 XQ XQ XZ XQ 

XQ Xq Xi ' XqXq' Xq Xi ' Xq ' Xi ' Xi 



Xs Xq' 



xq' 



Xl x 3 x 3 
XS X4" 1 X4' 
„2 



XQ Xl 
XS X4 ' 



XZ X 3 .T|) ,)■(; 



XQ X 3 XQ 
XS 1 XS 1 X4 
2 



XQ XQ 



X2 Xi Xz ' X2 Xz 

XQ 
XO ' 



xs xz xz xz XQ 
X2 Xl' 1 X2 ) Xl ' Xi 



X2 Xz 
XS XO XQ ' 



X2 Xz 
XS XO ' 



XQ Xz 

xs ' xs 



Xq Xq Xq 

X2 Xz 1 X2 1 X4 1 X2 X4 Xz 1 X2X4I X4 



Note that the torus invariant basis of deformations corresponding to a Bergman 
face is given by the set of all lattice points of the polytope specified above. 
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10.4.7 Limit map 

The limit map lim : B (I) — > Poset (A) associates to a face F of B (I) the 
face of A formed by the limit points of arcs lying over the weight vectors 
w G F, i.e. with lowest order term t w . 

Labeling the faces of the Bergman complex B (I) C Poset (V) and the 
faces of Poset (A) by the corresponding dual faces of V* and A*, hence 
considering the limit map lim : B (I) — > Poset (A) as a map B (/)* — > 
Poset (A*), the limit correspondence is given by 



2/9, 2/7, 2/27, 2/30, 2/42, 2/50, 2/36, 2/56, 2/l, 2/38, 2/25, 2/53, 2/35, 
2/24, 2/40, 2/54, 2/8, 2/39, 2/31, 2/28, 2/55, 2/70, 2/45, 2/68 
2/9, 2/7, 2/2, 2/27, 2/21, 2/50, 2/36, 2/1, 2/32, 2/5, 2/4, 2/26, 2/35, 
2/20, 2/24, 2/58, 2/54, 2/70, 2/45, 2/43, 2/62, 2/47, 2/65, 2/68 
2/9, 2/2, 2/27, 2/30, 2/21, 2/50, 2/36, 2/56, 2/4, 2/26, 2/40, 2/54, 2/8, 
2/39, 2/63, 2/28, 2/62, 2/47, 2/67, 2/68 



(x 2 ,x 4 ,xo) , 
(x 1 ,x 4 ,x ) , 
(xi,X2,X4,a;5,Xo) , 



[(2/9, 2/30, 2/50, 2/32, 2/14, 2/8, 2/41, 2/57, 2/39, 2/43, 2/65, 2/6s) ^ (^1, ^3, #4, ^5, ^0) , 

(2/9, 2/30, 2/21, 2/50, 2/26, 2/8, 2/39, 2/63, 2/47, 2/6s) ^ (xi, X 2 , X 3 , £4, ^5, Xq) , 

(2/11, 2/53, 2/14, 2/34, 2/57, 2/45, 2/43, 2/61, 2/66> ^ (^3, ^4, ^6, £0) , 

(2/30, 2/50, 2/11, 2/38, 2/53, 2/14, 2/12, 2/57, 2/39, 2/31, 2/43, 2/6l) ^ (^3, #4, £5, ^o) , 

-..], 

[(2/2, 2/27, 2/36, 2/4, 2/54, 2/62) ^ (^1, X 2 , ^4, X 5 , %6, ^o) , 
(2/16, 2/59, 2/18, 2/58, 2/17, 2/4l) l-> (Xi, £3, X 4 , X 5 , X 6 ) , 
(2/26, 2/8, 2/39, 2/63, 2/47, 2/6s) ^ (^1, X 2 , X 3 , X 4 , X 5 , X ) , 
(2/5, 2/26, 2/58, 2/47, 2/65, 2/6s) ^ (^1, £3, X4, X 5 , Xq) , 



[(2/5,2/58,2/65) !-»■ (rci,x 3 ,X4,x 5 ,x 6 ,Xo) , 
(2/26, 2/47, 2/6s) >-»■ (^1, ar 2 , ^3, a; 4 , ar 5 , x ) , 

(2/22, 2/51, 2/19) l-> (Xi, X2, ^3, X 5 , X 6 , Xq) , 
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The image of the limit map coincides with the image of //, i.e. lim (B (/)) = 
/M/ii/J). 

Every zero dimensional stratum of P 6 is the limit of 5 Bergman faces of 
dimension three, one tetrahedron, two pyramids and two prisms. Figure 10.1 
shows a projection into 3-space of the set of these Bergman faces for one zero 
dimensional stratum. The union of the faces F G B (I) which have as limit 
lim (F) = p the same zero dimensional strata p of P 6 is not convex. 




Figure 10.1: Projection of Bergman faces with same limit 



10.4.8 Mirror complex 

Numbering the vertices of the mirror complex fx (B (/)) as 

1 = (6, -1, -1, -1, -1, -1) 2 = (-1, 6, -1, -1, -1, -1) 

3 = (-1, -1, 6, -1, -1, -1) 4 = (-1, -1, -1, 6, -1, -1) 

5 = (-1, -1, -1, -1, 6, -1) 6 = (-1, -1, -1, -1, -1, 6) 
7 =(-1,-1, -1,-1, -1,-1) 

At (B (I)) C Poset (A) is 
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[], 

[[4], [2], [6], [5], [7], [3], [1]], 

[[2, 6], [2, 5], [3, 7], [1,5], [1,7], [4, 7], [3, 6], [1,4], [2, 3], [2, 7], [4, 6], [2, 4], 
[6, 7], [3, 4], [3, 5], [1, 3], [1, 2], [1, 6], [5, 6], [4, 5], [5, 7]], 

[[1, 2, 6], [1, 2, 5], [2, 3, 7], [1, 3, 5], [1, 5, 6], [1, 4, 6], [1, 3, 6], [1, 3, 7], [1, 5, 7], 
[1,2, 4], [2, 4, 5], [4, 5, 7], [1,4, 5], [3, 6, 7], [2, 6, 7], [4, 6, 7], [3, 4, 6], [3, 4, 7], 
[2, 5, 6], [2, 3, 6], [2, 3, 5], [2, 4, 6], [2, 4, 7], [3, 5, 6], [2, 5, 7], [3, 5, 7], [1, 3, 4], 
[1,4,7]], 

[[2, 3, 5, 6], [1, 3, 5, 6], [1, 2, 5, 6], [2, 3, 6, 7], [2, 3, 5, 7], [1, 3, 5, 7], 

[3, 4, 6, 7], [2, 4, 6, 7], [1, 3, 4, 7], [1, 3, 4, 6], [1, 2, 4, 6], [2, 4, 5, 7], [1,4, 5, 7], 

[1,2,4,5]], 

[], 
0, 
[] 



The ordering of the faces of \i (B (/)) is compatible with above ordering of 
the faces of B (I). The F- vectors of the faces of \i [B (I)) are 

Dimension Number of faces F-vector 

2 14 (1,3,3,1,0,0,0,0) triangle 

3 28 (1,4,6,4,1,0,0,0) tetrahedron 

4 21 (1,5,10,10,5,1,0,0) 

5 7 (1,6,15,20,15,6,1,0) 

The first order deformations of the mirror special fiber Xq correspond to 
the lattice points of the dual complex (/i (B (/)))* C Poset (A*) of the mir- 
ror complex. We label the first order deformations of Xq corresponding to 
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vertices of A* by the homogeneous coordinates of Y 

y\\yi2 2 yvi yu 2/25 2/31 1/34. 2/37 2/382/39 2/40 has 2/53 yss yai 

yi 2/2 y3 y$ 2/7 2/9 2/20 2/21 y22 2/23 2/32 2/33 2/35 2/36 2/47 yss 2/59 2/62 
i/4 2/5 2/11 yj 4 yi7 yj 8 yi9 2/20 y26 2/34 yu yu 2/57 yss yes 

2/1 2/6 2/7 2/8 2/9 2/10 2/28 2/29 2/30 2/31 2/33 2/35 2/36 2/42 2/55 2/56 2/60 2/64 

2/ 2 2/3 2/4 2/5 2/23 2/24 2/25 2/26 2/ 2 72/36 2/40 2/54 2/56 2/62 2/67 
2/1 2/8 2/9 2/10 2/12 '2/13 2/15 2/16 2/29 2/30 2/31 2/32 2/37 2/41 2/51 2/57 2/61 2/66 

2/2 2/3 2/ 6 2/7 2/19 2/20 2/21 2/222/23 2/29 2/42 2/46 2/51 2/60 2/69 

2/8 2/10 2/11 2/12 2/13 2/14 2/15 2/16 2/28 2/34 2/38 2/39 2/40 2/41 2/54 2/65 2/68 2/70 

2/l2/6 2/7 2/9 2/15 2/24 2/32 2/33 2/35 2/36 2/42 2/44 2/45 2/66 2/70 

2/4 2/5 2/11 2/12 V13 2/14 2/17 2/18 2/19 2/26 2/37 2/38 2/39 2/40 2/52 2/63 2/67 2/69 

2/1 2/8 2/92/IO 2/21 2/28 2/29 2/3Q2/31 2/32 2/39 2/47 2/50 2/63 2/68 
2/2 2/3 2/4 2/5 2/11 2/14 2/17 2/18 2/19 2/23 2/24 2/25 2/27 2/34 2/44 2/46 2/48 2/49 

2/8 2/10 2/12 2/i3 2/15 ^16^!7 2/28 2/33 2/37 2/41 2/49 2/52 2/59 2/64 
2/2 2/3 2/4 2/5 2/6 2/7 2/20 2/21 2/22 2/24 2/25 2/26 2/27 2/42 2/43 2/45 2/50 2/53 

So writing the vertices of the faces of (/x (B (/)))* as homogeneous coordinates 
of Y, the complex (/x (B (/)))* is given by 

0, 
0, 
0, 

[{x u x 4 , x ) , (x 2 , £ 4 , £o) , (£3, £4, ^o) , (xi,x 4 , x 5 ) , (xi, £ 4 , x 6 ) , 
(x 2 , ^4, £e) , (£1, £2, £5) , (xi, £ 3 , x 5 ) , (x 2 , x 5 , x 6 ) , (x 2 , x 5 , x ) , 
(x 3 ,x 5 ,x ) , (xi,x 3 ,x 6 ) , (x 2 ,x 3 ,x 6 ) , (x 3 ,x 6 ,x )], 

[(x 3 , x 4 , x 5 , x ) , (x 3 , x 4 , x 6 , x ) , (xi, x 4 , x 5 , x 6 ) , (x 2 , x 4 , x 6 , x ) , 
(x 2 , x 3 , x 4 , x ) , (x 2 , x 3 , x 5 , x ) , (x 2 , x 4 , x 5 , x ) , (x 2 , x 4 , x 5 , x 6 ) , 
(x 2 , x 3 , x 4 , x 6 ) , (x 3 , x 5 , x 6 , x ) , (xi, x 3 , x 6 , x ) , (xi, x 2 , x 3 , x 6 ) , 

(x 2 , X 3 , X 6 , X ) , (Xi, X 2 , X 4 , X 5 ) , (Xi, X 3 , X 4 , X 5 ) , (Xi, x 2 , x 3 , x 5 ) , 
(xi, x 2 , x 5 , x ) , (xi, x 2 , x 5 , x 6 ) , (xi, x 3 , x 4 , x ) , (xi , X 4 , X5, 

£o) , 

(xi, x 4 , x 6 , x ) , (xi, x 3 , x 5 , x ) , (xi, x 3 , x 5 , x 6 ) , (xi, x 2 , x 4 , x ) , 
(xi,x 3 ,x 4 ,x 6 ) , (xi,x 2 ,x 4 ,x 6 ) , (x 2 ,x 5 ,x 6 ,x ) , (x 2 ,x 3 ,x 5 ,x 6 )], 

[(Xi, x 3 , x 4 , x 5 , x ) , (xi, x 3 , x 4 , x 6 , x ) , (xi, x 2 , x 4 , x 5 , x 6 ) , (x 2 , x 3 , x 4 , x 6 , x ) , 
(x 2 , X 3 , X 4 , X 5 , X 6 ) , (Xi, X 2 , X 3 , X 5 , X 6 ) , (Xi, x 2 , x 4 , x 5 , x ) , (x 2 , x 3 , x 5 , x 6 , x ) , 
(xi, x 4 , x 5 , x 6 , x ) , (xi, x 3 , x 4 , x 5 , x 6 ) , (xi, x 2 , x 3 , x 5 , x ) , (xi, x 3 , x 5 , x 6 , x ) , 

(Xi, X 2 , X 3 , X 4 , X5) , (xi, X 2 , X5, Xq, Xo) , (Xi, X 2 , X 4 , Xq, Xo) , (x 2 , X 4 , X5, X6, Xo) , 

(x 3 , x 4 , x 5 , x 6 , x ) , (x 2 , x 3 , x 4 , x 5 , x ) , (xi, x 2 , x 3 , x 4 , x ) , (xi, x 2 , x 3 , x 6 , x ) , 

(Xi,X 2 ,X 3 ,X 4 ,X 6 )], 

[(Xi, x 2 , x 3 , x 5 , x 6 , x ) , (xi, x 3 , x 4 , x 5 , x 6 , x ) , (xi, x 2 , x 3 , x 4 , x 5 , x ) , 



Xi 


- ^(1,0,0,0,0,0) - 


£2 


- ^(0,1,0,0,0,0) - 


£3 


- £(0,0,1,0,0,0) - 


x 4 


- £(0,0,0,1,0,0) - 


x 5 


- £(0,0,0,0,1,0) - 


x 6 


- £(0,0,0,0,0,1) - 


x 


= £(-1,-1,-1,-1- 
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(xi,x 2 , x 3 , X4, Xq, Xq) , (xi,x 2 , X 3 , X4, X 5 , Xq) , {x\,X 2 , X 4 , X 5 , Xq, x ) , 

(x 2 ,x 3 ,x 4 ,x 5 ,x 6 ,x )], 

[] 



The complex fi (B (I))* labeled by the variables of the Cox ring S gives the 
ideals of the toric strata of the special fiber X of X, i.e. the complex SP (Io), 
so in particular the primary decomposition of io is 

(xi,x 4 , x ) n (x 2 , x 4 , x ) n (x 3 , x 4 , x ) n (x x , x 4 , x 5 ) n 
j _ n (x 1 ,x 4 ,x 6 ) n (x 2 ,x 4 ,xq) n (xi,x 2 ,x 5 ) n (xi,x3,x 5 )n 
n (x 2 ,x 5 ,x 6 ) n (x 2 ,x 5 ,x ) n (x 3 ,x 5 ,x ) n (x l ,x 3 ,x 6 ) n 
n (x 2 ,x 3 ,x 6 ) n (x 3 ,x 6 ,x ) 

10.4.9 Covering structure in the deformation complex of the mir- 
ror degeneration 

Each face of the complex of deformations (fx (B (/)))* of the mirror special 
fiber Xq decomposes as the convex hull of 3,4,5,6 respectively 7 polytopes 
forming a 7 : 1 ramified covering of fj, (B (J)) V 



0, 
0, 

0, 

[[{x 4 ) , (x 2 ) , (x )] i-> (x 2 , x 4 , x )* v = [1, 3, 5, 6] v , 

[{x 4 ) , (x ) , (x 1 ,x ) , (xi)] i-> (x 1 ,x 4 , x )* v = [2, 3, 5, 6] v , 

[{x 4 , x 5 ) , (x 2 ) , (x 5 ) , (x ) , (xi, x ) , (x 1 ,x 2 ) , (x 4 )] i-> (x ± ,x 2 , x 4 , x 5 , x )* v = [3, 6] v , 
...], 

[[(^4, x 5 ) , 3 ) , (x 5 ) , (xo) , (x 1 ,x ) , (xx) , (x 3 , x 4 )] i-> (xi, x 3 , x 4 , x 5 , x )* v = [2, 6] v , 
[(x 4 , x 5 ) , (x 2 , x 3 ) , (x 5 ) , (x ) , {xi, x ) , (x!,x 2 ) , (x 3 , x 4 )] h-> (x!,x 2 , x 3 , x 4 , x 5 , x )* v 

[(x 4 ) , (X 3 ) , (x 6 ) , (x 6 , Xq) , (X ) , (x 3 , X 4 )] l-> (x 3 , X 4 , X 6 , X )* V = [1, 2, 5] V , 

[(x 4 , x 5 ) , (x 3 ) , (x 5 ) , (x ) , (x 3 , x 4 )} i-> (x 3 , x 4 , x 5 , x )* v = [1, 2, 6] v , 

...], 

[[(x 4 , X 5 ) , (X 2 ) , (x 5 , Xq) , (x 6 , X ) , (Xi, X ) , (zi, X 2 ) , (x 4 )] (xi, X 2 , X 4 , X b , Xq, X )* V 

[{x 4 , x 5 ) , (x 3 ) , (x 5 , x 6 ) , (x 6 ) , (xi) , (x 3 , x 4 )] i-> (xi, x 3 , x 4 , x 5 , x 6 )* v = [2, 7] v , 
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[(x 4 , x 5 ) , (x 2 , x 3 ) , (x 5 ) , (x ) , (xi, x ) , (x 1 ,x 2 ) , (x 3 , x 4 )] i-> (x 1 ,x 2 , x 3 , x 4 , x 5 , x )* 
[(x 4 , x 5 ) , (x 3 ) , (x 5 ) , (x ) , (x 1 ,x ) , (xi) , {x 3 , x 4 )] i-> (x!,x 3 , x 4 , x 5 , x )* v = [2, 6] v , 

...], 

[[(x 4 , x 5 ) , (x 3 ) , (x 5 , x 6 ) , (x 6 , x ) , (xi, x Q ) , (xi) , (x 3 , x 4 )] h-> (xi, x 3 , x 4 , x 5 , x 6 , x )* v 
j(x 4 , x 5 ) , (x 2 , x 3 ) , (x 5 ) , (x ) , {xi,x ) , (x 1 ,x 2 ) , (x 3 , x 4 )] i-> (x 1 ,x 2 , x 3 , x 4 , x 5 , x )* v 
[(x 5 ) , {x 2 , x 3 ) , (x 5 , x 6 ) , (x 6 , x ) , (xi, x ) , (xi, x 2 ) , (x 3 )j i-> (x 1: x 2 , x 3 , x 5 , x 6 , x )* v 



Due to the singularities of F° this covering involves degenerate faces, i.e. 
faces G h-> F v with dim (G) < dim (F v ). 

10.4.10 Mirror degeneration 

The space of first order deformations of Xq in the mirror degeneration X° 
has dimension 7 and the deformations represented by the monomials 

m yw 2 yi2 y1 3 yi5 yf^yn 2/28 2/33 yzr 2/41 2/49 2/52 2/59 2/64 
y2 yz 2/4 j/5 ye 2/7 2/20 y2i 2/22 2/24 1/25 2/26 2/27 2/42 j/43 2/45 2/50 2/53 
2/2 yz y\yi 2/19 2/20 2/21 2/22^23 2/29 2/42 2/46 2/51 2/60 2/69 

2/8 2/10 2/11 2/12 2/13 2/14 2/15 2/16 2/28 2/34 2/38 2/39 2/40 2/41 2/54 2/65 2/68 2/70 

2/4 2/5 2/11 2/142/17 2/i 8 2/19 2/20 2/26 2/34 2/41 2/43 2/57 2/58 2/65 
2/1 2/6 2/7 2/8 2/9 2/10 2/28 2/29 2/30 2/31 2/33 2/35 2/36 2/42 2/55 2/56 2/60 2/64 
< 2/52/3 2/4 2/5 2/23 2/24 2/25 2/26 2/l 7 2/36 2/40 2/54 2/56 2/62 2/67 > 
2/1 2/8 2/9,2/10 2/12 2/13 2/15 2/16 2/29 2/30 |/31 2/32 2/37 2/41 2/51 2/57 2/61 2/66 
2/l2/6 2/7 2/9 2/15 2/24 2/32 2/33 2/3 5 2/36 2/42 2/44 2/45 2/66 2/70 

2/4 2/5 2/11 2/12 2/13 2/14 2/17 2/18 2/19 2/26 2/37 2/38 2/39 2/40 2/52 2/63 2/67 2/69 

2/1 2/8 2/92/IO 2/21 2/28 2/29 2/3Q2/31 2/32 2/39 2/47 2/50 2/63 2/68 
2/2 2/3 2/4 2/5 2/11 2/14 2/17 2/18 2/19 2/23 2/24 2/25 2/27 2/34 2/44 2/46 2/48 2/49 
2/ii2/12 2/13 2/14 2/25 2/31 2/34 2/37 2/l 8 i/39 2/40 2/48 2/53 2/55 2/61 
^ 2/1 2/2 2/3 2/6 2/7 2/9 2/20 2/21 2/22 2/23 2/32 2/33 2/35 2/36 2/47 2/58 2/59 2/62 > 

form a torus invariant basis <B°. The number of lattice points of the dual of 
the mirror complex of I relates to the dimension h 1,2 (X°) of complex moduli 
space of the generic fiber X° of X° and to the dimension h 1,1 (X) of the 
Kahler moduli space of the generic fiber X of X via 

|supp ((/i {B (/)))*) n N\ = 7 = 6 + 1 

= dim (Aut (Y°)) + /i 1 - 2 (X°) = dim (T) + h 1 ' 1 (X) 
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The conjectural first order mirror degeneration X l0 cY°x Spec C [t] / (t 2 ) 
of X is given by the ideal I 10 C S° <g> C [t] / (t 2 ) generated by 

m + t • s$ • 5 (m) m £ J ° > 
<5eQ3° J 

10.4.11 Contraction of the mirror degeneration 

In the following we give a birational map relating the degeneration X° to a 
Greene-Plesser type orbifolding mirror family by contracting divisors on Y°. 
In order to contract the divisors 



y\ -- 




2 

X^XQ 
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2 

X4X3 


2/4 : 
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2/36 




x$ xz 
X 2 Xl 


2/37 




xo x\ 

X5 X3 


2/39 


XQ Xl 

X$ X4 


2/40 


— xi x s 

XTj X4 


2/41 


Xo X2 

X4 X 3 


2/42 




X$ X4 
Xo X2 


2/43 




X2 
XO 


2/44 


= £5 

XQ 


2/45 


— £5 

xo 


2/46 


X4 
XQ 


2/47 




XQ 
Xl 


2/48 




Xl 
XQ 


2/49 


xo 

XQ 


2/50 


XQ_ 

xo 


2/51 


X4 

~ X 3 


2/52 




X0 
Xh 


2/53 




xx 

Xo 


2/54 


= £3. 

X4 


2/55 


— xi_ 

X2 


2/56 


= £3 

X2 


2/57 




X2 
XZ 


2/58 




X2 
Xl 


2/59 


xo 

Xl 


2/60 


X4 

~~ X2 


2/61 


— xi_ 

XZ 


2/62 




XZ 
Xl 


2/63 




XQ 
X5 


2/64 


— XO 

X 2 


2/65 


= £2. 

X4 


2/66 


— 215. 

XZ 


2/67 




xz 

X5 


2/68 




XQ 
X4 


2/69 


X4 
X5 


2/70 


= 2& 

X4 













consider the Q-factorial toric Fano variety Y° = X [p°J > where S° = 

Fan C Mr is the fan over the reflexive Fano polytope P° C M R given 

as the convex hull of the remaining vertices of P° = V* corresponding to the 
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Cox variables 



1/22 - l/(-l,0,0,2,0,0) - — Vl8 - 1/(0,2,0,0,-1,-1) - ^ 
1/30 = 1/(0,-1,-1,0,0,2) = 1/35 = ^(-1,-1,0,0,2,0) = ^7 

~2 sr 



1/16 - 1/(0,0,-1,-1,0,0) - — 1/27 - 1/(0,0,2,0,0,-1) - — 
1/38 = 1/(2,0,0,-1,-1,0) = ^1 



of the toric variety F° with Cox ring 

S° = C[y 22 , 1/18, 1/30, 1/35, 1/16, 1/27, l/3s] 

The Cox variables of Y° correspond to the set of Fermat deformations of X. 
Let 

Y° = X(S°) -> X = f° 

be a birational map from F° to a minimal birational model Y°, which con- 
tracts the divisors of the rays E° (1) — S° (1) corresponding to the Cox vari- 
ables 



1/1 1/2 1/3 1/4 1/5 1/6 1/7 1/8 1/9 VlO Vll Vl2 Vl3 Vl4 Vl5 Vl7 

1/19 1/20 1/21 1/23 1/24 1/25 1/26 1/28 1/29 1/31 1/32 1/33 1/34 1/36 1/37 1/39 

1/40 1/41 1/42 1/43 1/44 1/45 1/46 1/47 1/48 1/49 1/50 1/51 1/52 1/53 1/54 1/55 

1/56 1/57 1/58 1/59 1/60 1/61 1/62 1/63 1/64 1/65 1/66 1/67 1/68 1/69 1/70 

Representing Y° as a quotient we have 

y°= (c 7 -v (b (£°))) 

with 

G° = Z 7 x (C*) 1 

acting via 

£y = ( U \ Vi • 1/22, Vi ■ 1/18, U? «l • 1/30, «? «1 ' 1/35, «? «1 ' 1/16, «1 «1 ' 1/27, «1 ' 1/38 ) 

for £ = («i,ui) G G° and y G C 7 - V 
Hence with the group 

H° = Z 7 
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of order 7 the toric variety Y° is the quotient 

Y° = F 6 /H° 

of projective space P 6 . 

The first order mirror degeneration X 10 induces via Y — > Y° a degener- 
ation X 10 C Y° x SpecC [t] I (t 2 ) given by the ideal / lo C S° <g> C [t] / (t 2 ) 
generated by the Fermat-type equations 

2/18 2/38 2/16 + *(S 3 2/16 J/35 + S4 2/18 2/I 2 ), 
2/16 2/30 2/35 + t(s 2 2/16 2/18 + S l 2/272/35) 
2/18 2/27 2/38 + t(s 3 y 27 2/35 + s 5 2/|o2/3s) 
2/18 2/27 2/22 + t(s 6 2/? 6 2/is + S5 2/22 2/|o) 
2/22 2/35 2/27 + t(s 6 y 2 6 y 35 + s 7 y 27 y| 8 ) 

2/22 2/35 2/30 + t(s 2 2/ 2 8 2/22 + ^7 2/30 2/l 8 ) 

2/i6 2/30 2/38 + t(s 4 y% 2 y 30 + s 1 y% 7 y 38 ) 

Note, that 

supp ((/i (B (/)))*) nJV- Roots 



-dim(7> ) = 7-6 = 1 



so this family has one independent parameter. 

The special fiber Xq C 7° of X lD is cut out by the monomial ideal Iq C S° 
generated by 



2/18 2/38 2/16 2/22 2/35 2/27 2/18 2/27 2/22 2/18 2/27 2/38 2/16 2/30 2/35 2/16 2/30 2/38 
2/22 2/35 2/30 

The complex ^/q j of prime ideals of the toric strata of Xq is 



[(2/35, 2/16, 2/27) , (2/30, 2/16, 2/27) , (2/22, 2/30, 2/38 ) , (2/18, 2/30, 2/35) , 
(2/22, 2/16, 2/38) , (2/18, 2/35, 2/38 > , (2/22, 2/16, V2 7 ) , (2/22, 2/18, 2/3o) , 
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(Z/18, 1/35, Vie) , (l/22, 2/18, 2/ie) , (2/30, 2/27, 2/38> , (2/35, 2/27, 2/38) , 
(2/18, 2/30, 2/27) , (2/22, 2/35, 2/38)], 

[(2/22, 2/30, 2/16, 2/27) , (2/18, 2/30, 2/16, 2/27) , (2/22, 2/18, 2/16, 2/27) , 

(2/22, 2/is, 2/35, 2/ie) , (2/22, 2/18, 2/30, 2/ie) , (2/22, 2/is, 2/30, 2/35) , 
(2/18, 2/30, 2/35, 2/ie) , (2/is, 2/35, 2/ie, 2/27) , (2/22, 2/16, 2/27, 2/38) , 

(2/30, 2/35, 2/27, 2/38) , (2/30, 2/35, 2/16, 2/27) , (2/22, 2/18, 2/16, 2/3s) , 
(2/18, 2/35, 2/16, 2/38) , (2/22, 2/18, 2/35, 2/3s) , (j/18, 2/30, 2/35, 2/27) , 
(2/22, 2/35, 2/16, 2/27) , (2/18, 2/30, 2/27, 2/38) , (2/35, 2/16, 2/27, 2/3s) , 
(2/22, 2/18, 2/30, 2/27) , (2/22, 2/18, 2/30, 2/38) , (2/22, 2/30, 2/27, 2/38) , 
(2/18, 2/35, 2/27, 2/38) , (2/22, 2/30, 2/16, 2/3s) , (2/22, 2/35, 2/16, 2/3s) , 
(2/30, 2/16, 2/27, 2/38) , (2/22, 2/35, 2/27, 2/3s) , (2/22, 2/30, 2/35, 2/3s) , 
(2/18,2/30,2/35,2/38)], 

[(2/22, 2/18, 2/30, 2/35, 2/27) , (2/22, 2/18, 2/30, 2/16, 2/27) , (2/18, 2/35, 2/16, 2/27, 2/3s) , 
(2/22, 2/30, 2/35, 2/27, 2/38 ) , (2/22, 2/18, 2/35, 2/16, 2/38 ) , (2/22, 2/18, 2/30, 2/35, 2/38 ) , 
(2/18, 2/30, 2/35, 2/16, 2/38) , (2/22, 2/18, 2/35, 2/16, 2/27) , (2/22, 2/30, 2/35, 2/16, 2/3s) , 
(2/18, 2/30, 2/16, 2/27, J/38) , (2/22, 2/18, 2/35, 2/27, 2/3s) , (2/22, 2/18, 2/30, 2/16, 2/3s) , 
(2/22, 2/18, 2/16, 2/27, 2/38) , (2/30, 2/35, 2/16, 2/27, 2/3s) , (j/l8, 2/30, 2/35, 2/27, 2/3s) , 
(2/22, 2/30, 2/35, 2/16, 2/27) , (2/22, 2/18, 2/30, 2/35, 2/ie) , (2/22, 2/35, 2/16, 2/27, 2/38) , 
(2/18, 2/30, 2/35, 2/16, 2/27) , (2/22, 2/30, 2/16, 2/27, 2/3s) , (2/22, 2/18, 2/30, 2/27, 2/3s)], 

[(2/18, 2/30, 2/35, 2/16, 2/27, 2/38) , (2/22, 2/30, 2/35, 2/16, 2/27, 2/3s) , 
(2/22, 2/18, 2/35, 2/16, 2/27, 2/38) , (2/22, 2/18, 2/30, 2/16, 2/27, 2/3s) , 
(2/22, 2/18, 2/30, 2/35, 2/27, 2/38 ) , (2/22, 2/18, 2/30, 2/35, 2/16, 2/38 ) , 
(2/22,2/18,2/30,2/35,2/16,2/27)], 





so Iq has the primary decomposition 

(2/35, 2/ie, 2/27) H (2/30, 2/ie, 2/27) n (2/22, 2/30, 2/3s) n (y 18 , 2/30, 2/35) n 

jo = n (2/22, 2/16, 2/3s) n (2/18, 2/35, 2/33) n (2/22, 2/16, 2/27) n (2/22, 2/is, 2/30) n 

n (2/18,2/35,2/ie) n (2/22, 2/is, 2/ie) n (2/30,2/27,2/3s) H (2/35, 2/27, 2/38 ) n 

n (2/18, 2/30, 2/27) n (2/22, 2/35, 2/38) 

The Bergman subcomplex B (I) C Poset (V) induces a subcomplex of Poset 
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V = corresponding to 1q. Indexing of the vertices of V by 

1 = (0, -3, -2, 3, -2, -3) 2 = (1,6,1, 0, 3, 3) 

3 = (-1,2,2,-1,0,5) 4 =(3, 3, 0,1, 6,1) 

5 = (-5, -6, -3, -3, -6, -5) 6 = (-3, -2, 3, -2, -3, 0) 

7 =(5, 0,-1, 2, 2,-1) 

this complex is given by 



[[1], [2], [3], [4], [5], [6], [7]], 

[[5, 7], [4, 7], [1,3], [2, 5], [3, 6], [5, 6], [1,6], [3, 7], [2, 6], [1,4], [3, 5], 
[4, 6], [3, 4], [1, 2], [1, 5], [2, 7], [6, 7], [2, 3], [1, 7], [2, 4], [4, 5]], 

[[2,4, 7], [1,4,7], [3, 4, 7], [3, 6, 7], [4, 6, 7], [5, 6, 7], [1, 6, 7], [1, 3, 7], 
[2, 3, 4], [1, 2, 5], [1, 2, 7], [3, 4, 6], [1, 3, 6], [3, 5, 6], [1, 5, 7], [2, 3, 7], 
[1, 4, 5], [1, 2, 3], [4, 5, 7], [4, 5, 6], [2, 4, 5], [1, 3, 5], [2, 4, 6], [2, 3, 6], 
[1,2, 4], [2, 3, 5], [2, 5, 6], [1,5, 6]], 

[[1, 2, 3, 7], [1, 2, 4, 7], [2, 4, 5, 6], [1, 5, 6, 7], [2, 3, 4, 6], [1, 3, 5, 6], 
[2, 3, 4, 7], [4, 5, 6, 7], [1, 3, 6, 7], [3, 4, 6, 7], [1, 2, 4, 5], [1, 2, 3, 5], 
[1,4,5,7], [2,3,5,6]], 



The ideal / lo C S°®C[t}/ (t 2 ) has a Pfaffian resolution 

~~ * ^ > Y°xSpccC[t]/(t 2 ) (K 1 ) — >■ Z 1 (K 1 ) (S 1 ) — > CV° x SpccC[t]/(t 2 } 



with 



where W 1 : Y° x SpecC [t] / (t 2 ) -> f° and £ x = 7f*jF 

Oyo (-0(0,2,0,0,-1-1) + -0(0,0,-1,-1,0,0) + -0(2,0,0,-1,-1,0)) 
Cyo (-D(o -1-1,0,0,2) + #(-1,-1,0,0,2,0) + -0(0,0,-1,-1,0,0)) 
Oyo (O>( ,2 ,0,0,-1,-1) + -0(0,0,2,0,0,-1) + -0(2,0,0,-1,-1,0)) 5 
.f = (D ( -1,0,0,2,0,0) + -0(0,2,0,0,-1,-1) + -0(0,0,2,0,0,-1)) © 

Oyo (-D(_i )0 ,0,2,0,0) + #(-1,-1,0,0,2,0) + -0(0,0,2,0,0,-1)) © 
Oy (#(-1,0,0,2,0,0) + -0(0,-1,-1,0,0,2) + #(-1,-1,0,0,2,0)) 
Cyo (-0(0-1-1,0,0,2) + #(0,0,-1,-1,0,0) + #(2,0,0,-1,-1,0)) 
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and K 1 = Ky 0xSpecCmt2)/SpecC[t]/{t2) and y? 1 G f\ 2 S 1 (-K 1 ) given by 






-tyw s e 


2/30 








-2/27 


tyis s 2 


tyie s 6 





-ty 35 s 3 


2/22 








-2/38 


-1/30 


ty35 s 3 





-^2/27 Si 


2/18 











-2/22 


^2/27 Si 





-^2/38 S7 


2/16 











-2/18 


^2/38 S7 





-^2/30 S 5 


2/35 


2/27 








-2/16 


^2/30 s 5 





-^2/22 


-tyis s 2 


2/38 








-2/35 


^2/22 S 4 






Hence via the Pfaffians of (p 1 we obtain a resolution 
-> C 



0< 



where tti : Y x Spec C [t] -> y , 5 = k\T 

and K = ^yo xSpecC [ t ]/ SpecC [ t ] 

of the ideal P C S° <g> C [i] generated by 

2/18 2/38 2/16 + * («3 2/16 2/ 3 5 + S 4 2/18 2/l 2 ) + ^ (-«1 s 5 2/27 2/30 2/3s) + * 3 (~«3 S 7 S 4 2/22 2/35 2/3s) , 
2/16 2/30 2/35 + * (s 2 2/16 2/18 + s i 2/I72/35) + t 2 (s 7 S 4 t/22 2/30 2/38 ) + (~«2 s x s 5 y 18 y 27 y 30 ) , 
2/22 2/35 2/27 + * (s 6 2/? 6 2/35 + s 7 2/27 2/fs) + ^ (" s 2 s 5 2/18 2/22 2/3o) + t 3 (-s 6 s 7 s 4 y 16 y 22 y 38 ) , 
2/18 2/27 2/38 + * (s 3 2/27 2/| 5 + s 5 2/lo2/3s) + i 2 (-s 6 s 4 2/16 2/18 2/22) + t 3 (-s 2 S3 S 5 J/18 J/30 2/35) , 

2/16 2/30 2/38 + t (S 4 2/122/30 + Si 2/l 7 2/38) + t 2 (-S 2 S3 2/16 2/18 2/35) + i 3 (-S 6 Si S 4 J/16 2/22 2/27) , 

2/22 2/35 2/30 + t (s 2 y\ 8 y 22 + s 7 y 30 y 2 8 ) + t 2 (-s 6 s 1 y 16 y 27 y 35 ) + t 3 (-s 2 s 3 s 7 y 18 y 35 y 38 ) , 

2/18 2/27 2/22 + t (S 6 2/ 2 6 2/l8 + S 5 2/22 2/ 3 o) + t2 (-S3 S 7 2/27 2/35 2/38 ) + * 3 (~S 6 Si S 5 2/16 2/27 2/30 ) 

which defines a flat family 

X° C y° x Spec C [t] 

This is the one parameter mirror family of the generic degree 14 Pfafnan 
Calabi-Yau threefold in P 6 , given in [R0dland, 1998]. 
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10.5 Tropical mirror construction of the degree 13 Pfaf- 
fian Calabi-Yau threefold 

10.5.1 Hodge numbers 

The Hodge numbers of a general Pfaman Calabi-Yau threefold X of degree 
13 in P 6 , which is smooth as observed above, can be determined as follows. 
The Pfaffian complex is 

-> C P6 (-7) -> C P6 (-5)©C P6 (-4)® 4 -> C P6 (-2)©C P6 (-3)® 4 -> C p6 -> C x 

so note that 



if* (X, X ) = # i+3 (P 6 , C p6 (-7)) 
Decomposing the resolution of J\ 



i = l,2 
C i = 3 



-> O p6 (-8)® 6 © O p6 (-9) ffi4 -> O p6 (-6)® 4 © O p6 (-7)® 16 © O f6 (-8)® 4 -> 
-> O p6 (-4) © O p6 (-5) ffi4 © O f6 (-6)® 10 -> j£ -> 

into the short exact sequences 

-> O p6 (-8)® 6 © O p6 (-9) ffi4 -> O p6 (-6)® 4 © O p6 (-7)® 16 © O f6 (-8) e4 -> /C 
-> /C -> C p6 (-4) © C p6 (-5)® 4 © O p6 (-6)® 10 -> J| -> 

the long exact cohomology sequences give 

... -> if* (P 6 , /C) -> -> if* (P 6 , Jf) -> 
-> (P 6 , /C) -> -> # m (P 6 , jf) -> ... 

for i = 0, 6, hence 

if* (P 6 , Jl) = H i+1 (P 6 , /C) for % = 0, 5 
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and 



hence 
and 



-> -> -> iJ° (P 6 , /C) -> 
-> -> -> iJ 1 (P 6 , K) -> 
-> -> -> J/ 2 (P 6 , /C) -> 
-> -> -> J/ 3 (P 6 , /C) -> 
-> -> -> # 4 (P 6 , /c) -> 
-> -> -> iJ 5 (P 6 , /c) -> 
-> # 6 (P 6 , C P 6 (-8)® 6 © C p6 (-9)® 4 ) 
- /J 6 (P 6 , O p6 (-6)® 4 © (9 P6 (-7)® 16 © F e (-8) ffi4 ) 
-> J/ 6 (P 6 , K) 
-> 

if' (P 6 ,/C) = for i = 0,...,4 



^ (P 6 , /C) - h 6 (P 6 , C P6 (-8)® 6 © C P6 (-9)® 4 ) 
+/i 6 (P 6 , O p6 (-6) ffi4 © O f6 (-7)® 16 © O p6 (-8) ffi4 ) - /i 6 (P 6 , K) = 

Using 

/i 6 (P 6 , C P6 (-8)® 6 © C P e (-9)® 4 ) = 6 • 7 + 4 • 28 = 
/i 6 (P 6 , C p6 (-6)® 4 © C p6 (-7)® 16 © C p6 (-8)® 4 ) = 16 + 4 • 7 = 44 

one has 

h 5 (P 6 , /C) - h 6 (P 6 , /C) = 154 - 44 = 110 

hence: 



Lemma 10.12 



H l (P 6 ,Jl) =0 for i = 0,. ..,3 

/i 4 (p 6 5l 7l) -/i 5 (p 6 ,./!) = no 
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The long exact cohomology sequence of 

— > J x — > Jx — > A/"x/pe — > 

reads 

IP (P 6 , A/^ /p6 ) = for i = 0, 1, 2 

tf 4 (P 6 ,Jl) /H 3 (P 6 ,A^ /P6 ) -C 
if 5 (P 6 , jf ) = 

so /i 4 (P 6 , J x ) = 110 and /i 3 (V 6 ,A/^ /p6 ) = 109, hence: 

Lemma 10.13 The cohomology dimensions of J\ and A/"^ p6 are 

/i* (P 6 , J x ) = 0fori = 0,...,3 
/i 4 (P 6 , J x ) = 110 
/i 5 (P 6 ,J|) =0 

and 

/i* (P 6 , A/^/pe) = /or i = 0, 1, 2 
/i 3 (p 6 ,A^ /p6 ) = 109 
Using the Euler sequence and conormal sequence 

- fi p6 | x - Ox (-1)® 7 ^O x ^0 

-> -> fi P e fix -> 

as explained in Section 11.1, we get 
/i 1 (X,fi x ) = 1 

/i 2 (X, fi x ) = /i 3 (x, A/^/pe) - /i 3 (X, fi p6 Ix) = 109 - 48 = 61 

Corollary 10.14 TTie general degree 13 Pfaffian Calabi-Yau threefold X in 
P 6 /ias 

/i 1 - 1 (X) = 1 
h 1 ' 2 (X) = 61 
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10.5.2 Setup 

Let Y = P 6 = X (E), E = Fan (P) = iVF (A) C N R with the Fano polytope 
P = A* given by 



/ (6,-1,-1,-1,-1,-1) (-1,6,-1,-1,-1,-1) \ 



A = convexhull 



and let 



(-1,-1,6,-1,-1,-1) 
(-1,-1,-1,-1,6,-1) 

\ (-1,-1,-1,-1,-1,-1) 



(-1,-1,-1,6,-1,-1) 
(-1,-1,-1,-1,-1,6) 



C M M 



S = C[x , Xi, x 2 , x 3) X 4) X 5 , Xq] 
be the Cox ring of Y with the variables 

x i — ^(1,0,0,0,0,0) x 2 = ^(0,1,0,0,0,0) 

^3 — ^(0,0,1,0,0,0) X A — ^(0,0,0,1,0,0) 

x 5 — ^(0,0,0,0,1,0) x 6 — ^(0,0,0,0,0,1) 
x = ^(-1,-1,-1,-1,-1,-1) 

associated to the rays of E. 

Consider the degeneration X C Y x Spec C [t] of Pfaffian Calabi-Yau 3- 
folds with Buchsbaum-Eisenbud resolution 



-> Oy (-7) -> £ 



where 



-3) H S* (-2) 
= 0(1) ©40 



o 



x t 









= A + t ■ A 












x 3 x A - 


-Xi x 2 


" 











Xq 


Xq 













~ x 5 


X\ X2 


-x 














-x 6 


x 5 









the monomial special fiber of X is given by 

Iq — ( X 5 Xq Xi X 2 X 5 Xi X 2 Xq X 3 X 4 Xq ~X 3 X 4 Xq ) 
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and generic A e /\ 2 S (1) 






Wi 


w 2 


W 3 


W4 


Wi 





w 5 


W 6 


Wj 


w 2 


-u> 5 





w 8 


w 9 


w 3 


-u> 6 


-Wg 





WlO 


U> 4 


— w 7 


-Wq 


-Wio 






Wi = S l x\ + ... + S8^2 + ••• + Sl4^3 + ••• + 519^4 + — + s 23 ^5 + ••• + ^26 ^6 + "■ + s 28 ^0 
W 2 = S 29 xj + ... + SsqxI + ... + S42X3 + ... + S 4 7^4 + ••■ + s 51 x \ + ••• + «54 x \ + ... + S 56 Xq 

w 3 = s 57 xl + ... + s^x\ + ... + s 70 a;| + ... + s 7 ^x\ + ... + 579^5 + ... + s 82 xl + ... + s^Xq 

U>4 = S 8 5 x l + ... + Sg 2 x\ + ... + Sg 8 xl + ... + S103 x \ + ... + S 107 X% + ... + S uo x\ + ... + S U2 x\ 

W§ — s 113 x l + s 114 ^2 + S115 X3 + Sn6 X4 + S117 X$ + Sn8 Xq + S 119 £ 

^6 — s 120 x l + s 121 x 2 + Sl22 ^3 + s 123 X A + s 124 ^5 + s 125 x 6 + s 126 

W 7 = Sl27 X 1 + Si28 x 2 + Sl29 ^3 + ^130 X A + «131 ^5 + S132 ^6 + ^133 ^0 

W$ = S134 Xi + S135 X 2 + S136 x 3 + Sl37 X A + Sl38 ^5 + -§139 x 6 + ^140 ^0 

Wg = Sl41 + S142 X 2 + S143 ^3 + «144 ^4 + ^145 x 5 + «146 ^6 + -§147 ^0 

WlO = Sl48 x l + Sl49 ^2 + ^150 ^3 + «151 ^4 + ^152 ^5 + «153 x 6 + ^154 ^0 

The degeneration 

XcFxSpecC[t] 

is given by the ideal I C S ®C[t] generated by the Pfaffians of A + 1 ■ A of 
degrees 2, 3, 3, 3, 3. 

10.5.3 Special fiber Grobner cone 

The space of first order deformations of X has dimension 109 and the defor- 
mations represented by the Cox Laurent monomials 



4 


X^Xf) 


x\xq 


x\x^ 


2 

•2*2 X 5 
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XZ X4 
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XQ Xq 
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XZ X4 


XZ X4 
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Xl X2 


Xl X2 


Xl X2 


X2 XQ 
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XQ XZ 


Xl x 5 
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Xq X3 
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X3X4 


T 2 




X4 xq 
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X4 XO 
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Xq 
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23 
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23 
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X2 


22. 


Xl 


XQ 


Xq 


22. 
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23 


XQ 


X2 
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X5 
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Xl 


25 


X4 


XQ 


X3 



Xl x$ 
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X3 X4 


Xl XQ 


X2 Xo 
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X3 X4 


X 3 XQ 
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X4 
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XQ 


Xl 


X4 
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XQ 
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25 


20 


X4 


X2 


23 
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XQ 


22 


Xl 


X4 


XO 


26 


X3 


XQ 


2s. 


21 


XQ 


X4 



form a torus invariant basis. These deformations give linear inequalities 
defining the special fiber Grobner cone, i.e., 

C Io (/) = {{w t , w y ) e R © N R I (w, A" 1 (m)> > -w t Vm} 

for above monomials m and the presentation matrix 
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-1 


-1 


-1 


-1 


-1 


-1 



of A 5 (Y). 

The vertices of special fiber polytope 

v = c Io (/) n { Wt = 1} 

and the number of faces, each vertex is contained in, are given by the table 

fl I 1 1 1 3\ [1114 13] (q 3 q q _1 2\ 

1 K \5' 5' 5' 5' 5' 5/ V 5 ' 5 ' 5 ' 5 ' 5 ' 5/ V u '5' ' ' 5'5/ 
15 3 q q q _1 2\ 

V 5 ' ' ' ' 5' 5/ 
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19 

38 
45 
46 

51 

59 
62 
70 
80 



(0,0,1,0,0,0) (0,0,0,1,0,0) (1,0,0,0,0,0) 
(0,1,0,0,0,0) 

(-1,-1,-1,-1,-1,-1) (0,0,0,0,0,1) (0,0,0,0,1,0) 

(1,0,1,0,0,0) (0,1,1,0,0,0) (1,0,0,1,0,0) 
(0,1,0,1,0,0) 

(0,0,1,0,1,0) (0,0,0,1,1,0) (0,-1,-1,-1,-1,-1) 

(-1,0,-1,-1,-1,-1) 

(1,0,1,0,1,0) (0,1,1,0,1,0) (1,0,0,1,1,0) 

(0,1,0,1,1,0) (0,-1,0,-1,-1,-1) (-1,0,0,-1,-1,-1) 

(0, -1, -1, 0, -1, -1) (-1, 0, -1, 0, -1, -1) 

(-1,-1,-1,-1,-1,0) (0,0,0,0,1,1) 

(0, 0, 1, 0, 1, 1) (0, 0, 0, 1, 1, 1) (0, -1, -1, -1, -1, 0) 

(-1,0,-1,-1,-1,0) (0,-1,0,-1,0,0) (-1,0,0,-1,0,0) 
(0,-1,-1,0,0,0) (-1,0,-1,0,0,0) 

(-1,-1,-1,-1,0,0) 



The number of faces of V and their F-vectors are 



Dimension Number of faces 



F- vector 



-1 1 

42 

1 243 

2 417 

2 118 

3 116 
3 224 
3 4 
3 190 
3 11 
3 4 
3 8 



0,0,0,0,0,0,0,0 
1,1,0,0,0,0,0,0 
1,2,1,0,0,0,0,0 
1,3,3,1,0,0,0,0 
1,4,4,1,0,0,0,0 
1,6,9,5,1,0,0,0 
1,4,6,4,1,0,0,0 



1,5,8,5,1,0,0,0) 
1,8,12,6,1,0,0,0) 
1,6,12,8,1,0,0,0) 
1,7,14,9,1,0,0,0) 



1,7,15,10,1,0,0,0) 



triangle 

quadrangle 

prism 

tetrahedron 



point 

edge 



pyramid 
cube 

octahedron 
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4 


16 


(1. 


10,21,18,7,1,0,0) 


4 


26 


(1. 


8,18,17, 7,1,0,0) 


4 


20 


(1. 


7, 17, 18,8, 1,0,0) 


4 


5 


(1. 


9,22,23,10,1,0,0) 


4 


4 


(1. 


8,21,22,9,1,0,0) 


4 


3 


(1. 


12,24,19,7,1,0,0) 


4 


2 


(1. 


11,31,31,11,1,0,0) 


4 


4 


(1. 


11,29,28,10,1,0,0) 


4 


4 


(1. 


9,20,18,7,1,0,0) 


4 


4 


(1. 


10,27,27, 10,1,0,0) 


4 


6 


(1. 


12,28,27,11,1,0,0) 


4 


38 


(1. 


5,10,10,5,1,0,0) 


4 


66 


(1. 


7,15,14,6,1,0,0) 


4 


4 


(1. 


9,24,24,9,1,0,0) 


4 


26 


(1. 


6,13,13,6,1,0,0) 


4 


8 


(1. 


9,25,27,11,1,0,0) 


4 


28 


(1. 


8,16,14,6,1,0,0) 


4 


8 


(1. 


9,24,25,10,1,0,0) 


5 


4 


(1. 


13,44,61,39,11,1,0) 


5 


1 


(1. 


18,65,94, 61,16,1,0) 


5 


4 


(1. 


15,51,70,44,12,1,0) 


5 


2 


(1. 


18,53,68,43,12,1,0) 


5 


4 


(1. 


12,40,55,35, 10, 1,0) 


5 


2 


(1. 


12,38,54,37, 11, 1,0) 


5 


4 


(1. 


14,41,53,34, 10, 1,0) 


5 


4 


(1. 


15,53,75,48,13,1,0) 


5 


8 


(1. 


9,28,40,28,9,1,0) 


5 


2 


(1. 


16,46,59,39,12,1,0) 


5 


8 


(1. 


11,35,49,33, 10, 1,0) 


5 


4 


(1. 


11,37,54,38, 12, 1,0) 


5 


2 


(1. 


20,72,103,66,17,1,0) 


6 


1 


(1. 


42,243,535,557,272,49,1) 



The dual P° = V* of V is a Fano polytope with vertices 
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-1,-1,2,0,0,-1) 

0,2,-1,-1,1,-1) 

0,0,-1,-1,3,-1) 

-1,-1,2,1,-1,0) 

0,0,-1,-1,0,2) 

0,2,-1,-1,0,0) 

0,1,0,0,-1,1) 

0,0,0,0,-1,2) 

-1,-1,0,2,0,0) 

-1,1,0,0,0,-1) 

0,-1,1,1,-1,0) 

1,0,0,0,0,0) 

0,0,0,0,1,0) 

0,0,0,1,0,0) 

0. 1.0.0,-1,0) 

1, -1,0,0,0,0) 
1,0,0,0,0,-1) 



-1,-1,0,2,0,-1) 

1,2,-1,-1,0,0) 

-1,-1,0,0,0,-1) 

0,0,1,-1,1,-1) 

0,0,-1,-1,0,0) 

1,1,-1,0,0,0) 

0. 0.1.0,-1,1) 
1,0,0,0,-1,1) 
-1,-1,2,0,0,0) 

1, -1,0,0,0,-1) 
0,0,0,1,0,-1) 
0,0,1,-1,0,0) 
0,0,1,0,0,0) 
0,0,0,1,-1,0) 
1,0,0,0,-1,0) 
-1,1,0,0,0,0) 



2.0, -1,-1,1,-1) 

2.1, -1,-1,0,0) 
-1,-1,1,2,-1,0) 
0,0,-1,1,1,-1) 
2,0,-1,-1,0,0) 
1,1,0,-1,0,0) 
0,0,0,1,-1,1) 
-1,-1,0,0,2,0) 
-1,-1,0,0,0,2) 
-1,0,1,1,-1,0) 
0,0,1,0,0,-1) 
0,0,-1,1,0,0) 
0,1,0,0,0,0) 
0,0,1,0,-1,0) 
0,0,0,0,-1,0) 
0,1,0,0,0,-1) 



and the F-vectors of the faces of P° are 



Dimension Number of faces F-vector 



-1 


1 


(0. 


0,0,0,0,0,0,0) 







49 


(1. 


1,0,0,0,0,0,0) 


point 


1 


272 


(1. 


2,1,0,0,0,0,0) 


edge 


2 


361 


(1. 


3,3,1,0,0,0,0) 


triangle 


2 


4 


(1. 


5,5,1,0,0,0,0) 


pentagon 


2 


192 


(1. 


4,4,1,0,0,0,0) 


quadrangle 


3 


222 


(1. 


6,9,5,1,0,0,0) 


prism 


3 


148 


(1. 


4,6,4,1,0,0,0) 


tetrahedron 


3 


24 


(1. 


7,11,6,1,0,0,0) 




3 


4 


(1. 


7,12,7,1,0,0,0) 




3 


108 


(1. 


5,8,5,1,0,0,0) 


pyramid 


3 


2 


(1. 


8,14,8,1,0,0,0) 




3 


3 


(1. 


6,10,6,1,0,0,0) 




3 


4 


(1. 


8,13,7,1,0,0,0) 




3 


20 


(1. 


6,12,8,1,0,0,0) 


octahedron 
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4 


2 


(1,9,23,23,9,1,0,0) 


4 


39 


(1,5,10,10,5,1,0,0) 


4 


4 


(1,10,26,27,11,1,0,0) 


4 


20 


(1,12,30,28,10,1,0,0) 


4 


16 


(1,10,21,18,7,1,0,0) 


4 


8 


(1,10,23,21,8,1,0,0) 


4 


4 


(1,10,30,30,10,1,0,0) 


4 


4 


(1,12,28,26,10,1,0,0) 


4 


24 


(1,8,16,14,6,1,0,0) 


4 


44 


(1,8,18,17, 7,1,0,0) 


4 


2 


(1,9,22,22,9,1,0,0) 


4 


8 


(1,11,24,21,8,1,0,0) 


4 


16 


(1,7, 15, 14,6, 1,0,0) 


4 


8 


(1,12,31,30,11,1,0,0) 


4 


24 


(1,9,18,15,6,1,0,0) 


4 


2 


(1, 15,41,39, 13, 1,0,0) 


4 


2 


(1,12,31,31,12,1,0,0) 


4 


2 


(1,9, 19, 17,7, 1,0,0) 


4 


14 


(1,6,13,13,6,1,0,0) 


5 


1 


(1,14,45,64,45,14,1,0) 


5 


4 


(1,7, 19,26, 19,7, 1,0) 


5 


4 


(1, 16,51,69,45, 13, 1,0) 


5 


4 


(1,14,46,64,42,12,1,0) 


5 


2 


(1, 14,45,63,43, 13, 1,0) 


5 


4 


(1,21,70,91,54, 14, 1,0) 


5 


8 


(1,18,59,77,46,12,1,0) 


5 


4 


(1,12,38,51,33,10,1,0) 


5 


4 


(1,6,15,20,15,6,1,0) 


5 


1 


(1,24,80, 106,64, 16, 1,0) 


5 


4 


(1,20,70,90,50, 12, 1,0) 


5 


2 


(1, 18, 62, 91, 64, 19, 1, 0) 


6 


1 


(1,49,272,557,535,243,42,1) 



The polytopes V and P° have as the unique interior lattice point, 
and the Fano polytope P° defines the embedding toric Fano variety Y° = 
X (Fan (P°)) of the fibers of the mirror degeneration. The dimension of the 
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automorphism group of Y° is 

dim(Aut (Y°)) = 6 

Let 

S° = C[yi,y 2 ,-,y49] 
be the Cox ring of Y° with variables 



yi 

2/4 
2/7 

yio 

3/13 

2/16 
2/19 
2/22 

2/25 
2/28 
2/31 
2/34 
2/37 
2/40 
2/43 
2/46 
2/49 



- 2/(-i -1,2,0,0 -1) 
= 2/(0,2,-1,-1,1-1) 



C3X0 



£1 | 2 ^6 



£3 X4 XQ 

2/(0,0,-1,-1,3,-1) = 

= y(-i -1,2,1 -1,0) - — j — 



XI £2 ^5 



— 2/(0,0,-1,-1,0,2) = 
= 2/(0,2,-1,-1,0,0) = 

= 2/(0,1,0,0,-1,1) = 

= 2/(0,0,0,0,-1,2) = 



£3 X4 



X3 X4 

xq xi 



x 5 %0 



X5 xn 



2/(-i, -1,0,2,0,0) - 
2/(- 
2/(0, 



XI X2 
X2 XQ 



2/(-i,i,o,o,o,-i) ^ 

_ X3 X4 

-1,1,1,-1,0) - ^ 

2/(1,0,0,0,0,0) = % 
2/(0,0,0,0,1,0) = f£ 
2/(0,0,0,1,0,0) = ^ 
2/(0,1,0,0,-1,0) - — 
2/(1,-1,0,0,0,0) - — 
2/(1,0,0,0,0,-1) - — 



2/2 = 

2/5 = 
2/8 = 

2/11 = 

2/14 = 

2/17 = 
2/20 = 

2/23 = 

2/26 = 

2/29 = 

2/32 = 

2/35 = 

2/38 = 

2/41 = 

2/44 = 

2/47 = 



2/(-l,-l,0,2,0,-l) 
2/(1,2,-1,-1,0,0) = 

2/(-i,-i,o,o,o,-i) 

: 2/(0,0,1,-1,1,-1) 

2/(0,0,-1,-1,0,0) 

: 2/(1,1,-1,0,0,0) = 
2/(0,0,1,0,-1,1) = 

: 2/(1,0,0,0,-1,1) = 

2/(-i, -1,2,0,0,0) 
2/(1,-1,0,0,0,-1) 
2/(0,0,0,1,0,-1) = 
2/(0,0,1,-1,0,0) - 
2/(0,0,1,0,0,0) = 
2/(0,0,0,1,-1,0) - 
: 2/(1,0,0,0,-1,0) = 
2/(-i, 1,0,0,0,0) = 



x|x 

xi x 2 xq 

x\ x 2 2 

X3 X4 xn 
~3 



XI X2 XQ 
_ x 3 x 5 

X4 XQ 
— X 

X3 X4 
Xl X 2 
X3 XQ 

X3 xq 

X5 x 

xq xi 

X5 XQ^ 



XI X2 

_ Xl XQ 

X2 XQ 
X4 

X6 
- -£3 

X4 
X3 

Xo 
X4 

x h 
_ Xl 

x h 
. X2 



2/3 = 2/(2,0,-1,-1,1,-1) 
2/6 = 2/(2,1,-1,-1,0,0) " 
2/9 = 2/(-l, -1,1,2 -1,0) 

2/12 = 2/(0,0,-1,1,1,-1) 

2/15 = 2/(2,0,-1,-1,0,0) 

2/18 = 2/(1,1,0,-1,0,0) = 
2/21 = 2/(0,0,0,1,-1,1) = 

2/24 = 2/(-l, -1,0,0,2,0) 
2/27 = 2/(-l, -1,0,0,0,2) 

2/30 = 2/(-i,o,i, 1,-1,0) 

2/33 = 2/(0,0,1,0,0,-1) = 
2/36 = 2/(0,0,-1,1,0,0) = 

2/39 = 2/(0,1,0,0,0,0) = 

2/42 = 2/(0,0,1,0,-1,0) - 

2/45 — 2/(0,0,0,0,-1,0) - 

2/48 = 2/(0,1,0,0,0,-1) = 



_ x 2 x 5 

£3 x 4 x 6 

xf X2 
X3 X4 XO 
_ X3 X4 2 

Xl X2 X5 
_ X4 X 5 

X3 XQ 

= 

X3 X4 

Xl X 2 

X4 XO 
X4 XQ 

x 5 XQ 



- 23 

XQ 

X4 

x 3 
X2 

XQ 

. X 3 



xo 

X5 
X2 
X6 



Xi X2 
r 2 

Xl X2 
X3 X4 
Xl X5 



10.5.4 Bergman subcomplex 

Intersecting the tropical variety of / with the special fiber Grobner cone 
C/ (/) we obtain the special fiber Bergman subcomplex 



B{i) = c Io (i)r)BF (i)n{w t = i} 
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The following table chooses an indexing of the vertices of V involved in B (I) 
and gives for each vertex the numbers riy and n B oi faces of V and faces of 
B (I) it is contained in 



»v n B (i) 



59 6 



1 = 


(1,0,1,0,1,0) 


2 = 


(0,1,1,0,1,0) 


3 = 


(1,0,0,1,1,0) 


4 = 


(0,1,0,1,1,0) 


5 = 


(0,-1,0,-1,-1,-1) 


6 = 


(-1,0,0,-1,-1,-1) 


7 = 


(0,-1,-1,0,-1,-1) 


8 = 


(-1,0,-1,0,-1,-1) 


9 = 


(0,0,1,0,1,1) 


10 


= (0,0,0,1,1,1) 


11 = 


= (0,-1,-1,-1,-1,0) 


12 


= (-1,0,-1,-1,-1,0) 


13 = 


= (0,-1,0,-1,0,0) 


14 


= (-1,0,0,-1,0,0) 


15 = 


= (0,-1,-1,0,0,0) 


16 


= (-1,0,-1,0,0,0) 


17 = 


= (-1,-1,-1,-1,0,0) 







With this indexing the Bergman subcomplex B (I) of Poset (V) associated 
to the degeneration X is 

[], 

[[1], [2], [3], [4], [9], [10], [5], [6], [7], [8], [13], [14], [11], [12], [17], [15], [16]], 

[[3, 7], [12, 17], [3, 15], [4, 8], [11, 15], [11, 17], [12, 16], [11, 12], [3, 10], [3,4], 
[9, 10], [9, 14], [9, 13], [9, 17], [5, 7], [5, 13], [5, 11], [5, 6], [15, 16], [1, 2], 
[1, 13], [1, 3], [1, 9], [1, 5], [10, 17], [10, 15], [10, 16], [4, 16], [4, 10], [6, 12], 
[6, 14], [6, 8], [12, 14], [14, 17], [14, 16], [7, 15], [7, 8], [7, 11], [15, 17], [16, 17], 
[8, 12], [8, 16], [11, 13], [13, 17], [13, 15], [2,4], [2, 6], [2, 9], [13, 14], [2, 14]], 

[[13, 15, 17], [6, 12, 14], [6, 8, 12], [1, 3, 9, 10], [3,4, 10], [1, 5, 13], [5, 11, 13], 
[5, 6, 13, 14], [10, 16, 17], [10, 15, 17], [4, 10, 16], [3, 4, 7, 8], [1, 3, 5, 7], 
[3, 7, 15], [12, 16, 17], [11, 12, 17], [12, 14, 17], [9, 10, 17], [9, 10, 13, 15], 
[9, 10, 14, 16], [2, 4, 9, 10], [2, 4, 6, 8], [4, 8, 16], [11, 13, 17], [2, 4, 14, 16], 
[1, 2, 3, 4], [11, 12, 13, 14], [7, 8, 11, 12], [5, 6, 11, 12], [2, 9, 14], [9, 14, 17], 
[1, 2, 5, 6], [9, 13, 14], [1, 2, 13, 14], [1, 2, 9], [1, 3, 13, 15], [3, 4, 15, 16], 
[3, 10, 15], [10, 15, 16], [7, 8, 15, 16], [15, 16, 17], [8, 12, 16], [12, 14, 16], 
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[6, 8, 14, 16], [2, 6, 14], [11, 15, 17], [11, 12, 15, 16], [7, 11, 15], [11, 13, 15], 
[1, 9, 13], [5, 7, 13, 15], [5, 6, 7, 8], [5, 7, 11], [9, 13, 17], [13, 14, 17], 
[14,16,17]], 

[[1, 2, 5, 6, 13, 14], [2, 4, 9, 10, 14, 16], [1, 3, 5, 7, 13, 15], 
[1, 2, 3, 4, 5, 6, 7, 8], [9, 13, 14, 17], [1, 2, 3, 4, 9, 10], [1, 3, 9, 10, 13, 15], 
[9, 10, 13, 15, 17], [2, 4, 6, 8, 14, 16], [5, 7, 11, 13, 15], [11, 13, 15, 17], 
[3,4, 10, 15, 16], [11, 12, 15, 16, 17], [12, 14, 16, 17], [11, 12, 13, 14, 17], 
[7, 8, 11, 12, 15, 16], [3, 4, 7, 8, 15, 16], [6, 8, 12, 14, 16], [5, 6, 11, 12, 13, 14], 
[10, 15, 16, 17], [9, 10, 14, 16, 17], [5, 6, 7, 8, 11, 12], [1, 2, 9, 13, 14]], 

[], 
0, 




B (I) has the F-vector 



Dimension —1 1 2 3456 
Number of faces 17 50 56 23 



and the F-vectors of its faces are 



Dimension 


Number of faces 


F-vector 







17 


(1,1,0,0,0,0,0,0) 


point 


1 


50 


(1,2,1,0,0,0,0,0) 


edge 


2 


22 


(1,4,4,1,0,0,0,0) 


quadrangle 


2 


34 


(1,3,3,1,0,0,0,0) 


triangle 


3 


10 


(1,6,9,5,1,0,0,0) 


prism 


3 


8 


(1,5,8,5,1,0,0,0) 


pyramid 


3 


4 


(1,4,6,4,1,0,0,0) 


tetrahedron 


3 


1 


(1,8,12,6,1,0,0,0) 


cube 
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10.5.5 Dual complex 

The dual complex dual (B (I)) = (B (I))* of deformations associated to B (I) 
via initial ideals is given by 



[[1, 2, 5, 6, 13, 14]* = /-£-, fj, afj\ , [9, 10, 13, 15, 17]* 



[9,13,14,17]* = 



Xl X 2 1 X3 1 X 5 Xo I 

-- ! - ^ [1,2,3,4,5,6,7,8]* = 



^ x ;! r„ ' i -, ".!■(, 



X\ X2 

x-i x 4 x 



X2 X 2 

X5 ' xq 

„2 



^ X5 " ' i -' J " < ■! •'' I 



[[5,6,13,14]* 
[1,3,9,10]* = 
[13,15,17]* = 
[6, 12, 14]* = 



X4 X5 Xi X2 



X4 Xq X4 X4 



X 3 XQ ' X3 XQ ' X 1 X 2 ' x 3 ' X 5 X ' 2:0 



X3 £4 X\ X2 



X2 XQ Xq 

X\ XQ ' X3 X4 
2 



xo 



XQ X 2 X2 X2 X2 
X\ X 5 ' X 3 X4 X ' X 5 XQ ' X5 ' XQ ' xo 

xfxs 



X4 X 5 



Xl X4 X\ 



XZ X4 XQ 7 XZXQ 1 XI X2 1 X2 1 XQ 1 XQ 



[[15,16]* 
[3,7]* = 



x\xq 



xz x 5 



£3X4 



XI X2 X6 7 XQX4 ' Xl X2 X5 

x 6 x l ^3 X2 



^1 ^2 x 3 
X4 Xo ' Xi X2 : 

2 



X3 XQ X 3 
X4 ' X5 XQ ' 



X3 
X5 ' 



Xz Xz 
XQ ' XO 



Xz Xq Xz Xq X 2 
X5 XQ ' Xl X2 ' X3 X4 ' Xl X2 ' Xl ' X3 X4 ' X4 ' X5 XQ ' X5 XQ 



X3X0 



^\XQ 



Xz X5 X4 X 5 



2 

X3 X4 



X3 x 4 " 



£5 



1 1 121* = ( X3 X4 X6 ' Xl X2 X6 ' Xl X2 XQ ' Xl X2 ' X4 X6 ' X3 Xq ' Xl X2 X5 ' Xl X2 X5 ' Xo ' Xl X2 ' Xl X2 : 
L ' -1 \ Xq X4 Xq XzL 



[3, 15]* 
[3,4]* 



X3 X4 X3 X4 
X6 ' Xq ' Xq ' Xq 



X3X0 



X2 XQ 



X3X4 



X3 x 4 



X2 



xz XQ X 3 XQ x 2 x 2 X3 



Xl X2 Xq ' Xl X6 ' Xl X2 X5 ' Xi X5 ' Xi X2 ' Xi ' X3 X4 ' X4 ' X5 Xq ' X5 Xq ' X5 ' X5 



X3X0 



2 

X3X4 



xo 



X3 X6 X3 X3 



Xi X2 X6 7 Xi X2 Xq 7 X3 X4 7 X5 Xq 7 Xi X2 X5 7 Xi X2 7 X5 7 X3 X4 7 Xi X2 7 X4 7 X5 Xo 7 X5 



[[13]* 
[9]* = 
[17]* 



x\xq 



X2 XQ 



XjX5 



X4 X5 



X3 X4 



X3 X4 Xi X2 



Xi X2 



X2 



Xl X2 XQ ' Xl XQ ' X3 X4 XQ ' X3 X6 ' Xl X2 X5 ' Xi X5 ' X3 X4 Xo ' X3 Xo ' Xl X2 ' Xi ' X3 X4 ' 
X4 XQ X4 XQ X2 X2 X4 X2 X4 X4 X2 



xz ' x 5 x - 



x\xp 



XI X2 XQ 7 XI X2 X, 
v.2 



X 5 X 7 X 5 7 X 5 7 XQ 
X2 XQ Xl XQ 
XQ XI ' 



Xq' Xo 
X1X5 



XQ 



2 

X 2 X5 



:l'4 xa XQ 



xfx2 



Xl X2 



X2 X6 7 X3 X4 X6 7 X3 X4 X6 7 X3 X4 7 X3 X6 7 X5 7 X3 X4 XQ 7 X3 X4 Xo ' 



Xl X2 



X3 XO 7 X3 X4 
2 

^3^4 X3 X4 



X3 X4 
2 



X4 Xi X2 X4 
X3 ' X5 * 



Xi X2 



X4 
XQ 



X5 7 X5 7 X6 7 X6 ' 
X3 X4 X3 X4 X 1 X2 Xl X2 2 



Xi X2 Xi X2 Xq X4 Xq Xz 
Xl x 2 x 5 ' Xl X 2 X 5 ' X 2 X 5 ' Xl x 5 ' x 3 x 4 x ' x 3 x 4 x ' x 3 x ' x 4 x ' x 5 x ' x 5 x ' 
X6 Xi X6 X2 Xl X2 X3 X4 Xi X3 X2 X4 X3 X4 Xi X2 
X 5 XQ ' X 5 XQ ' X 5 ' X 5 ' X 5 ' X 5 ' XQ ' X 6 ' XQ ' X 6 ' XQ ' XQ ' X ' XQ 
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[1]* 



x|xq 



X2 XQ 



X3 X/f 



xq j; :s .r 4 



X2 



Xl X 2 XQ 7 X\ X2 XQ ' 
~.2 



Xq Xl 7 X3X4' X5 Xq 7 Xl X2 X5 7 Xl X2 7 X5 7 Xl X5 7 X3 X4 7 Xl X2 7 Xl 



£4 Xg X4 Xq X2 X2 X4 
X 3 X 4 ' X 3 ' X 5 Xq ' £5 XQ ' X 5 ' X 5 



when writing the vertices of the faces as deformations of X . Note that the 
T-invariant basis of deformations associated to a face is given by all lattice 
points of the corresponding polytope in Mr. 

In order to compress the output we list one representative in any set of 
faces G with fixed F- vector of G and G*. 

When numbering the vertices of the faces of dual (B (I)) by the Cox 
variables of the mirror toric Fano variety Y° the complex dual (B (J)) is 



[[1, 2, 5, 6, 13, 14]* = (fe, 2/36, 2/21) , [9, 10, 13, 15, 17]* = (2/5, 2/43, 2/48> , 
[9, 13, 14, 17]* = (y 17 , 2/41, 2/32) , [1, 2, 3, 4, 5, 6, 7, 8]* = (2/22, y 27 , y 13 ) , 
...], 

[[5, 6, 13, 14]* = (y 12 , y 17 , y 25 , y 36 , y 21 , y 40 ) , 
[1, 3, 9, 10]* = (y 8 , t/28, 2/14, 2/45, 2/ie, 2/43) , 
[13, 15, 17]* = (2/30, 2/5, 2/i9, 2/43, 2/48, 2/39) , 

[6, 12, 14]* = (2/3, 2/12, 2/25, 2/46, 2/40, 2/34) , 
...], 

[[15, 16]* = (2/1, 2/11, 2/10, 2/18, 2/26, 2/35, 2/20, 2/42, 2/33, 2/3s) , 
[3, 7]* = (2/22, 2/27, 2/13, 2/26, 2/47, 2/16, 2/35, 2/20, 2/l9> , 

[11, 12]* = (2/7, 2/1, 2/2, 2/24, 2/11, 2/12, 2/10, 2/9, 2/37, 2/26, 2/25, 2/33, 2/32, 2/38, 2/40) , 
[3, 15]* = (2/1, 2/28, 2/10, 2/30, 2/26, 2/47, 2/16, 2/35, 2/20, 2/19, 2/43, 2/42) , 
[3, 4]* = (2/8, 2/1, 2/14, 2/22, 2/10, 2/27, 2/45, 2/13, 2/26, 2/35, 2/20, 2/42) , 



[[13]* 



2/2, 2/28, 2/4, 2/12, 2/9, 2/30, 2/5, 2/17, 2/25, 2/47, 2/16, 2/36, 2/21, 2/19, 2/43, 2/41, 
2/48,2/32,2/40,2/39 
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[9]* 
[17]' 

[1]* 



2/8, 2/2, 2/28, 2/29, 2/3, 2/4, 2/14, 2/l2, 2/45, 2/6, 2/5, 2/17, 2/15, 2/16, 2/36, 2/44, \ 
2/43,2/41,2/49,2/48,2/32 /' 

2/10, 2/9, 2/31, 2/30, 2/6, 2/5, 2/17, 2/18, 2/21, 2/20, 2/23, 2/19, 2/44, 2/43, 2/42, 2/41, 

2/49, 2/33, 2/48, 2/32, 2/38, 2/40, 2/34, 2/39 
2/8, 2/2, 2/28, 2/14, 2/22, 2/9, 2/27, 2/45, 2/30, 2/l3, 2/25, 2/47, 2/16, 2/36, 2/21, 2/19, 
2/43,2/41 



The dual complex has the F- vector 

Dimension -1 1 2 3 4 5 6 
Number of faces 23 56 50 17 

and the F- vectors of the faces of dual (B (I)) are 



Dimension 
2 
3 
3 
4 
4 
4 
4 
4 
5 
5 
5 
5 



Number of faces 
23 
20 
36 
4 
16 
2 
20 
8 
4 
4 
1 
8 



F-vector 

(1,3,3,1,0,0,0,0) 

(1,6,12,8,1,0,0,0) 

(1,6,9,5,1,0,0,0) 

(1,10,30,30,10,1,0,0) 

(1,9,18,15,6,1,0,0) 

(1,15,41,39,13,1,0,0) 

(1,12,30,28,10,1,0,0) 

(1,12,31,30,11,1,0,0) 

(1,20,70,90,50,12,1,0) 

(1,21,70,91,54,14,1,0) 

(1,24,80,106,64,16,1,0) 

(1,18,59,77,46,12,1,0) 



triangle 

octahedron 

prism 



Recall that in this example the toric variety Y is projective space. The 
number of lattice points of the support of dual (B (J)) relates to the dimension 
h 1 ' 2 (X) of the complex moduli space of the generic fiber X of X and to the 
dimension h 1 ' 1 (1°) of the Kahler moduli space of the MPCi?-blowup X° 
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of the generic fiber X° of the mirror degeneration 

|supp (dual (B (I))) n M\ = 109 = 48 + 61 = dim (Aut (Y)) + h 1 ' 2 (X) 

= 42 + 6 + 61 

= (Roots (Y) | + dim (TV) + h 1 ' 1 (X°) 

There are 

h 1 ' 2 (X) + dim(Tyo) = 61 + 6 
non-trivial toric polynomial deformations of X 



4 


Xg X4 


Xl Xo 


xj 


x \ 


X2 X6 


T 2 


T 2 


■r 2 


Xl X2 


x 


x 5 x 


X2 x e 


£3 X4 


X3 X4 




x 5 x 


X3 x 4 


Xl X 2 


X3 x 


x 


X2 X 


Xl X2 2 


X 6 Xl 




X3 X4 


x\xo 


X 2 X 


X3 X4 


Xl X 2 XQ 


X3X4 


Xl x 6 


X 3 X4 X 


Xr XO 


X3 X4 X 6 


Xl x 5 


xi X2 xq 


Xl X2 X 5 
x 5 


X2 X 5 


X;i X4 2 


x 3 x 5 


x\ 


x 6 x 3 


2 

X-^X§ 


X4 X5 


Xl X 2 


x\x2 


4 


XI X2 X5 
x\xo 


X4 XQ 


XI X2 


X5 XO 


X3 X4 X6 


XQ X3 


X4 XO 


X3 X4 XO 


X3 X4 xe 


Xl X2 


Xl X5 


Xl X5 2 


x 


X2 XO 


XqX3 


X2 X5 


Xo X3 


X3 xe 


X2 xe 


Xl X2 Xg 


X3 XQ 


XZ X4 X6 


XI XQ 


X3 X4 


xi X2 xe 


X3 XQ 


X2 xe 


Xl X2 

x l 


X3 X4 


T 2 


Xl x 


Xl x e 


x 


x 6 x 


x 6 xo 


X5 x 3 


X5 X4 


X2 XQ 


X3 X4 


X3 |4 


Xl X2 


X3 X4 


Xl X2 


X4 XQ 


Xl X2 


X3 xe 


Xl X2 


Xo X4 


X4 XQ 


XO X3 


Xl X5 


X2 XS 


Xo X4 


4 


xs xe 


X5 xe 


X2 xe 
x 2 x 5 2 


Xl X2 


xi X2 xg 


XI XQ 


X4 XQ 


X4 XQ 


XI XQ 


X3 X4 


X3 X4 


Xl X2 


X3 X4 


XO x 3 


Xl X 2 


X5 X2 


Xo X4 


X 5 Xl 








X3 X4 X6 


Xl X2 


Xl X2 


X3 X4 


X3 X4 


Xl X2 


X3 X4 









They correspond to the toric divisors 



D 
D 
D 
D 
D 
D 
D 
D 
D 
D 
D 
D 
D 



(-1,-1,0,2,0,0) 


D 


0,0,0,1,-1,1) 


D 


1,-1,0,0,0,-1) 


(0,2,-1,-1,0,0) 


D 


0,1,0,0,-1,1) 


D 


0,0,0,0,-1,2) 


(-1,-1,0,0,0,2) 


D 


1,1,-1,0,0,0) 


D 


-1,-1,0,0,0,-1) 


(-1,1,0,0,0,-1) 


D 


1,2,-1,-1,0,0) 


D 


1,0,0,0,-1,1) 


(-1,0,1,1,-1,0) 


D 


-1,-1,2,0,0,-1) 


D 


-1,-1,2,1,-1,0) 


(-1,-1,1,2,-1,0) 


D 


0,0,1,-1,1,-1) 


D 


-1,-1,2,0,0,0) 


(2,0,-1,-1,1,-1) 


D 


0,0,-1,1,1,-1) 


D 


1,1,0,-1,0,0) 


(0,0,-1,-1,3,-1) 


D 


-1,-1,0,0,2,0) 


D 


-1,-1,0,2,0,-1) 


(1,0,-1,-1,2,-1) 


D 


-1,0,0,0,0,-1) 


D 


0,1,-1,-1,0,0) 


(0,1,-1,0,1,-1) 


D 


0,-1,1,0,0,-1) 


D 


-1,-1,1,0,0,1) 


(0,-1,0,0,0,-1) 


D 


1,0,-1,-1,0,0) 


D 


1,0,-1,-1,0,1) 


(0,0,-1,-1,0,1) 


D 


-1,-1,0,0,0,1) 


D 


0,0,0,-1,2,-1) 


(0,0,-1,0,2,-1) 


D 


-1,-1,0,1,1,0) 


D 


0,-1,0,1,0,-1) 



^(2,0,-1,-1,0,0) 
-0(0,0,-1,-1,0,2) 



D 
D 
D 
D 



(0,0,-1,-1,0,0) 
(0,2,-1,-1,1,-1) 
(0,-1,1,1,-1,0) 
(0,0,1,0,-1,1) 



-0(2,1,-1,-1,0,0) 

-0(1,0,-1,0,1,-1) 
-0(-i, -1,1,0,0,-1) 
0(0,1,-1,-1,0,1) 
D(-i ,-1,0,0,0,0) 
O(_i,_i,i,o,i,o) 
0(_i ,-1,0,1,0,1) 
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^(-1,-1,0,1,0-1) 
^(-1,0,0,1,0,-1) 
-0(0,1,-1,-1,2,-1) 
^(0,1,-1-1,1,0) 



-D(-i,o,i,o,o ,-i) 

-0(0,0,-1,-1,2,0) 

0(0,0,0,1,0,0) 

^(-1,-1,0,1,0,0) 



0(1,0,0,-1,1,-1) 
0(0,0,-1,-1,1,1) 
-0(-i, -1,1,0,0,0) 
0(1,0,-1,-1,1,0) 



0(0,1,0,-1,1,-1) 
0(_i ,-1,0,0,1,1) 
0(0,1,-1,-1,0,0) 



on a MPCR-blowup of Y° inducing 61 non-zero toric divisor classes on the 
mirror X°. The following 42 toric divisors of Y induce the trivial divisor 
class on X° 



O(o,o,-i,i,o,o) 
-D(o,o,o,i,-i,o) 
O(i,-i,o,o,o,o) 
-O(o,o,i,o,o,-i) 

0(0,0,0,1,0,0) 
-0(0,0,0,-1,0,0) 

O(o,o,o,-i,o,i) 

-O(o,-i,o,o,o,i) 

O(o,o,-i,o,o,i) 

O(o,o,i,-i,i,-i) 

-O(o,o,o,-i,i,o) 



O(i,o,o,o,-i,o) 

-0(0,0,0,0,-1,0) 
-0(0,1,0,0,0,0) 
-0(0,0,1,0,0,0) 
-0(0,0,0,0,1,0) 

-D(o,i,-i,o,o,o) 

^(-1,0,0,0,0,1) 

-0(0,-1,1,0,0,0) 

-0(0,0,-1,0,0,0) 
-0(0,0,0,0,0,-1) 
-0(0,-1,0,0,0,0) 



0(_i, 1,0,0,0,0) 
-0(0,1,0,0,-1,0) 
-0(0,0,1,0,-1,0) 
-O(i,o,o,o,o,-i) 
-O(o,-i,o,i,o,o) 

^(-1,0,0,1,0,0) 

-D(o,i,o,-i,o,o) 
0(0,0,0,0,-1,1) 

-0(0,0,0,0,0,1) 

0(0,0,-1,0,1,0) 



-D(o,o,o,i,o,-i) 
-O(o,i,o,o,o,-i) 
O(o,o,i,-i,o,o) 

-0(1,0,0,0,0,0) 

-O(o,-i,o,o,i,o) 
O(i,o,o,-i,o,o) 

^(-1,0,1,0,0,0) 

-0(1,0,-1,0,0,0) 
0(-i,o,o,o,i,o) 

0(-i,o,0,0,0,0) 



10.5.6 Mirror special fiber 

The complex B (I)* labeled by the variables of the Cox ring S° of Y*, as 
written in the last section, is the complex SP (Jg) of prime ideals of the toric 
strata of the monomial special fiber Xq of the mirror degeneration £°, i.e. 
the primary decomposition of Iq is 

(V25, 1/36, J/21) n (1J29, Vi5, Vu) H (y 47 , y 16 , yw) n (y 2 2, yzr, 2/i3> H (yn, 1/41,1/32) n 

n (i/s, 1/14, 1/45) n (y 2 s, 1/16, 1/43) n (y 5 , y 43 , i/48) n d/ 46 , 1/15, 1/23) n (1/4, 1/47, 1/39) n 

^0 = n (yao, y 48 , y 3g ) n (1/1,1/35, 1/42) H (yi , 1/33, l/3s) n (y 3 i, I/49, 1/34) n (y 9 , y 32 , 1/40) n 
n (yn, 1/26, i/3s) n (y 2 e, 1/35, 1/20) n (1/3, y 46 , yu) n (1/12, 1/25, 1/40) n (yi 8 , 1/42, 1/33) n 
n (i/e, 1/44, 1/49) n (1/7, 1/24, 1/37) n (1/2, y 36 , j/4i) 
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Each facet F e B (I) corresponds to one of these ideals and this ideal is 
generated by the products of facets of V containing F. 

10.5.7 Covering structure in the deformation complex of the de- 
generation X 

According to the local reduced Grobner basis each face of the complex of 
deformations dual (B (/)) decomposes into 3 respectively 5 polytopes forming 
a 5 : 1 ramified covering of B (I) 



[], 
[], 

0, 

[[(V2i) , <2/ 25 > , <2/36>] - [1, 2, 5, 6, 13, 14] v , [(y 43 ) , (y 48 ) , (2/5)] - [9, 10, 13, 15, 17] v , 
[<3/4i> , (1/32) , (2/17)] - [9, 13, 14, 17] v , [(y 22 ) , (y 27 ) , (y 13 )] ^ [1, 2, 3, 4, 5, 6, 7, 8] v , 



[[<S/2i, 2/4o) , (2/25) , (1/12, to)] i-> [5, 6, 13, 14] v , [(j/45, 1/43) , (y 8 , 2/ 28 ) , (l/i4, 2/i6>] ^ [1, 3, 9, 10] v , 
[<3/30, 1/43) , (2/4s) , (1/5, 1/39)] >-»• [13, 15, 17] v , [(y 4 o, 2/34) , (2/25, 2/4e) , (2/3, 2/12)] [6, 12, 14] v , 
...], 

[[(|/20, 1/42, Jfes) , (VlO, 1/26, 1/42) , (Vl, 1/26, 2/33> , (j/ll, 1/35, l/3s) , <2/l8, 1/35, l/3s)] >-> [15, 16] V , 
[<2/22, 1/20, 1/19) , (l/27, 1/26, 1/47) , (1/13, 1/16, 1/35)] >-»■ [3, 7] V , 

[(l/37, 1/38, 2/4o) , (l/24, 1/10, 1/9, 1/26, I/25) , (j/7, 2/ll, 2/l2, 1/33, I/32)] ^ [H, 12] V , 
[(l/20, 1/19, 1/43, 1/42) , (Vl, 1/28, 1/26, I/47) , (l/l6, 2/35>] ^ [3, 15] V , 
[(l/22, 1/45, 1/20, 1/42) , (l/8, J/1, 1/27, 1/26) , (l/l4, 1/13, 2/35>] ^ [3, 4] V , 
...], 

[[(l/21, 1/19, 1/43, 2/41, 1/40, 1/39) , (l/9, 1/30, 1/25, 1/47, 1/43, 2/4l) , (2/2, 1/28, 1/25, 1/47, 1/48, 2/32) , 
(l/4, 1/12, 1/16, 1/36, 1/48, 1/32) , (l/5, 1/17, 2/l6, 1/36, 1/40, 2/39>] ^ [13] V , 

[(l/45, 1/44, 1/43, l/4l) , (l/8, 1/2, 1/28, 1/29, 1/49, 1/48, 2/32> , (l/l4, 1/6, 1/5, 2/l7, 1/15, 2/l6, 1/36)] ^ [9] V , 

[(l/l0, 1/9, 2/31, 1/30, 1/44, 1/43, 1/42, 2/4l) , (l/49, 1/33, 1/48, I/32) , (2/6, 1/5, 1/17, J/l8, 1/38, 1/40, 1/34, I/39)] ^ [17] 

[(l/22, 1/45, 1/21, 1/19, 1/43, l/4l) , (l/8, 1/2, 1/28, 1/27, 1/25, 2/47) , (l/l4, 1/13, 2/16, l/Se)] >-> [1] V , 
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Here the faces F e B (I) are specified both via the vertices of F* labeled 
by the variables of S° and by the numbering of the vertices of B (I) chosen 
above. 

The numbers of faces of the covering in each face of dual (B (I)), i.e. over 
each face of B (J) v are 



Dimension Number faces number preimages 



-1 

















1 








2 


23 


3 


3 


56 


3 


4 


46 


3 


4 


4 


5 


5 


13 


3 


5 


4 


5 


6 









This covering has one sheet forming the complex 
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[], 
[], 
[], 

[<3/21> , (2/25) , (2/36) , (2/43) , (y48> , (2/5) , 
(2/4l) , (2/32) , (2/17) , (2/22) , (2/27) , (2/13) , •••], 

[(2/21, 2/40) , (2/25) , (2/12, 2/36) , (2/45, 2/43) , (2/8, 2/28) , 

(2/14, 2/ie) , (2/30, 2/43) , (2/4s) , (2/5, 2/39) , (2/40, 2/34) , 

(2/25, 2/46), (2/3, 2/12), •••], 

[(2/20, 2/42, 2/38) , (2/10, 2/26, 2/42) , (2/1, 2/26, 2/33) , (j/ll, 2/35, 2/33) , 

(2/18, 2/35, 2/38 ) , (2/22, 2/20, 2/19) , (2/27, 2/26, 2/47) , (?/l3, 2/16, 2/35) , 

(2/37, 2/38, 2/4o) , (2/24, 2/10, 2/9, 2/26, 2/25) , (2/7, 2/11, 2/12, 2/33, 2/32) , 

(2/20, 2/19, 2/43, 2/42) , (2/1, 2/28, 2/26, 2/47) , (2/l6, 2/35) , (2/22, 2/45, 2/20, 2/42) , 

(2/8,2/1,2/27,2/26) , (2/14,2/13,2/35) , •••], 

[(2/21, 2/19, 2/43, 2/41, 2/40, 2/39) , (2/9, 2/30, 2/25, 2/47, 2/43, 2/4l) , (2/2, 2/28, 2/25, 2/47, 2/48, 2/32) , 
(2/4, 2/12, 2/16, 2/36, 2/48, 2/32) , (2/5, 2/17, 2/16, 2/36, 2/40, 2/3o) , (2/45, 2/44, 2/43, 2/4l) , 
(2/8, 2/2, 2/28, 2/29, 2/49, 2/48, 2/32) , (j/l4, 2/6, 2/5, 2/17, 2/15, 2/16, 2/36> , 

(2/10, 2/9, 2/31, 2/30, 2/44, 2/43, 2/42, 2/4l) , (2/49, 2/33, 2/48, 2/32) , (2/6, 2/5, 2/17, 2/18, 2/38, 2/40, 2/34, 2/39> , 
(2/22,2/45,2/21,2/19,2/43,2/41) , (2/8,2/2,2/28,2/27,2/25,2/47) , (2/14,2/13,2/16,2/36) , •••], 

[] 

with F-vector 



Dimension 


Number of faces 


F-vector 







49 


(1,1,0,0,0,0,0,0) 


point 


1 


128 


(1,2,1,0,0,0,0,0) 


edge 


2 


56 


(1,4,4,1,0,0,0,0) 


quadrangle 


2 


78 


(1,3,3,1,0,0,0,0) 


triangle 


2 


4 


(1,5,5,1,0,0,0,0) 


pentagon 


3 


36 


(1,6,9,5,1,0,0,0) 


prism 


3 


8 


(1,7,11,6,1,0,0,0) 




3 


13 


(1,4,6,4,1,0,0,0) 


tetrahedron 


3 


2 


(1,8,14,8,1,0,0,0) 
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Writing the vertices of the faces as deformations the covering is given by 




[l,2,5,6,13,14] v , 
■+ [9, 10,13, 15, 17] v , 
[9, 13, 14, 17] v , 

[l,2,3,4,5,6,7,8] v , 

[5,6,13,14] v , 

► [1,3,9, 10] v , 
[13,15,17] v , 

[6,12,14] v , 
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[13] v , 



X4 X4 X2 

( X3 X4 Xo ' X 3 £4 ' X3 ' Xo ' X 

10 11 £2 £4 \ / X4 2 xp x 2 xi xq 11 12 14 

£1 £ 2 ^6 ' Xl X 2 X 6 ' Xl X6 ' x 2 X 6 ' X 6 ' X6 ' X6 

- [9] v , 



xi 2 X2 xi X2 2 xi 3:2 xi 2 X2 2 X4 



X3 X4 ' X3 X4 xo ' X3 X4 xq ' X3 xo ' X3 X4 ' X3 X4 ' X3 

X3X4 X3 X4 2 X3 X4 X3 X4 Xj X2 X3 X4 

Xl X2 X5 ' Xl X2 X5 ' X2 X5 ' Xi X5 ' X5 ' X5 ' X5 ' X5 

£l 13 12 3:4 \ / X 2 X2 Xj X2 2 Xl X2 Xl X2 X3 X4 Xl X2 

X6 ' X 6 ' X6 ' x 6 / ' \ x 3 x 4 x ' x 3 x 4 x ' x 3 x ' x 4 x ' x ' x ' x ' x 



[17]\ 



c§ X X 6 X 4 X 6 X 2 X 2 X4 \ / %Q x 4 2 xq x 2 xq x 6 2 x 4 2 x 2 



X5 Xo ' X5 ' X5 XO ' X5 XO ' X5 ' X5 / ' \ Xl X2 Xg ' Xl X2 X6 ' Xl XQ ' Xl X2 ' Xl X2 ' Xl 

-[1]V..], 



X2 2 x 4 



X3 X4 7 X3 X4 7 X3 X4 7 X3 



with one sheet forming the complex 



XQ X4 
x 5 x 

£4 

X6 

XQ X4 
X5 Xo : 



Xl X 2 



X3 X4 Xq 



Xl X2 
X 3 XQ 



X5X0 



Xl X2 



x 3 x 4 



X4 
xo 

X2 2 
X3 X4 ' X3 X4 

£1 

Xl X2 ' X2 



X3 x 6 x 3 x 3 
x 5 x ' x 5 ' x 



X3 X 5 X3 X3 
X4 Xq ' X4 ' Xq 



Xl x 2 



X3 X4 
Xl X5 : 

X 2 X5 
X3 X4 XQ ' 



x 2 



X4 X 5 
X3 XQ 



X4 
X3 

X2 
Xfi 



XO £2 
X5 ' X5 



Xl X2 



2 

X3 X4 



• - 



X3 

Xl X2 X5 ' Xl X2 ' X5 



X2 

X 3 X4 Xo ' XQ 



X3X0 



x X 2 Xq 

XI X2 XQ ' XI X6 



X4 Xi 
XQ ' XQ 



X3" X3 
Xi X2 Xq ' Xi X2 ' X6 



Xl X 2 X3 X3 
X4 XQ ' X4 ' Xq 



X Q XQ X3 XQ X2 
X5 XQ ' X 5 X ' X 5 Xq 



X3 



xi X2 7 xi X2 7 a 

^5 X 3 X 5 



X2 



X3 

X3 X4 ' X3 X4 ' X4 



£5 X3 

XQ ' XQ ' 



X4 X5 X3 X4 



X3 X4 Xq ' X4 Xq ' X3 X6 ' X6 ' X6 



X3X0 



X2 XQ X3^ 



X2 
Xl 



Xi X2 X6 ' Xi Xq ' Xl X2 

3-0 X 3 2 XQ Xq' X 3 ^ 

xi x 2 xq ' £1 x 2 xq ' 11x2' xi X2 



/ XQ X3 X 6 X 2 X2 X3 

' \ X5 x ' x 5 x ' x 5 ' x 5 
c 2 X3_\ / X 6 xg 



X3"X 4 



X3 x 4 " 



X3 



,1:4 



Xl X2 7 Xl X2 X5 7 Xl X2 X5 7 11X2 ' XI X2 



X3 X4 7 X4 



£3 

X3 X4 ' X3 X4 ' X4 



XQ X3 X3 
X5 Xo ' X5 ' X5 Xo ' X5 

-' :i \ 

5 • "J J 
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Xl X2 XQ ' X\ X2 XQ ' X\ XQ ' X2 XQ ' XQ ' XQ ' 3,6 



Xi^X2 X2 Xi 3:2 Xi^ X2 X4 

XZX4 7 Xz X4 Xq ' £3 £4 Xo ' £3 £0 ' x :j X4 ' 13 14' £3 
,2 



X%X4 



X3 X4 x:j X4 X3 X4 x\ X2 xz X4 

X\ 3^2 ^5 ' ' ' X\ ' ^5 ' ^5 ' ^5 ' ^5 



£^ £3 £2 £4 
3^6 ' 3,0 ' 3,Q ' 3,(3 
2 

x 6 20 ^6 x 4 Xq X2 X2_ £4 
X$ XQ ' £5 ' X5 10 ' 15 ![)' 3:5 ' 3:5 



Xl 3,2 Xi X2 X3 X4 Xi X2 



X3 X4 XQ 1 XZ X4 XQ > X3XQ' X4 XQ ' XQ ' XQ ' XQ ' XQ 



•''n 



X2 3?Q X6 



X4 



X\ X2 XQ ' X\ X2 XQ ' X\ XQ ' X\ X2 ' X\ X2 



£2 
XI 



XQ*- 



X2 



£4 

Xz X4 1 XZX4 1 Xz X4 1 Xz 



Note that the torus invariant basis of deformations corresponding to a Bergman 
face is given by the set of all lattice points of the polytope specified above. 

10.5.8 Limit map 

The limit map lim : B (I) — > Poset (A) associates to a face F of B (I) the 
face of A formed by the limit points of arcs lying over the weight vectors 
w G F, i.e. with lowest order term t w . 

Labeling the faces of the Bergman complex B (I) C Poset (V) and the 
faces of Poset (A) by the corresponding dual faces of V* and A*, hence 
considering the limit map lim : B (I) — > Poset (A) as a map B (I)* — > 
Poset (A*), the limit correspondence is given by 

0, 

r / 2/2, 2/28, 2/4, 2/12, 2/9, 2/30, 2/5, 2/17, 2/25, 2/47, 2/16, 2/36, 2/21, 2/19, 2/43, 2/41, 
\ 2/48,2/32,2/40,2/39 

2/8, 2/2, 2/28, 2/29, 2/3, 2/4, 2/14, 2/l2, 2/45, 2/6, 2/5, 2/17, 2/15, 2/16, 2/36, 2/44, 
t/43, 2/41, 2/49, 2/48, 2/32 

2/10, 2/9, 2/31, 2/30, 2/6, 2/5, 2/17, 2/18, 2/21, 2/20, 2/23, 2/19, 2/44, 2/43, 2/42, 2/41, 
2/49, 2/33, 2/48, 2/32, 2/38, 2/40, 2/34, 2/39 



\ (x3,a;5,a; 6 ) , 



\ i-> (a;5,a; 6 ,a;o) , 
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/ 2/8, 2/2, 2/28, 2/14, 2/22, 2/9, 2/27, 2/45, 2/30, 2/13, 2/25, 2/47, 2/16, 2/36, 2/21, 2/19, \ ^ / ^ 
\ 2/43,2/41 / 3 ' 

-.], 

[(2/1, 2/11, 2/10, 2/18, 2/26, 2/35, 2/20, 2/42, 2/33, 2/3s) (&1, ^2, X 4 , ^5, ^6, ^o) , 
(2/22, 2/27, 2/13, 2/26, 2/47, 2/16, 2/35, 2/20, 2/l9> ^ (^1, ^4, #5, ^0) , 

(2/7, 2/1, 2/2, 2/24, 2/11, 2/12, 2/10, 2/9, 2/37, 2/26, 2/25, 2/33, 2/32, 2/38, 2/4o) ^ (^1, X 2 , ^6, ^o) , 
(2/1, 2/28, 2/10, 2/30, 2/26, 2/47, 2/16, 2/35, 2/20, 2/19, 2/43, 2/42) ^ (^l, £4, £5, X 6 , Xq) , 
(2/8, 2/1, 2/14, 2/22, 2/10, 2/27, 2/45, 2/13, 2/26, 2/35, 2/20, 2/42) ^ (^l, ^2, 3?4, 3T 5 ) , 
-.], 

[(2/12, 2/17, 2/25, 2/36, 2/21, 2/4o) ^ (^1, %2, X 3 , X 5 , X 6 , Xq) , 

(2/8, 2/28, 2/14, 2/45, 2/16, 2/43) ^ (a:i, z 3 , ^4, a: 5 , x 6 ) , 
(2/30, 2/5, 2/19, 2/43, 2/48, 2/39) ^ <^i, z 3 , a;4, a?5, x 6 , x ) , 

(2/3, 2/12, 2/25, 2/46, 2/40, 2/34) ^ (X2, X 3 , X 5 , X 6 , X ) , 

...], 

[(2/25, 2/36, 2/21) >-> (xi, x 2 , x 3 , ^5, a*, x ) , 
(2/5, 2/43, 2/4s) >-»• (a;i,a;3, 3:4, 3; 5 , 3? 6 , ar ) , 

(2/17, 2/41, 2/32) l-> (3:i, X 2 , X 3 , X 5 , X 6 , Xq) , 
(2/22, 2/27, 2/13) l-> (3:i, £ 2 , 3:3, X A) X 5 , Xq) , 



The image of the limit map coincides with the image of /x, i.e. lim (B (I)) = 



10.5.9 Mirror complex 

Numbering the vertices of the mirror complex /i (B (/)) as 

1 = (6, -1, -1, -1, -1, -1) 2 = (-1, 6, -1, -1, -1, -1) 

3 = (-1, -1, 6, -1, -1, -1) 4 = (-1, -1, -1, 6, -1, -1) 

5 = (-1,-1,-1,-1,6,-1) 6 = (-1,-1,-1,-1,-1,6) 
7 = (-1,-1, -1,-1, -1,-1) 

fJ.(B(I)) C Poset (A) is 
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[], 

[[4], [1], [2], [6], [7], [3], [5]], 

[[1,4], [1,5], [2, 7], [3, 7], [2, 4], [1,3], [2, 3], [3, 6], [2, 6], [3, 4], [1,2], [1,7], 
[1,6], [6, 7], [3, 5], [4, 5], [4, 6], [4, 7], [5, 6], [2, 5]], 

[[2, 3, 6], [1, 3, 4], [1, 3, 6], [2, 3, 4], [3, 4, 5], [2, 3, 7], [3, 6, 7], [1, 2, 7], 
[1, 2, 4], [2, 5, 6], [2, 4, 5], [4, 5, 6], [4, 6, 7], [2, 6, 7], [2, 4, 7], [2, 4, 6], 
[1, 2, 3], [1, 3, 7], [1, 4, 5], [1, 5, 6], [3, 5, 6], [2, 3, 5], [1, 3, 5], [1, 6, 7], 
[1,4,6], [1,4,7]], 

[[2, 4, 6, 7], [1,4, 6, 7], [2, 3, 6, 7], [1,3, 6, 7], [1,2, 4, 7], [1,2, 3, 7], 
[2, 4, 5, 6], [1, 4, 5, 6], [2, 3, 5, 6], [1, 3, 5, 6], [2, 3, 4, 5], [1, 3, 4, 5], 
[1,2,3,4]], 

[], 

0, 

[] 



The ordering of the faces of \i (B (/)) is compatible with above ordering of 
the faces of B (I). The F- vectors of the faces of \i [B (I)) are 

Dimension Number of faces F-vector 

2 13 (1,3,3,1,0,0,0,0) triangle 

3 26 (1,4,6,4,1,0,0,0) tetrahedron 

4 20 (1,5,10,10,5,1,0,0) 

5 7 (1,6,15,20,15,6,1,0) 

The first order deformations of the mirror special fiber Xq correspond to 
the lattice points of the dual complex (/i (B (/)))* C Poset (A*) of the mir- 
ror complex. We label the first order deformations of Xq corresponding to 
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vertices of A* by the homogeneous coordinates of Y 



Xi 


= £(1,0,0,0,0,0) 


X 2 


= £(0,1,0,0,0,0) 


X 3 


= £(0,0,1,0,0,0) 


X4 


= ^(0,0,0,1,0,0) 


x 5 


= £(0,0,0,0,1,0) 


Xq 


= £(0,0,0,0,0,1) 


X 


= ^(-1,-1-1, 



2/32/5 y^vl^yn yw 2/23 2/29 2/34 vaa 2/46 ym 
yi 2/22/8 2/3 yw 2/24 2/25 2/26 2/27 2/28 2/30 2/47 
yjys ye> y( 6 yn yw yw 2/28 2/39 y43 2/47 ms 
yi 2/2 y» yg yw 2/24 W25 2/26 i/27 2/29 2/31 yw 
y^yv yw yw 2/20 2/26^30 2m 2/33 2/35 2/38 2/42 

2/3 2/4 2/5 2/6 2/7 2/12 »13 2/14 2/15 2/16 2/17 2/36 
2/ 2 2/9 2/10 2/12 2/21 2/252/30 2/31 2/32 2/36 2/40 2/41 
2/3 2/4 2/5 2/6 2/7 2/11 2/13 2/14 2/15 2/16 2/18 2/35 

2/3 2/4 2/7 2/11 2/12 2/242/37 

2/9 2/10 2/19 2/20 2/21 2/22 2/23 2/30 2/31 2/41 2/42 2/43 2/44 2/45 

2/i 3 2/19 2/20 2/21 2/22 2/23 2/27 

2/1 2/2 2/3 2/4 2/7 2/8 2/11 2/12 2/28 2/29 2/32 W33 2/48 2/49 

_ 2/1 2/2 2/8 2/142/28 2/29 2/45 

_1 > — 2/5 2/6 2/17 2/18 2/19 2/20 2/21 2/22 2/23 2/34 2/37 2/38 2/39 2/40 



So writing the vertices of the faces of (fx (B (/)))* as homogeneous coordinates 
of Y, the complex (/z (B (/)))* is given by 



[{x u x 3 , x 5 ) , (x 2 , x 3 , x 5 ) , {xi, x 4 , x 5 ) , (x 2 , x 4 , x 5 ) , (x 3 , x 5 , x 6 ) , 

(x 4 , X 5 , X 6 ) , (xi, X 3 , X ) , (x 2 , X 3 , X ) , (Xi, X 4 , X ) , (x 2 , X 4 , X ) , 

{x 1 ,x 6 , x ) , (x 2 , x 6 , x ) , (x 5 , x 6 , x )], 

[{xi, X 4 , x 5 , x ) , (x 2 , £5, £e, £0) , (£2, £4, £5, £0) , (£1, £5, £6, £0) 

(Xi, X 2 , Xq, Xq) , (Xi, X 4 , X 5 , Xq) , (x X , X 2 , £4, £5) , (£3, £4, £5, £&) 
(x 3 , X 5 , X 6 , Xq) , (Xi, X 3 , X 4 , Xq) , (Xi, X 3 , X 6 , Xq) , (xi, X 2 , X 3 , X ) 
(Xi, X 2 , X 3 , X 5 ) , (Xi, X 3 , X 4 , X 5 ) , (Xi, X 3 , X 5 , X 6 ) , (Xi, X 3 , X 5 , X ) 
(x 4 , X5, Xq, Xo) , (x 2 , X4, X5, X6/ , (x 2 , X 3 , Xq, Xo) , (x 2 , X 3 , X4, Xo) 
(Xi, X 2 , X 4 , X ) , (Xi, X 4 , Xq, X ) , (x 2 , X 4 , Xq, X ) , (x 2 , X 3 , X 4 , X 5 ) 

(x 2 , x 3 , x 5 , x ) , (x 2 , x 3 , x 5 , x 6 )], 

[(x 2 , X 3 , X 5 , X 6 , X ) , (X 2 , X 3 , X 4 , Xq, X ) , (x 1 , X 3 , X 4 , X 5 , Xq) , 
(Xi, X 2 , X 4 , X 5 , Xq) , (Xi, X 3 , X 5 , X 6 , X ) , (x 2 , X 4 , X5, Xg, x ) 

(xi, x 4 , x 5 , x 6 , x ) , (xi, x 2 , x 4 , x 5 , x ) , (xi, x 3 , x 4 , x 5 , x ) 
(xi, x 2 , x 5 , x 6 , x ) , (x 3 , x 4 , x 5 , x 6 , x ) , (x 2 , x 3 , x 4 , x 5 , x 6 ) 

(x 2 , X 3 , X4, X5, Xo) , \Xi, X 2 , X 3 , X4, X5) , (Xi, X 2 , X4, Xq, Xq) 
(Xi, X 2 , X 3 , Xq, X ) , (Xi, X 2 , X 3 , X 5 , Xq) , (x 1 ,X 2 , X 3 , X 5 , Xq) 
(Xi,X 2 ,X 3 ,X 4 ,X ) , (Xi,X 3 ,X 4 ,X 6 ,X )], 

[(Xi, X 2 , X 3 , X5, Xq, Xq) , (x 2 , X 3 , X4, X5, Xq, Xq) , (X\,X 3 , X4, X5, Xg, Xo) , 
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(xi,x 2 , x 3 , X4, X 5 , Xq) , (xi,x 2 , x 3 , x 4 , x 5 , x 6 ) , (Xi,X 2 , X4, X 5 , Xq, x ) , 
(xi,X 2 ,X 3 ,X 4 ,X 6 ,X )], 

[] 



The complex fi (B (I))* labeled by the variables of the Cox ring S gives the 
ideals of the toric strata of the special fiber X of X, i.e. the complex SP (Iq), 
so in particular the primary decomposition of Iq is 

(a;i, x 3 , x 5 ) n {x 2 , x 3 , x 5 ) n (xi, x 4 , x 5 ) n (x 2 , x 4 , x 5 ) n (x 3 , x 5 , x 6 ) n 
/ = n (x A , x 5 , x 6 ) n (xi, x 3 , x Q ) n (x 2 , x 3 , x ) n (xi, x 4 , x ) n (x 2 , x 4 , x ) n 
n (xi, x 6 , x ) n (x 2 , x 6 , x ) n (x 5 , x 6 , x ) 

10.5.10 Covering structure in the deformation complex of the mir- 
ror degeneration 

Each face of the complex of deformations (// (B (/)))* of the mirror special 
fiber Xq decomposes as the convex hull of 3,4 respectively 5 polytopes forming 
a 5 : 1 ramified covering of \x (B (I)) v 



[], 
[], 
0, 

[[{x 6 ) , (x 3 ) , (x 5 ) , (xi) , (x )] i-> (xi, x 3 , x 5 , x 6 , x )* v = [2, 4] v , 

[(xe) , (x 3 ) , (x 5 )] ^ (x 3 , x 5 , x 6 )* v = [1,2, 4, 7] v , 

[(aJe) , (^5) , (x )] i-> (x 5 , x 6 , x )* v = [1,2, 3, 4] v , 

[(^3) , (^5) , (xi)] i-> (xi, x 3 , x 5 )* v = [2, 4, 6, 7] v , 

...], 

[[(x 6 ) , (x 4 ) , (x 5 ) , (xi, x 2 ) , (x )] i-> (xi, x 2 , x 4 , x 5 , x 6 , x )* v = [3] 

[(x 4 ) , (x 5 ) , (xi) , (x )] i-> (xi, x 4 , x 5 , x )* v = [2, 3, 6] v , 

[(x 6 ) , (xi, x 2 ) , (x )] h-> (xi, x 2 , x 6 , x )* v = [3, 4, 5] v , 

[(x 6 ) , (x 4 ) , (x 5 ) , (xi) , (x )] i-> (xi, x 4 , x 5 , x 6 , x )* v = [2, 3] v , 

[(x 4 ) , (x 5 ) , (xi, x 2 )] ^ (xi, x 2 , x 4 , x 5 )* v = [3, 6, 7] v , 

...], 

[[(x 6 ) , (x 3 ) , (x 5 ) , (xi, x 2 ) , (x )] i-> (xi, x 2 , x 3 , x 5 , x 6 , x )* v = [4] 
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[(x 6 ) , (x 3 , x 4 ) , (x 5 ) , (xi)] i-> (xi, x 3 , x 4 , x 5 , x 6 )* = [2, 7] v , 
[(x 6 ) , (x 3 , x 4 ) , (x 5 ) , (xi) , (x )\ i-> (xi, x 3 , x 4 , x 5 , x 6 , x )* v = [2] v , 
K^e) , (a*) , (x 5 ) , (x 2 ) , (x )] i-> (x 2 , x 3 , x 5 , x 6 , x )* V = [1, 4] v , 
-..], 

H(xq) , (x 3 ) , (x 5 ) , (xi, x 2 ) , (x )] i-> (xi, x 2 , x 3 , x 5 , x 6 , x )* v = [4] v , 
[(x 6 ) , (x 3 , x 4 ) , (x 5 ) , (xi) , (x )] ' (xi, x 3 , x 4 , x 5 , x 6 , x )* v = [2] v , 
[(a*) , (a*) , (a*) , (xi, x 2 ) , (x )] i-> (xi, x 2 , x 3 , x 5 , x 6 , x )* v = [4] v , 
[(x 3 , x 4 ) , (x 5 ) , (xi, x 2 ) , (x )] h-> (xi, x 2 , x 3 , x 4 , x 5 , x )* V = [6] v , 



Due to the singularities of Y° this covering involves degenerate faces, i.e. 
faces G h-> F v with dim (G) < dim (F v ). 

10.5.11 Mirror degeneration 

The space of first order deformations of Xg in the mirror degeneration X° 
has dimension 7 and the deformations represented by the monomials 

2/32/5 ye 2 y 2 5 yn yi& 2/23 2/29 2/34 2/44 2/46 2/49 yfyg yw 2 yu 2/20 y^vao 2/31 2/33 2/35 yas 2/42 

2/1 2/2 2/8 2/9 2/10 2/24 2/25 2/26 2/27 2/28 2/30 2/47 #3 2/4 2/5 2/6 2/7 2/12 2/13 2/14 2/15 2/16 2/17 2/36 

2/3 2/4 2/7 3 2/H 2/12 2/242/37 2/|2/5 2/6 2/l 6 2/17 2/18 2/19 2/28 2/39 2/43 2/47 2/48 

2/9 2/10 2/19 2/20 2/21 2/22 2/23 2/30 2/31 2/41 2/42 2/43 2/44 2/45 2/1 2/2 2/8 2/9 2/10 2/24 2/25 2/26 2/27 2/29 2/31 2/46 

2/52/9 2/10 2/12 2/21 2/j 5 2/30 2/31 2/32 2/36 2/40 2/41 J/13J/19 2/20 2/21 2/22 2/23 2% 

2/3 2/4 2/5 2/6 2/7 2/11 2/13 2/14 2/15 2/16 2/18 2/35 2/1 2/2 2/3 2/4 2/7 2/8 2/11 2/12 2/28 2/29 2/32 2/33 2/48 2/49 
2/1 2/2 2/8 3 J/i 4 J/28 2/29 2/45 



2/5 2/6 2/17 2/18 2/19 2/20 2/21 2/22 2/23 2/34 2/37 2/38 2/39 2/40 

form a torus invariant basis 25°. The number of lattice points of the dual of 
the mirror complex of / relates to the dimension h 1,2 (X°) of complex moduli 
space of the generic fiber X° of X° and to the dimension h 1,1 (X) of the 
Kahler moduli space of the generic fiber X of X via 

|supp ((// {B (/)))*) n N\ = 7 = 6 + 1 

= dim (Aut + h 1 ' 2 (X°) = dim (T) + ft 1 - 1 (X) 

The conjectural first order mirror degeneration X 10 cFx Spec C [t] / (t 2 ) 
of X is given by the ideal I 10 C S°®C[t]/ (t 2 ) generated by 



I 5e<B° 



t ■ ss ■ S (m) | m e Iq 
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10.5.12 Contraction of the mirror degeneration 

In the following we give a birational map relating the degeneration X° to a 
Greene-Plesser type orbifolding mirror family by contracting divisors on Y°. 
In order to contract the divisors 
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consider the Q-factorial toric Fano variety Y° = X , where S° = 

Fan (^P°^j C Mr is the fan over the Fano polytope P° C Mr given as the 
convex hull of the remaining vertices of P° = V* corresponding to the Cox 
variables 

2/9 = 2/(-i -1,1,2 -1,0) = **x2 4 x 5 = 2/(2,1,-1,-1,0,0) = X ^ X X 4 2 X0 

2/5 = 2/(1,2,-1,-1,0,0) = 2/22 = 2/(0,0,0,0,-1,2) = — ^ 

X Q X fiX ^ 

2/8 = 2/(-i, -1,0,0,0,-1) = XlX§a;6 2/io = 2/(-i -1,2,1,-1,0) = - - X5 

2/7 2/(0,0,-1,-1,3,-1) X3X4XQ 

of the toric variety F° with Cox ring 

S° = C[y 9 , y 6 , y 5 , y 2 2, 2/8, 2/10, 2/7] 

The Cox variables of Y° correspond to the set of Fermat deformations of X. 
Let 

Y° = X(S°) -> X = r° 
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be a birational map from Y° to a minimal birational model Y°, which con- 
tracts the divisors of the rays E° (1) — S° (1) corresponding to the Cox vari- 
ables 

2/i 2/2 2/3 2/4 2/ii 2/12 2/13 2/i4 2/i5 2/i6 2/i7 Vis 2/i9 2/20 2/2i 

2/23 2/24 2/25 2/26 2/27 2/28 2/29 2/30 2/31 2/32 2/33 2/34 2/35 2/36 2/37 
2/38 2/39 2/40 2/41 2/42 2/43 2/44 2/45 2/46 2/47 2/48 2/49 



Representing F° as a quotient we have 
Y° = (c 7 - V (b (t° 



with 



G° = Zi 3 x (C*) 1 

acting via 

£y = ( ul 1 vi ■ y 9 , u\° vi ■ y 6 , u\° v ± ■ y 5 , u{ vi ■ 2/22, w? «i • 2/s, m} 1 ui • j/i , «i • 2/7) 



for £ = ( Wl , Vl ) G G° and y G C 7 - V (5 (E 
Hence with the group 

#° = Z 13 

of order 13 the toric variety Y° is the quotient 

Y° = ¥ 6 /H° 

of projective space P 6 . 

The first order mirror degeneration X lD induces via Y — > F° a degener- 
ation X lD C F° x SpecC [t] / (t 2 ) given by the ideal / lo C 5° <g> C [t\ / (t 2 ) 
generated by the Fermat-type equations 

tsiyi 2 + y 7 y s , ' 
2/5 2/6 2/7 + *(s 5 2/92/10 + S4 2/9 2/10), 
ts e 2/? + 2/9 2/10 2/22, 
2/s 2/9 2/10 + t(s 3 2/12/6 + s 2 2/5 2/1), 

*«7 2/| + 2/5 2/6 2/22 

Note, that 

supp ((// (5 (/)))*) HAf- Roots - dim (T f 



7-6 
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so this family has one independent parameter. 

The special fiber Xq C Y° of X la is cut out by the monomial ideal Iq C S° 
generated by 



The complex SP [Iq] of prime ideals of the toric strata of Xq is 



[(2/9, 2/22, 1/7) , (l/6, 2/8, Vio) , (2/5, 2/10, 2/7) , (j/9, 2/6, Vs) , (j/9, 2/5, 2/7) , 

(2/6, 2/22, 2/s) , (2/22, 2/8, 2/7) , (2/22, 2/10, 2/7) , (2/9, 2/5, 2/s) , (2/9, 2/6, 2/7) , 
(2/5, 2/8, 2/io) , (2/6, 2/10, 2/7) , (2/5, 2/22, 2/s)] , 

[(2/9, 2/5, 2/8, 2/io) , (2/9, 2/6, 2/22, 2/s) , (2/6, 2/5, 2/8, 2/io) , (2/6, 2/22, 2/8, 2/7) , 
(2/9, 2/5, 2/8, 2/7) , (2/5, 2/22, 2/10, 2/7) , (2/6, 2/22, 2/8, 2/io) , (2/9, 2/5, 2/22, 2/?) , 
(2/9, 2/5, 2/10, 2/7) , (2/6, 2/8, 2/10, 2/7) , (2/5, 2/22, 2/8, 2/7) , (2/6, 2/5, 2/10, 2/7) , 
(2/9, 2/6, 2/5, 2/s) , (2/9, 2/6, 2/8, 2/io) , (2/9, 2/5, 2/22, 2/s) , (2/9, 2/6, 2/5, 2/7) , 
(2/9, 2/22, 2/8, 2/7) , (2/6, 2/22, 2/10, 2/7) , (2/9, 2/6, 2/8, 2/7) , (2/9, 2/22, 2/io, 2/7) , 
(2/9, 2/6, 2/22, 2/7) , (2/22, 2/8, 2/10, 2/7) , (2/5, 2/22, 2/8, 2/io) , (2/9, 2/6, 2/10, 2/7) , 
(2/5, 2/8, 2/10, 2/7) , (2/6, 2/5, 2/22, 2/s)] , 

[(2/9, 2/6, 2/5, 2/22, 2/7) , (2/9, 2/6, 2/22, 2/8, 2/7) , (2/9, 2/5, 2/8, 2/10, 2/7) , (2/9, 2/6, 2/22, 2/10, 2/7) , 
(2/9, 2/6, 2/5, 2/8, 2/7) , (2/9, 2/6, 2/5, 2/8, 2/io) , (2/9, 2/5, 2/22, 2/8, 2/7) , (2/6, 2/5, 2/8, 2/10, 2/7) , 
(2/9, 2/5, 2/22, 2/10, 2/7) , (2/9, 2/5, 2/22, 2/8, 2/io) , (2/5, 2/22, 2/s, 2/io, 2/7) , (2/6, 2/5, 2/22, 2/8, 2/io) , 

(2/6, 2/22, 2/8, 2/10, 2/7) , (2/9, 2/6, 2/5, 2/22, 2/s) , (2/9, 2/6, 2/22, 2/8, 2/io) , (2/9, 2/6, 2/8, 2/10, 2/7) , 
(2/9, 2/6, 2/5, 2/10, 2/7) , (2/6, 2/5, 2/22, 2/8, 2/7) , (2/6, 2/5, 2/22, 2/10, 2/7) , (2/9, 2/22, 2/8, 2/10, 2/7)], 

[(2/6, 2/5, 2/22, 2/8, 2/10, 2/7) , (2/9, 2/5, 2/22, 2/8, 2/10, 2/7) , (2/9, 2/6, 2/22, 2/8, 2/10, 2/7) , 
(2/9, 2/6, 2/5, 2/8, 2/10, 2/7) , (2/9, 2/6, 2/5, 2/22, 2/10, 2/7) , (2/9, 2/6, 2/5, 2/22, 2/8, 2/7) , 

(2/9,2/6,2/5,2/22,2/8,2/10)], 



{ 2/5 2/6 2/7 2/8 2/9 2/10 2/9 2/10 2/22 2/5 2/6 2/22 2/7 2/8 } 




[] 
[] 
[] 
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so Iq has the primary decomposition 

(2/5, 2/22, y&) n (y 5 , 2/8, 2/10) n (y 6 , 2/10, 2/7) n (y 9 , 2/22, 2/7) n (y 6 , 2/22, ys) n 

^0 = n (y 9 , y 6 , y 8 ) H (y 9 , 2/5, 2/s) n (2/9, 2/6, 2/7) H (2/6, 2/8, 2/io) n (2/9, 2/5, 2/7) n 

n (2/5, 2/10, 2/7) n (2/22, 2/10, 2/7) n (2/22, 2/8, 2/7) 

The Bergman subcomplex (I) C Poset (V) induces a subcomplex of Poset 
V = corresponding to Iq. Indexing of the vertices of V by 

1 — (A. JL _27 64 J7_ _JM 
1 ll3' 13' 13' 13' 13' 13/ 
9 — f 57 _34 J_ J_ _10 
V 13 ' 13' 13' 13' 13' 13 
o _ ?_34 57 J_ J_ _7_ _10 

V 13' 13' 13' 13' 13' 13 

4= (-1,-1,-1,-1,0,3) 

r _ (_27 _27 _34 _34 _35 _24N 
° V 13' 13' 13' 13' 13' 13/ 
(\ — (A. A M _27 7_ _3_\ 
\ 13' 13' 13' 13' 13' 13/ 
7 - |I I I I 1 11 
' V 13' 13' 13' 13' 13' 13/ 

this complex is given by 



[[1], [2], [3], [4], [5], [6], [7]], 

[[5, 6], [3, 6], [2, 4], [3, 5], [4, 6], [4, 7], [2, 6], [1,4], [2, 5], [2, 7], [1,2], 
[1, 7], [1, 3], [6, 7], [3, 7], [3, 4], [4, 5], [1, 6], [1, 5], [2, 3]], 

[[2, 4, 7], [3, 6, 7], [1,4, 7], [1,3, 6], [2, 4, 6], [1,2, 5], [1,3, 7], [2, 5, 6], 
[2, 4, 5], [1, 3, 4], [1, 2, 6], [1,4, 5], [4, 6, 7], [3, 4, 7], [2, 6, 7], [4, 5, 6], 
[2, 3, 6], [1, 3, 5], [3, 4, 6], [2, 3, 5], [3, 5, 6], [1, 2, 3], [1, 2, 7], [3, 4, 5], 
[1,2,4], [1,6,7]], 

[[2, 3, 5, 6], [1, 3, 4, 7], [1, 2, 4, 5], [3, 4, 6, 7], [2, 4, 5, 6], [1, 3, 6, 7], 
[1, 2, 3, 6], [1, 2, 3, 5], [2, 4, 6, 7], [3, 4, 5, 6], [1, 2, 4, 7], [1, 3, 4, 5], 
[1,2,6,7]], 
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The ideal P° dS° ®C[t}/ (t 2 ) has a Pfaffian resolution 

~~ * ^V°xSpccC[t]/(t 2 ) ~^ £ l ~^ {Z 1 ) ~^ ^V°xSpccC[t]/(t 2 } 

where Tfi : 7° x SpecC [t] / (t 2 ) -> f° and £ x = vf*^ 

with 

Oyo f-D(_i -1,0,0,0-1) + ^(0,0,-1,-1,3,-1)) © 
Cyo (-0(2,1,-1,-1,0,0) + -0(1,2,-1,-1,0,0) + -0(0,0,-1,-1,3,-1), 
-1,-1,1,2,-1,0) + -0(0,0,0,0,-1,2) + D ( 

-1,-1,2,1,-1,0); 

O yo f-D(_i -1,1,2 -1,0) + D(_i -1,0,0,0,-1) + O(-l,-l,2,l,-l,0)) © 
Oyo (-0(2,1 ,_i,_i,o,0) + -0(1,2,-1,-1,0,0) + 0(0,0,0,0,-1,2)) 

and fT 1 = ^yo xSpecC[t]/(t 2 )/SpecC[t]/(t2) and y? 1 G A^ 1 given by 

^6l/7 2 ^9^10 -1/5 1/6 ^7l/8 2 

-ts 6 y 7 2 £ (s 3 y 5 + s 2 Vs) Vs V12 

-1/9 1/10 -* (S3 1/5 + S 2 V&) tSi t/22 -1/7 

1/5 1/6 -1/8 ~ts 1 y 22 i(-«5 1/9 - «4 l/io) 

_-ts 7 y$ 2 -y 22 y 7 -t(s 5 y 9 - s 4 y 10 ) 

Hence via the Pfafhans of tp l we obtain a resolution 

~~ *■ ^V°xS P ecC[t] (^0 £ (K) ~^ £* ~^ ^Y°xSpecC[t] 

where m : F x Spec C [i] -> Y , £ = 

and K = ^y°xSpecC[t]/SpecC[t] 

of the ideal 1°CS°®C [t] generated by 

y 7 y 8 + t (si y\ 2 ) + t 2 (s 3 y h s 5 y 9 - s 3 y 5 s 4 j/ 10 - s 2 y 6 s 5 J/9 - s 2 l/e s 4 2/10) , 
1/5 2/6 2/7 + * (s 5 2/I2/10 + s 4 1/9 l/ 2 ) + t 2 (s 7 si y|y 2 2) , 

1/5 1/6 1/22 + * (S 7 y|) + t 2 (-S 6 y? S 5 1/9 - S6 2/7 S 4 j/io) , 

1/9 l/io I/22 + i (s 6 1/?) + t 2 (-S7 i/f s 3 1/5 - s 7 2/fs 2 l/e) , 
-1/8 1/9 l/io + * (-S3 yh& - s 2 1/5 1/1) + t 2 (s 6 si y 22 ) 
which defines a flat family 

k° C y° x SpecC[t] 
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11 Remarks on a tropical computation of the 
stringy ^-function 

Suppose we are given the setup of the tropical mirror construction via a 
degeneration X given by the ideal /. In the following we make some remarks 
on the computation of Hodge numbers and the stringy _E-function of the 
general fiber from the tropical data, i.e., from the polytopes A and V and 
the complexes B (I) C Poset (V) and lim (B (I)) C Poset (A). 

We recall in Sections 11.4.3 and 11.4.4 the formulas by Batyrev and 
Borisov for the stringy i?-function of a general Calabi-Yau hypersurface inside 
a Gorenstein toric Fano variety and for complete intersections given by nef 
partitions. These formulas give evidence that it should be possible to com- 
pute the stringy i?-function from the tropical data via a formula analogous 
to those for hypersurfaces. Note also that stringy ^-functions and tropical 
geometry share the concept of formal arcs. Furthermore the special fiber X 
of X is a union of toric varieties and, as noted in Proposition 11.35 below, 
the stringy .E-function respects stratifications. 

As this gives the general direction, we begin by recalling in Section 11.1 
the relation of h 4 ' 1 ' 1 (X), h° (X, N x/P n) and Aut (P n ) for Calabi-Yau mani- 
folds of dimension d in projective space P n . 

11.1 Hodge numbers of Calabi-Yau manifolds in P n 
and the relation between h d ~ l,l (X), h° (X, N x /w> n ) 
and Aut 

Let X C P" be a Calabi-Yau d-fold for d > 3. 

• Note that for a Calabi-Yau d-fold 

t x = a 1 ^ = A d n^ <g> a^ 1 ^ = (A^y ® A n_1 ^ = n^ 1 

• Tensoring the Euler sequence with O x gives 

-> O x -> O x (l) n+1 -> T P n 
hence the long exact sequence 

0^ H°(X,O x ) - H°(X,O x (l) n+1 ) -> H°(X,T F n\ x ) 

- H 1 (X,O x ) = - /J 1 (X,O x (lf +1 ) - H\X,T^\ X ) 

- H 2 (X,O x ) = 
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so 

H (X,T Fn W- H °(X,O x ) 

and 

H 1 (X, T pn \ x ) = H 1 (X, O x (1)" +1 ) = iJ 1 (X, O x (1))" +1 
By Kodaira vanishing, as O x (1) is positive and Q x = O x we get 
H l (X, C x (1)) = H l (X, C x (1) <g> = for i > 

hence 

(X, Tpn | X ) = 

The normal bundle sequence 

> T X > Tpn \ X > N X jpn > 

gives the long exact sequence 

= H° (X, T x ) -> H° (X, T P „ | x ) -> H° (X, X x/P „) 
- H X (X,T X ) - ^ 1 (X,T I »U) = 

hence 

tf 1 (X, fi^ 1 ) = iJ 1 (X, T X ) = g!gjj^] 
V X ^ H°(X,T P u \ x ) 

The long exact sequence for 

-> J x -> Cp" -> -> 

reads 

0= iJ°(P™,J x ) -> i/ (P n ,C P n) =C -> #°(PV*e> x ) =C 

-> tf 1 (P n ,Xx) -> # x (P n , C P n) = — > -ff 1 (P n , 6*£>x) = 

-> # 2 (P n ,J x ) -> // 2 (P n ,Cpn) = -> 



so 



/J 1 (P n ,J x ) = 



r2 /Ton 



# 2 (P n ,Xx) = 
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The long exact sequence for 

-> 1 X (1) -> Opn (1) -> t# X (1) -> 

gives 

= #°(P n ,Tx(l)) -> H (F n ,O Fn (l)) -> # o (PV*0x(l)) 

-> // 1 (P",J X (1)) -> Z/ 1 (P», Opn (1)) = 

hence i/ 1 (P n ,Xx (1)) = is equivalent to 

H° (P", Op. (1)) -> #° (P", (1)) 
being surjective, i.e., to X being embedded by a complete linear system. 
Tensoring the Euler sequence with Xx gives the exact sequence 

-> J X -> X X (l)^ 1 -> Tpn <g> J x -> 

hence the long exact sequence 

H° (P n ,X x ) = -> #° (P n , Jx (l) n+1 ) -> #° (P n , T P n ® J x ) -> 
-> iJ 1 (P n ,J x )=0 -> iJ 1 (P n ,J x (l) n+1 ) -> ^(F'.Tpn® J x ) -> 
-> # 2 (P n ,Jx) = -> ... 

If X does not lie in a hyperplane, H° (P n , Jx (1)) = 0, so 

H° (P n ,T P n <g> X x ) = 

If iJ 1 (P n ,J x (l)) =0, then 

H 1 (P",T P n <g> J x ) = 

Tensoring 

-> J x -> Cpn -> Ox -> 
with Tpn gives the exact sequence 

> Xx ® Tpn > Tpn > Tpn ► 

and the long exact sequence 

-> if^FSJjr <g>Tpn) -> 
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so 

h° r ,T F , U) = (p», r P „) = "° (*■ °- - ff0 °- vr' 



H {F n ,O P n) H {F n ,O P n) 

hence h° (P n , T P n | x ) = (n + 1) 2 -1. Note that any element in #° (P n , T F n] 
can be considered as a generator of an element in Aut (P n ), so h° (P ra , Tpn) : 
dimAut (P n ). 

Summarizing these observations: 

Proposition 11.1 For any Calabi-Yau d-fold X C P n with d > 3 and no£ 
m a hyperplane and with H 1 (X,I X (1)) = 

h 1 (x, nir 1 ) = 1 (X, T X ) = H ° ( X > N ^\ 

K X ' H°(X,T pn \ x ) 

and 

H°(X,T pn \ x )^H°(F n ,T Fn ) 

in particular 

h d-l,l ^ = h ^ Nx/Fn j _ dim ( Aut (pn)) 

Remark 11.2 Note that H 1 (X,I X (1)) = if X is projectively Cohen- 
Macaulay. But H 1 (X,I X (1)) = is also true for the Pfaffian examples 
of degree 15, 16 and 17 given in [Tonoli, 2000] (see Section 10.1), which are 
not projectively Cohen- Macaulay. H l (X,T X (1)) = is equivalent to X being 
embedded by a complete linear system. 

Although for K3 surfaces and elliptic curves we know that h 1 ' 1 (X) = 20, 
respectively h 1 ' (X) — 1, it is interesting to see how the calculation behaves: 

Remark 11.3 Recall that there are no algebraic families of dimension more 
than 19, whereas all K3 form a 20 = h 1 ' 1 (X) -dimensional differentiate 
family. 

For K3 surfaces T x = tt x hence H° (X,T X ) = H°(X,Q X ) = 0, but 
H 2 (X, O x ) = 1, so from the Euler sequence tensored by O x 

H 1 (X,O x ) = - H l {X,O x (l) n+1 ) - H l (X,T^\ x ) - 
- H 2 (X,O x ) - H 2 (X,O x (l) n+1 ) =0 

464 



where H 2 (X, Ox (1)) = by Kodaira vanishing, so 

H 1 (X,T ¥n \ X )=H 2 (X,O x )9iC 

From the normal bundle sequence 

= H°(X,T x ) -> H°(X,T pn \ x ) -> H°(X,N X /p») -> 
— > H 1 (X,T X ) — > H 1 (X, Tpn \ x ) — > H 1 ^X,N X /F n ) —> 

- # 2 (X,T x )=0 

and toe /ac* too* /i 1 (X,T X ) = /i 1 ' 1 (X) = 20, 6ni toe zmaoe in i/ 1 (X,T X ) 
a£ mosi 19 dimensional, we have H 1 (X,N x /-p™) = 0, nence 

h 1 ' 1 (X) = h 1 (X, T x ) = h° (X, Nx/wn) - h° (X, T pn \ x ) + 1 

Furthermore 

H l (P n , T x ) = 
H 2 (P n ,T x ) = 

so if Hi (F n ,Tx (1)) = for j = 0, 1, i.e., X does not lie in a hyperplane and 
is embedded by a complete linear system, then also 

H j (X,T ¥ n®T x ) = 

for j = 0,1, hence 

H° (P",T P „ \ x ) = H°(F n ,T pn ) 

and we get 

h 1 ' 1 (X) = h° (X, N x/ ^) - ((n + l) 2 - 1) + 1 

Remark 11.4 For elliptic curves T x = O x , hence H°{X,T X ) = C. So 
from the Euler sequence tensored by Ox 

... -> C -> ff 1 (X,O x (l) n+1 )=0 -> ^(X.Tpnlx) ^0 
hence 

H (X, Tpn \x) = 
From toe normal bundle sequence 

0^ C^#°(X,T X ) -> /J°(X,T P n| x ) -> /J°(X,iV x/P n) -> 

- H l (X,T x ) - 
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hence 

h ' 1 (X) = h 1 (X, O x ) = h 1 (X, T x ) = h° (X, N x/Wn ) - h° (X, T P n \ x ) + 1 
From 

0= H°(¥ J \1 X ) -> H°(P n ,O pn ) = C -> H°(¥ n ,^O x )=C -> 
-> /^(P^x) -> ^ 1 (P n ,Cpn)=0 -> (P n , = C 

we get 



iJ 1 (P n ,Tx) = 

H 2 (P n ,Tx) = tf 1 (P n , = tf 1 (X, Ox) = C 



5?/ 



z/ 1 (P", o ¥ n (i)) = o -> z/ 1 (P n , i*e>x (i)) = o 

-> # 2 (P",Tx(l)) -> i/ 2 (P n ,0 P n(l)) = -> # 2 (P", t t O x (1)) 
one has 

H 2 (P",J X (1))=0 

so if X is not contained in a hyperplane and H 1 (P n ,Tx (1)) = (z.e X 
embedded by a complete linear system), then from 

H° (P n , Jx) = -> #° (P n ,X x (l) n+1 ) = -> #° (P n , T P n <g> T x ) 

-> ff 1 (P n ,J X )=0 -> /J 1 (P", J X (1)" +1 ) = -> iJ 1 (P™, Tpn ® Jx) 

-> # 2 (P n , J x ) = C -> H 2 (P n , Jx (l) n+ ) = 
we get 

# (P™,Tpn ® J X ) = 

iJ 1 (P ra , Tpn <g> Jx) = H 2 (P n , Jx) = tf 1 (X, Ox) = C 

/ience 6?/ 

0^ H°{F n ,l x ®T P n) -> #°(P",T P n) -> /J°(P",T P n Ix) 

-> iJ 1 (P", JX ® JP«) = C -> iJ 1 (P", Tpn) = 

it follows 

/l (P n ,Tpn |x) =/l (P n ,Tpn) + l 



SO 



ft 1 ' (X) = /i° (X, Xx/pn) - ((n + l) 2 - 1) 
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11.2 Batyrev's Hodge formula 

Let A C Mr be a reflexive polytope and X a general anticanonical hyper- 
surface in Y = P (A). To given an idea on the proof of the Equations 2.1 

h d-i,i (x) = | A n M| - n - 1 - l int ^ (Q) I 

Q facet of A 

+ |mtM(Q)HinMQ*)| 

Q face of A 
codim Q=2 

h 1 ' 1 (X) = | A* n M| - n - 1 - l int ^v (<?*) I 

Q* facet of A* 

+ £ \mt N (Q*)\ • |int M (Q)| 

Q* face of A* 
codim Q*=2 

via MPCP desingularizations, suppose £ is a maximal projective subdivision 
of the normal fan NF (A) C N K of the reflexive polytope A C M R , let 

/:X(£) -P(A) 

be the corresponding birational morphism inducing a crepant morphism X — > 
X, and write _D W with weE(l) for the prime T-Weil divisors on X (S). 

11.2.1 Toric divisor classes 

Restriction of divisors from X (S) to X gives 

0^ M -> WDiv T (X(£)) -> A n _i(X(S)) ^0 

ii I I 

0- M ^ WDiv T (X) - ^(X)^ C4,(I) 

(11.1) 

The image of the toric Weil divisors WDiv T (X) in A d ^i (X) is not surjective 
in general, so denote the image by Ad-i {X) toric and its complexification, i.e., 
the subspace of H 1 ' 1 (X) of toric divisor classes of X, by 

C (X)=A d _ 1 (X) tonc ®C 

A divisor has trivial restriction if and only if its support is disjoint from 
the general hypersurface X. If w e £ (1) is a lattice point in the relative 
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interior of a facet of A* C iV K , i.e., if 

we |J int (Q*) 

codim(Q*)=l 

then / (D w ) is a point, so D w is disjoint from any general element X of 
—K x /j,\ . If to 6 E (1) is not in the relative interior of a facet, then 
dim (/ (At,)) > so / (D w ) meets X. Hence with 

E* = A*nN- |J \nt N {Q*) 

codim Q*<1 

we have 

WDiv T (X) Z 5 '* 
and as cokernel of M — > WDivy (X) 

^-i (^) to „ c = zH5 /M 



so 



^ c (X) =Z S »/M 

with dimension 



fcS fc (X) = |ATlJV|-l- Yl \™t(Ql\- 



n 



codim Q*=l 



11.2.2 Polynomial deformations and complex moduli space 

Define the subspace of polynomial first order deformations 

Koil' 1 (*) C H d ~ 1,1 (X) = H l (X,T X ) 



as the subspace determined by — . Any element is given by a linear 

combination of the lattice monomials A D M. Multiplication of the equation 
by a constant does not affect the zero set and the automorphism group of 
X (E) has dimension 

dim(Aut (X (£))) =n+ l int M(Q)| 

codim Q=l 
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hence 

/ i ^ 1 (X) = |AnM|-l-n- J2 \^m(Q)\ 

codim Q=l 

The tangent space to the space of polynomial deformations is 
Koly 1 (*) = {^°/N)®C 

with 

S = A n M - (J int M (Q) 

codim Q<1 

and Z =0 /N given as the cokernel of the lower row in 

0^ N -> WDwr (X (£*)) -> A„_!(X(S*)) ^0 

'i I I 

0^ iv - (x°) = z s « - (x°) (or . C4i(^°) 

For a description of the non-toric divisor classes and non-polynomial de- 
formations see, e.g., [Cox, Katz, 1999, Sec. 4.1]. 



11.3 First approximation of a tropical Hodge formula 

Let Y = P (A) = P^ for the degree n + 1 reflexive Veronese simplex A and 
denote by S the homogeneous coordinate ring of Y. Consider the setup of 
Section 9: So let X C Y x Spec C [t] be a degeneration of projective Calabi- 
Yau varieties defined by the ideal I C C [t] <E> S with monomial special fiber 
given by Iq C S, general fiber X and satisfying the conditions given in 
Section 9.5. So X has only unobstructed polynomial deformations and as Y 
is assumed to be projective space Iq is a Stanley-Reisner ideal. 

Proposition 11.5 A T -invariant basis of H° (X, Nxq/f") is given by 

A(supp (dual (B (/))) HI) 

and 

M Z s « Hom(/ ,S//o)o 

u u u 

supp (dual (5(1))) HM ^ A (supp (dual (B (/)))□ M) C H° (X , N Xo/W n) 

in particular h° (X , N Xo /^^) = |supp (dual (B (I))) DM] is the number of 
lattice points of dual (B (/)). 
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Corollary 11.6 If X is a Calabi-Yau manifold, then 



^i.dimX-1 ( X j = | supp ( dual ^ B ^ n M — Roots (P (A)) I - dim (T Y ) + 1 

Example 11.7 For the elliptic curve given as a complete intersection of two 
quadrics in P 3 7 as considered in Example 8.6, the dual complex dual (B (I)) 
together with the monomials corresponding to vertices of V* is shown in 
Figure 11.1. The 4 lattice points of dual (B (I)), marked with dots, form a 
basis of T\ Q , the remaining 12 lattice points are roots, i.e., homomorphism 
of the form x^ e Horn (J , S/I ) for i ^ j, of P (A) = P™. So with the 
torus TofF (A) we have 

dim (T^J + (Roots (P( A)) | = 
h 1 ' (X) + dim (T) + (Roots (P (A)) | = 

h 1 ' (X) + dim (Aut (P (A))) = h° (X , N Xo/pn ) 

The h 1,0 (X) = 1 dimensional tangent space to the moduli space of X is a 
quotient of the 4- dimensional T\ Q by the 3- dimensional torus T ofY. 

Remark 11.8 On the other hand lattice points of dual (B (I)) correspond 
to rays of the MPCP-desingularization of the toric variety Y° containing 
the Batyrev-Borisov mirror X° of X , hence rays correspond to toric divisor 
classes of X° , so we also have an interpretation of the formula 

=n 

htJric ( x °) = Isupp (dual (B (/))) DM — Roots (P (A))| - dim (T Y ) 

Note that above formula agrees with the toric Batyrev formula for hyper- 
surfaces 

^dimpo-i (x) = | a n M| - n - i - l int ^ (r) I 

r facet of A 

as for any reflexive polytope A 

|<9AnM| = |A n M| — 1 
for any simplicial polytope 

dim (Aut (P (A))) =n+ |int M (r)| 

r facet of A 
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Figure 11.1: The dual complex and the monomials corresponding to the ver- 
tices of V* associated to the degeneration of the general complete intersection 
elliptic curve in P 3 

and the faces of the dual A* of a Veronese polytope do not contain any 
interior lattice points, hence 

\mt M (Q)\-\mt N (Q*)\=0 

Q face of A 
codim Q=2 

Remark 11.9 The lattice points of dual (B (I)) corresponding to roots of 
P (A) are the lattice points of supp (dual (B (/))) C V* C A in the relative 
interior of the facets of A. The complex dual (B (/)) C dual (Poset (V)) and 
A are shown in Figure 11.2. 

11 A String cohomology 

11.4.1 Stringy E'-function for toric varieties 

Let X be a normal Q-Gorenstein toric variety of dimension n, given by the 
rational polyhedral fan £ C N R and let (Pk y '■ -^R "~ * ^>o De the continuous 
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Figure 11.2: The complexes dual (£>(/)) C dual (Poset (V)) and A for the 
degeneration of the complete intersection of two general quadrics in P 3 



piecewise linear function with ipx Y (j) = 1 f° r the minimal lattice generators 
f of all rays r G £ (1). 

Theorem 11.10 [Batyrev, 1998] The stringy E-function of the normal Q- 
Gorenstein toric variety X of dimension n is given by 

E st (X, u, v) = {uv - l) n J2 J2 ( uv Y* KY(n) 

<tGS nGiVnint(o-) 

Recall that int (a) denotes the relative interior of a. For the 0-cone we 
define int (0) = {0}. 

11.4.2 The combinatorics of posets 

Recall that a poset P is a finite partially ordered set, i.e., a finite set P with 
a reflexive, antisymmetric (x < y and y < x implies x = y) and transitive 
relation <. 

Lemma 11.11 [Batyrev, Borisov, 1996-1, Sec. 2] There is a unique func- 
tion 

Hp : P x P -y Z 
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called Mobius function, such that for every function f : P — > A to some 
abelian group A and 

x<y 

it holds 

f(y) =X^ P ( x iV)9 ( x ) 

x<y 

Definition 11.12 Suppose that P has a unique minimal element min (P) 
and maximal element max (P) and that any maximal chain in P has the 
same length d. If x < y, then define 

[x,y] = {z G P | x < z < y} 

The rank function p : P — > {0, d} associates to any x e P the length 
of any maximal chain in [min (P) , x] . 

Definition 11.13 A poset P with above properties is called Eulerian if its 

Mobius function satisfies 

V P (x,y) = (-lf y) - p ^ 

for all x < y. 

Lemma 11.14 If P is an Eulerian poset and [x,y] C P, then also [x,y] is 
in an Eulerian poset with rank function 

[x,y] -> {0, ...,p(y) -p(x)} 
z ^ p(z) - p (x) 

Lemma 11.15 Reversing the partial order, every Eulerian poset P has a 
dual poset P* , which is again Eulerian with rank function 

p* (x)=p(P)-p(x) 

Example 11.16 For any n-dimensional strongly convex rational polyhedral 
cone C C Nim, the set of faces ofC, together with inclusion, forms an Eulerian 
poset Poset (C) with rank function 

p: Poset (C) -> {0,...,dim(C)} 
F ^ dim (P) 
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and with minimal respectively maximal element 

min (P) = {0} 

max (P) = C 

The dual poset of P is the poset of the faces of the dual cone C C Mr. 
Define the truncation operator by 

r <s :Z[t]^Z [t] 

(d \ d 

aifi ) = aifi 
i=0 / i=0 

i<s 

Definition 11.17 If P is an Eulerian poset of rank d, then define the poly- 
nomials G (P, t) , H (P,t) G Z [t] recursively by 

G(P,t) = l 
H(P,t) = l 

for d = and 

H(p,t)= J2 (t-iy^G^p}^) 

xGP 
x>min(P) 

G(P,t) = T < *((l-t)H(P,t)) 

for d > 0. 

Example 11.18 Suppose P is the poset of the faces of a cone over the degree 
5 Veronese simplex o/P 4 , then 

H(P,t) = l+t + t 2 + t 3 + t A 
G(P,t) = l 

indeed for any boolean algebra P ofrankn, we have H (P,t) = l + t + ... + t n ~ 1 
andG{P,t) = I. 
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11.4.3 String-theoretic Hodge formula for hyper surfaces 



Definition 11.19 Suppose N = Z n and M = Hom(iV,Z). A cone C of 
dimension d>\ in Mr is called Gorenstein cone if there is a w E N with 
(m, w) > for all ^ m G C and 

{m G C | (to, w) — 1} 

is a rational convex polyhedron, called the supporting polyhedron of C . 

Remark 11.20 Consider the setup of Section 8, so let Y be a toric Fano 
variety, X a degeneration of Calabi-Yau varieties, given by the ideal I C 
C [t] <g) S and with monomial special fiber I C S. Applying the tropical 
mirror construction, we obtain the strongly convex polyhedral cone 

C Io (/) C N-ja © R 
U 

N®Z 

which is the closure of the set of weight vectors selecting Iq as initial ideal of 
I. Then the dual cone Cj (J) v ofCj Q (I) is a Gorenstein cone. 

IfX is a degeneration of complete intersections in a Gorenstein toric Fano 
Y = P(A), then also Cj Q (I) is a Gorenstein cone with reflexive supporting 
polytope V = Cj (/) fl {w t = 1} and 

y°=P(V) = ProjC[C7 (/)] 

with the natural grading on C [Cj Q (/)]. 

Example 11.21 The cone 

C = {(A, Am) G (Z © M) R | A G M> , m G A} 

where A is the degree 5 Veronese polytope is a Gorenstein cone over the 
reflexive polyhedron A. 

Definition 11.22 Let C be a Gorenstein cone in and A its supporting 
polyhedron. The Erhard power series of A is 

oo 

p A (t) = j2\ kAnM \ - tk 

k=0 
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Lemma 11.23 [Batyrev, 1994] Let C be a Gorenstein cone of dimension d 
in M R and A its supporting polyhedron. Then there are ip , ...,ipd £ %>o suc -h 
that 

AU (l-t) d 

Define 

S (C,t) = + V>i • t + ... + ip d -i ■ t d - 1 
Remark 11.24 Note that 

oo 

s (c, t) = v> + i>i -t + ... + iPa-! ■ t d ~ l = (\-t) d -Y^ I*a n M| • t k 

k=0 

depends only on the values \kA fl M\ for k = 0,...,d — 1, because of the 
recursion relation (1 — t) d . 

Example 11.25 For the Gorenstein cone C over the degreed Veronese poly- 
hedron A as defined in Example 11.21 we have 

k 12 3 4 

\kA n M\ 1 126 1001 3876 10626 

hence 

S(C,t) = l + 121t + 381t 2 + 121t 3 + t 4 
Definition 11.26 If C is a Gorenstein cone, define 

S(C,t)= S *) (-l) dim{c) - dim(Cl) G ([Ci, C] , t) 

Ci /ace o/ C 

Example 11.27 7/C the Gorenstein cone over the Veronese polyhedron 
of degree 4 off 3 , we have for the faces C\ C C 

dim (Ci) ™™l™ °ff«x* °f° S (C u t) G([C l7 C] , t) 

of this dimension win/ 

1 1 1 

14 1 1 

2 6 l + 3t 1 

3 4 l + 12t + 3t 2 1 

4 1 l + 31t + 31t 2 + t 3 1 

/jence 

5(C,i) =t + 19t 2 + t 3 
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Example 11.28 // C is the Gorenstein cone over the degree 5 Veronese 
polyhedron from Example 11.21, the S(Ci,t) for all faces C\ C C is as 
follows 

dim (Ci) n^ fff"** °f C S (d, t) G ([d, C] , t) 

of cms dimension 



1 1 1 

15 1 1 

2 10 1 + 4* 1 

3 10 l + 18t + 6t 2 1 

4 5 1 + 52* + 68* 2 + 4* 3 1 

5 1 1 + 121* + 381* 2 + 121* 3 + * 4 1 



hence 

S(C,t)=t+ Wit 2 + 101* 3 + * 4 

Theorem 11.29 [Batyrev, Borisov, 1996-1] Let C be a Gorenstein cone sup- 
ported on a reflexive polyhedron A. If X is an ample nondegenerate Calabi- 
Yau hypersurface of dimension d m P (A) = Proj C [C], then 

E st (X, u, v) = (uv)' 1 (-uf m{C) S (C, u^v) + (uv)' 1 S (C v , uv) 
+ (uv)- 1 (-uf^SiCuu-^SiC^uv) 

OCCiCC 

where the sum goes over the faces C\ of C . 

We may write this formula as 

E st (X, u, v) = (uv)' 1 (-«) dim(Cl) S (Ci, u^v) S (C?, uv) 

dec 

Corollary 11.30 Consider the setup of Theorem 11.29. If X° is an ample 
nondegenerate Calabi-Yau hypersurface of dimension d inP (A*) = Proj C [K*], 
then the stringy E -functions of X and X° satisfy the mirror duality relation 

E st (X;u,v) = (-u) d E s t (X°;u~\v) 
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Example 11.31 For the quadric K3 surface in P 3 given by a general section 
in the degree 4 Veronese polytope, we obtain 

dim (CO number of faces of C § § 
ot this dimension 



1 1 t + t 2 + t 3 

14 

2 6 3f 

3 4 3t + 3t 2 

4 1 t + 19t 2 + 1 3 1 



hence 

E st (X, u, v) — 1 + uv + (uv) 2 
+ u 2 + 19uv + v 2 
= 1 + (u 2 + 20uv + v 2 ) + (uv) 2 

Example 11.32 For the quintic Calabi-Yau threefold in P 4 given by a gen- 
eral section in the degree 5 Veronese polytope 

dim (Ci) ™™^ °ff«** °f° § (C u t) S (C*, t) 

ot this dimension 



1 1 t + t 2 + t 3 + t 4 

15 

2 10 At 

3 10 Qt + Qt 2 

4 5 4t + 44t 2 + 4t 3 

5 1 t + 101t 2 + 101t 3 + t 4 1 



hence 

(X, u,v) — 1 + uv + (uv) 2 + (uv) 3 

- (u 3 + 101u 2 v + lOluv 2 + v 3 ) 

= 1 + uv - (u 3 + 101u 2 v + lOluv 2 + v 3 ) + (uv) 2 + (uv) 3 

11.4.4 String-theoretic Hodge formula for complete intersections 

Let A C Mjj be a reflexive polytope and Y = P (A) the corresponding 
Gorenstein toric Fano variety, denote by E C the normal fan of A, and let 
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S (1) = IiU...Ul c be a nef partition, i.e., Ej = ^2 veI . D v are Cartier divisors, 
spanned by global sections and ^2°j =1 Ej = —Ky. Denote by Aj = A^. the 
polytope of sections of Ej and by X a Calabi-Yau complete intersection given 
by general sections Sj e H° (Y, Oy (Ej)) for j = 1, c. 
Define 

Z = ¥(Oy (E 1 )®...®Oy (E c )) 

with canonical projection 

7T : Z -> Y 

Then ix.Oz (1) = Oy (D ± ) © ... © O y (D c ) and 

#° (Z, O z (1)) #° (y, O y (Ex)) © ... © H° (Y, Oy (E c )) 

so (si, s c ) corresponds to a section s <E H° (Z, Oz (1))- Let X be the zero 
set of s. 

As X is transversal to the toric strata of Y 

E st (X, u, v) = E st (y, u, v) - E st (Y\X, u, v) 

Proposition 11.33 [Batyrev, Borisov, 1996-1] ir \z\x : Z\X — > Y\X is in 
the Zariski topology a locally trivial C c_1 -bundle, hence 

E st (Y\X, u, v) = {uvf- c E st (Z\X, u, v) 

As Z is a -bundle over Y 

E st (Y, u, v) = {{uv) c - I)' 1 (uv - 1) E st (Z, u, v) 

Proposition 11.34 [Batyrev, Borisov, 1996-1] The sheaf Oz {I) is Cartier, 
spanned by global sections, the morphism 

a:Z-,W = Proj fc>Q H° (Z, O z (*)) 

is crepant, Oz (c) is the anticanonical sheaf on Z and W is a Gorenstein 
toric Fano variety. 

a (X) is an ample hyper surf ace in W . 
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Note that 

W = Proj C [C] 

with the cone 

C = | ^Ai, A c , X i m ^j e ( zr ® m )k I x i e M >o> m i e 4, J = 1, -c 

which is a Gorenstein cone with respect to w G iV uniquely defined by 

( m , w) = for all m G M R C (Z r © M ) R 
(ej, u>) = for all i = 1, ...,c 

and has reflexive supporting polyhedron. 
Observing that 

£ st (Z,u,i;) = £ st (W^) 
£ st (Z\X, «, u) = E st (W\a (X) , u, v) 

we have 

£ st (X, u, v) = E st (Y, «, u) - £ si (F\X, u, u) 

= ((uu) c - l)" 1 (uv - 1) £ st (Z, u, v) - (uv) 1 ' E st {Z\X, u, v) 

= ((uv) c - ly 1 (uv - 1) E st (W, u, v) - (uv) 1 - E st (W\a (X) , u, v) 

= ((uv) c - If 1 (uv - 1) E st (W, u, v) 



[uv 



,1-c 



'E st (W,u,v)-E st (a (X),u,v)) 



The stringy i?-function E s t (W, u, v) can be computed by the following Propo- 
sition 11.35, which shows equality of the stringy i?-function and the original 
string-theoretic E-function defined by Batyrev and Dais in [Batyrev, Dais, 1996]. 

Proposition 11.35 [Borisov, Mavlyutov, 2003] Let X = [J ieI Xi be a strat- 
ified algebraic variety of dimension n with the following properties ( satisfied 
by W): 

• X has at most Gorenstein toroidal singularities such that for each i G 
/ the singularities of X along the stratum Xi of codimension Ci are 
given by some q- dimensional finite rational polyhedral cone <7j. This is 
equivalent to X being locally isomorphic to C n ~ Ci x U (o~i) at all points 
x G Xi. 
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• There is a desingularization ix : X — > X such that its restriction to the 
preimage if X i is a locally trivial fibration in the Zariski topology. 

• For all points x G X { the preimage of an analytic neighborhood of x 
under tt is analytically isomorphic the product of a complex disc and 
a preimage of a neighborhood of {0} in U (<7j) under a resolution of 
singularities ofU (<7j) such that the isomorphism is compatible with the 
resolutions. 

Then 

E st {X, u,v) = ^2,E (X h u,v) ■ S (<7j, uv) 
iei 

Hence if we denote by P the Eulerian poset of the faces of the cone C 
with rank function 

p: P -> {0,...,dim(C)} 
F i-> dim (F) 

then 

E 8t (W,u,v)= J2 (uv-iy ixyi S(x\uv) 
xeP 

x>min(P) 

In order to compute E st [a (X) ,u,v) we can apply Section 11.4.3 to the 
Gorenstein cone C. 

Theorem 11.36 [Batyrev, Borisov, 1996-1] Let X C Y = P (A) and X° C 

Y° = P (V) be general complete intersections of dimension d defined by nef 
partitions, which are dual to each other with respect to the construction by 
Batyrev and Borisov as given in Section 2.2. Then the stringy E -functions 
of X and X° satisfy the mirror duality relation 

E st (X;u,v) = (-u) d E st (X°;u-\v) 

11.4.5 Remarks on a tropical computation of the stringy _E-function 

Consider the setup from Section 9. So denote by Y = X (E) the toric Fano 
variety given by the fan S over the Fano polytope A*, and denote by S the 
Cox ring of Y. Let IcFx Spec C [[t]] be the Calabi-Yau degeneration given 
by the ideal I C C [t] <S> S with monomial special fiber given by I C S. 
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Recall that 

v = c Io (i)n{w t = i} 

and V* is a Fano polytope. 

A first approximation of a tropical expression of the stringy i?-function 
of the general fiber X° of X° would be 

E 8t (X°,u,v)= Yl (uv-l)^ D{x) ~ 1 S{x w ,uv) 

xeBF lQ (I) 
dim(a;)>0 

where 

* v c C Io (J) v 

denotes the face dual to x of the Gorenstein cone Cj (J) v over the Fano 
polytope V*, i.e., x* is the cone over 

dual (x n {w t = 1}) C dual (B (I)) C Poset (V*) 

Of course this will not work due to the nature of the singularities of the 
reducible Xq. 

One may ask for a formula for E st (X, u, v) in terms of the data given 
by the Gorenstein cones C/ (J) v and Ci° (P) w and the subfans BF Io (J) v C 
Poset (C Io (J) v ) and BF IS (7°) v c Poset (C/o (J°) V ). This formula should 
be mirror symmetric with respect to the tropical mirror construction, i.e., 
should satisfy 

E st (X;u,v) = (-u) d E st (X°;u-\v) 

when exchanging BFj (J) and C/ (/) with BFi° (1°) and Ci° (7°) and should 
specialize to the formula for hypersurfaces from Section 11.4.3. 



12 Implementation of the tropical mirror con- 
struction 

In order to implement the tropical mirror construction, the following packages 
for the computer algebra systems Macaulay2 [Grayson, Stillman, 2006] and 
Maple [Maple, 2000] have been written by the author: 
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12.1 mora.m2 



The Macaulay2 library mora.m2 provides an implementation of the standard 
basis algorithm. 

Polynomials are represented as elements in the Macaulay2 type Polyno- 
mialRing and ideals are represented via the type Ideal. 

• Monomial orderings: 

Denoting by M the semigroup of monomials in a polynomial ring, they 
are implemented as functions / : M x M — > {true, false} comparing 
two monomials, where / (roi,m 2 ) = true if and only if mi > m 2 . 

The following monomial orderings as defined in Section 1.4.1 are pro- 
vided by mora.m2. They are selected by the global variable monord. 

— lexicographical Ip 

— reverse lexicographical rp 

— degree reverse lexicographical dp 

— negative lexicographical Is 

The following weight orderings depend on a weight vector specified by 
the global variable ww of Macaulay2 type List with rational entries, 
whose length is the number of variables of the polynomial ring. 

— weighted reverse lexicographical wp 

— weighted lexicographical Wp 

— local weighted reverse lexicographical ws 

— local weighted lexicographical Ws 

The matrix ordering Mat depends on a matrix mm of Macaulay2 type 
Matrix with rational entries. The number of columns of Mat is the 
number of variables of the polynomial ring. 

• L(/) 

Computes the lead monomial of the polynomial / with respect to the 
semigroup ordering specified by monord. 
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SPolynomial (/, g) 

Returns the s-polynomial 

qpi . Uf x \cm(L(f),L(g)) f LC (f) lcm (L (f) , L (g)) 
SPolynormal (f,g) = ^ / - ^ ^ g 

of the polynomials / and g in the given polynomial ring with semigroup 
ordering monord. 

NFG (f,G) 

Computes the Grobner normal form of the polynomial / with respect to 
the finite Macaulay2 type list G of polynomials and semigroup ordering 
monord via Algorithm 1.166. 

redNFG(/, G) 

Returns the Grobner reduced normal form of the polynomial / with 
respect to the list G and semigroup ordering monord, using Algorithm 
1.168. 

NF(/,G) 

Computes the Mora normal form of the polynomial / with respect to 
the list G and semigroup ordering monord by Algorithm 1.171. 

Std (G) 

Implements Algorithm 1.179 to compute a standard basis of the ideal 
(G) for a list G of elements in a polynomial ring and semigroup ordering 
monord. 

Minimize (G) 

Given a list G of polynomials computes an interreduced subset with 
respect to the semigroup ordering monord. 

MStd (G) 

Returns a minimal standard basis of the ideal (G) for a list G of ele- 
ments in a polynomial ring and semigroup ordering monord. 

ReduceGb (G) 

Given a minimal Grobner basis G of the ideal (G) with respect to 
monord, returns a reduced Grobner basis of (G) via Algorithm 1.191. 
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• ReduceStd (G) 

Applying Algorithm 1.193 takes a minimal standard basis G of the ideal 
(G) with respect to monord and computes a reduced standard basis of 
(G) by the Grobner normal form. If the reduction does not terminate, 
the procedure stops after a finite number of reductions of each element 
of G specified by the global variable iterlimit. 

The global variable verbose e {0, 1, 2} controls the output of intermediate 
results, e.g. of syzygies in Grobner computations. 

Example 12.1 Load the package and create a polynomial ring: 

load "mora.m2" ; 
R=QQ[x,y,z]; 

Lead monomials with respect to various orderings: 

f=x "4+y "7+z "5+x "4*y*z+x ~3*y "3; 

monord=lp ; 

L(f) 

x "4 *y *z 

monord=dp ; 
L(f) 

y"7 

monord=ls; 
L(f) 

z"5 

monord=ds ; 
L(f) 

x"4 

monord=Wp ; 
ww={2, 1, -1} ; 
L(f) 

x"3*y"3 

monord=Wp ; 
ww={ -3, -1 , -2} 
L(f) 

y"7 
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monord=Mat ; 

MM=matrix {{-3, -1, -2},{1, 0, 6},{0, 1, 6},{0, 0, 1}} ; 
L(f) 

y"7 

Computing standard bases, division with remainder: 

monord=lp ; 

G={x*y-l,y~2-l}; 

std(G); 

{x*y-l, y"2-l, x-y] 

GB=minima Istd (G) ; 

{y"2-l, x-y} 

f=x "2*y+x*y "2+y "2; 
NFB(f, G) 

x+y "2+y 

NFB(f, GB) 

2y+l 

redNFB(f, GB) 

y+1/2 

G={ x "2+y, x*y+x} ; 
GB=minima Istd (G) 

{x"2+y, x*y+x, y"2+y] 

f=x~2-y-2; 
redNFB(f,G) 

y"2+y 

redNFB(f, GB) 



Mora normal form and Grobner normal form for local orderings: 
monord=ls ; 
NF(x,{x-x"2}) 


iterlimit=50 ; 
NFB(x,{x-x~2}) 

x"51 
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monord=ls ; 

f=z "2+y*z+y ~2+x "2; 

G={x,z}; 

NF(f, G) 

y"2+x"2 

Minimal standard bases of the ideal (G) for the monomial orderings dp, 
Ip, ds and Is: 

G={ x "6+x ~5*y ~2,y~4 -x ~2*y "3} ; 

monord=dp ; 

minimalstd(G) 

{x"6+x"5*y"2, -x"2*y"3+y"4, x"6*y+x"3*y"4, -x"l+x*y"6, x"2*y" 5+x*y"l , 
y"8+x"7} 

monord=lp 
minimalstd(G) 

{x"6+x"5*y"2, -x"2*y"3+y"4, x*y"6+y"8, -y"9+y"6} 

monord=ds 
minimalstd(G) 

{x"6+x"5*y"2,y"4-x"2*y"3} 

monord=ls 
GB=minima Istd (G) 

{x"5*y"2+x"6, y"4-x"2*y"3, x"7*y"3-x"7} 

iterlimit=10"6; 
reducestd(GB) 

{x"5*y"2+x"6, y"4-x"2*y"3, x"7} 

Note that y 3 — 1 is a unit in /?> for the negative lexicographic ordering >= Is 
and x 7 y 3 — x 7 = x 7 (y 3 — 1). 

The ideal of a line and a plane in the global setting and in the local ring 

®[ X >V> Z ]{x,y,*) : 

G={x*y+y, x*z+z} ; 
monord=dp ; 
minimalstd(G) 

{x*y+y,x*z+z} 

NF(x, GB) 

x 
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NF(y,GB) 

y 

NF(z,GB) 

z 

monord=ls ; 
GB=minimalstd(G) ; 

{x*y + y, x*z + z} 

NF(x, GB) 

x 

NF(y,GB) 



NF(z, GB) 



reducestd(GB) 

{y, z } 

Note that \+x is a unit in R > for the negative lexicographic ordering >= Is. 
12.2 homology. m2 

The Macaulay2 library homology. m2 provides the following functions: 

Let C be a cell complex given as a list, where the c?-tli element is a list 
of the faces of dimension d, and each face is given as a list of vertices. 

• IsSimplicial (C) 

Checks if C is simplicial. 

• AssociatedChainComplex (C, R) 

Associates to the simplicial complex C the associated chain complex 
with coefficients in the Macaulay2 type ring R. The resulting chain 
complex is represented as a Macaulay2 type chain complex. The orien- 
tation of the cells of C is represented by the ordering of the vertices in 
the lists representing the faces of C and the boundary maps are given 
by 

d 

d(v i0 ,...,v id ) =J2(-iy {v io ,...,v7 P -,v id ) 

j=0 
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• BoundaryMap(C, R, d) 

Returns above boundary map d : Cd — > C^-i- 

• HomologyChainComplex (C, i?) 

Computes a list with the homology groups of C with coefficients in R. 

Example 12.2 Consider the following triangulation of the Klein bottle 






1 


2 





3 




/ 6 


/ 4 


4 


Z 8 




/ 3 





Z 1 


/ 2 





load "homology . m2" ; 

C={{{0},{1},{2},{3},{4},{5},{6},{7},{8},{9}}, 
{{0, 1} ,{1,2} ,{0,2} ,{0,8} ,{1,8} ,{1,9} ,{2,9} ,{0,9} ,{0,3} ,{4,8} , 
{8,9} ,{3,9} ,{3,4} ,{4,5} ,{5,8} ,{7,8} ,{7,9} ,{6,7} ,{5,7} ,{3,5} , 
{5,6} ,{6,9} ,{4,6} ,{4,9} ,{0,4} ,{0,5} ,{1,5} ,{2,5} ,{2,6} ,{0,6}} , 
{{0,1,8} ,{1,2,9} ,{2,0,9} ,{0,3,9} ,{1,9,8} ,{0,8,4} ,{3,4,5} ,{4,8,5} , 
{5,8,7} ,{7,8,9} ,{5,7,6} ,{6,7,9} ,{4,6,9} ,{3,4,9} ,{0,3,5} ,{0,5,1} , 
{1,5,2} ,{2,5,6} ,{0,2,6} ,{0,6,4}}} ; 

cC=Simp I icialChainComp I ex (C, ZZ) 

o <_ z 10 <- Z 30 <- Z 20 <- 
HomologyChainComplex (cC) 

(Z,Z©Z/2,0) 

cC=Simp licial ChainComp I ex (C, QQ) ; 
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HomologyChainComp I ex (cC) 

(Q,Q,o) 



cC=Simp I icialChainComp I ex (C, ZZ/2) ; 
HomologyChainComp I ex (cC) 

(Z/2,Z/20Z/2,Z/2) 

12.3 stanleyfiltration.m2 

The Macaulay2 library stanleyfiltration.m2 provides the following functions: 

• StanleyDecomposition (I) 

Implements Algorithm 6.66 to compute a Stanley decomposition 

si i = 0M- [D]) 

{D,a)eS 

S C {(£>, a) | D G WDiv T (F") , £> effective, a G £"} 

of a monomial ideal / in the polynomial ring S, where S" is the fan 
over the simplex on the variables of S and Y" = A^"^ = Spec S. 

The ring S is represented via the Macaulay2 type ring and I via the 
Macaulay2 type ideal. 

The output is a set of tuples (m, P) representing (D, a) G S, where m 
is a monomial in S defining the divisor D and P is a set of variables of 
S generating the cone a G 

• StanleyFiltration (7) 

Returns a list with a Stanley filtration of the monomial ideal I C S. 
The elements of the list are represented in the same way as for the 
output of StanleyDecomposition. 

• MonomialldealsFixedHilbertPolynomial (S, P, A, B) 

Returns the set of monomial ideals in the multigraded polynomial ring 
S = Q [yi, y r ] with multigraded Hilbert polynomial P G Q [t 1 , t a ], 
where A G Z dxr is the presentation matrix of the Chow group of a 
smooth toric variety Y and B is the irrelevant ideal of Y. 
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Example 12.3 Consider the ideal 

I = (ym, 2/02/3) c S = c [y , ...,2/3] 

load "Stanley filtration. m2" ; 
S=QQ[y_0. .y_3] ; 
I=ideal (y_l*y_2, y-0*y_3) ; 
St an I eyFi I tr at ion (I) 

{{1, {y_0,y-l}}, {yl, {y_0,y_2}}, {yO,{y_l ,y_3}} , {yO*yl, {y_2, y_3}}} 

This corresponds to the Stanley decomposition 

S/I = 1 • C [y 2 , 2/3] ®y\ ■ C [j/i, y 3 ] ®y ■ C [y , y 2 ] ®ym ■ C [y , yi] 

1 = (yo,yi) n (2/0,2/2) n (2/1,2/3) n (2/2,2/3) 

and to £/ie Stanley filtration given by the Stanley decompositions 

S/ (2/i,2/o) = 1-C[y 2 ,y 3 ] 
5/ (2/12/2, 2/o) = 1 • C [2/2, 2/3] ©2/1 • C [2/1, 2/3] 
(2/12/2, 2/02/3, 2/02/1) = 1 • C [2/2, 2/3] ©2/1 • C [2/1, 2/3] ©2/0 • C [2/0, 2/2] 

sy (2/12/2, 2/02/3) = 1 • c [2/2, 2/3] ©2/1 • c [2/1, 2/3] ©2/0 • c [2/0, 2/2] ©2/02/1 • c [2/0, 2/1] 

12.4 tropicalmirror 

In the Maple package tropicalmirror we provide an implementation of the 
tropical mirror construction given in the Sections 9 and 8. It also contains 
an implementation of the algorithms from Section 6 computing the Grobner 
and Bergman fan. 

In addition to standard Maple packages, tropicalmirror assumes the convex 
package for convex geometry to be present. For local Grobner computations 
tropicalmirror allows to call: 

• Macaulay2 with mora.m2. 
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• Macaulay2 with Lazard ordering. 

• Singular with built in monomial orderings. 

• Singular with Lazard ordering. 

The weight orderings can be represented in Macaulay2 and Singular as 
Wp, wp or by a matrix ordering, tropicalmirror assumes that the following 
variables of type string are present: 

• runM2 with the command running Macaulay2 in the shell. 

• runSingular with the command running Singular in the shell. 

• stdSystem with value M2 or Singular selecting the computer algebra 
system for Grobner calculations. 

• pathConvex with the path to the convex package. 

Let N = Z n , P C N R =N <g> R be a Fano polytope, £ the fan over the 
faces of P and Y — X (E) the corresponding toric Fano variety of dimension 
n as defined in Section 7.2. The polytope P is represented as type polytope 
and the fan E as type fan in the convex package. Choosing a numbering of 
rays of E, let A be a Maple type matrix presenting the Chow group of Y via 

o^z«4z r ^ A n _! (Y) -> 

as given in Section 1.3.4. Let v be a list of names for the variables corre- 
sponding to the rays of E in the rows of A. Denote the T-Weil divisors of Y 
corresponding to the j'-th row of A by Dj. 

The package tropicalmirror provides the following functions. They are 
organized in a way to avoid multiple computations of the same result. 

• FanOverFaces (P) 

Returns the fan over the faces of the polytope P containing as defined 
in Section 7.2. 

• RandomPolynomial(A, v , a, c) 

Let a be an element of Z r corresponding the Weil divisor D = X]r-es(i) a jDj 
representing the class [D] G A n _i (Y). The function RandomPolynomial 
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returns a Maple type polynomial / G S[£>] i n the variables given by 
the Maple type list v with coefficients in {1, ...,c— 1} such that all 
monomials in S[d] appear in the polynomial. The Cox polynomial / 
is obtained as explained in Section 1.3.8 and corresponds to a generic 
linear combination of the lattice points of 

A D = {m G Mr I (m,r) > -a r Vr G E (1)} 

with M = Horn (N, Z), which form a T-invariant basis of the space of 
global sections 

H° (Y, Oy (£>)) = Cx m 

meA D nM 

of the reflexive sheaf Oy (D) as explained in Section 1.3.4. 
ReduceGenerators (v , t, gl) 

Let gl = [/i,...,/ r ] be a list of Maple type polynomials representing 
Cox homogeneous elements in C [t] ®c S such that for each polynomial 
fj the degree part with respect to the t-degree is a monomial rrij in 
S. The function ReduceGenerators removes all terms of fj — rrij which 
are divisible by some Up to first order this amounts to Grobner 
reduction of gl. 

Associated FirstOrderDegeneration (v, t, gl) 

Deletes all terms of t-degree bigger than 1 from the polynomials fj G 
C [t] ®c S in the list gl = [f\, f r ]. 

SpecialFiberGroebnerCone (A, v, t, gl) 

Suppose X C A 1 x Y is a flat family of Calabi-Yau varieties of dimension 
d with monomial special fiber, given by the ideal /cC| <S>c S gener- 
ated by the Cox homogeneous elements fj of the list gl = [f±, f r ]. 
Assume that the monomials of fj of t-degree are minimal genera- 
tors of the B (E)-saturated monomial ideal Iq of the special fiber of 
X. The function SpecialFiberGroebnerCone returns the special fiber 
Grobner cone C/ (/) as defined in Section 9.6. It is represented by 
the convex type cone. 

GroebnerFan (E, A, v, t, s, gl) 
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Computes the ideal J C C [t, s\<g>cS of the projective closure X C P 1 xY 
of the flat family X C A 1 x Y given by the ideal / generated by the 
elements fj G C [£]<8)<c<S' of the list gl — [f\, f r ]. Returns the Grobner 
fan of J as a subfan of M©A/r, computed as explained in Section 6.3. 
It is represented by the convex package type fan. 

BergmanFan (E, A, v, t, s, gl, GF) 

Computes the Bergman subfan of the Grobner fan GF as explained in 
Section 6, where GF is the result returned by GroebnerFan (v, t, s, A, gl). 
The result is represented by the convex package type fan. 

AssociatedAnticanonicalSectionsPolytope (C) 

Intersects the special fiber Grobner cone C C M©iV]R with the hyper- 
plane {w t = 1} and returns the resulting polytope in N^. 

Associated Fa noPolytope (C) 

Computes V = Cn{w t — 1} C and returns the polytope V* C M R . 
FacePoset (V) 

Returns the complex of faces of a polytope V C N^, represented as a 
list of lists L = L , L n ]. The list Lj contains the faces of V of 
dimension j and each face is represented by the convex package type 
face of polyhedron. 

VertexRepresentation (B) 

Given a complex B represented as a list of lists, where each face is of typ 
face of polyhedron, returns a list of lists, where each face is represented 
as a list of its vertices. 

ChowGroup (A) 

Returns a group isomorphic to the Chow group A n _\ (Y) of Y = X (£), 
given as the cokernel of a diagonal matrix A' of the same dimensions 
as A. 

ChowGroupAction (A) 
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Computes isomorphisms W G GL (n, Z) and £7 = (w^) G GL (r, Z) 

o -> z n 4 z r -> A n _! (y) -> o 

-> Z" ^ Z r -> if ^ 

such that A' is a matrix with non zero entries only on the diagonal. As 
explained in Section 1.3.9, the group 

G (E) = Hom z (A n _i (y),C*) 

acts on the affine Cox space Hom S9 (WDivr (y) , C) = C r by 

G (E) x Hom S9 (WDiv T (Y) , C) -> Hom S9 (WDiv T (Y) , C) 

, v ga: WDiv T (Y) -> C 

A- -> 5 ([^])a(L> 

hence 

G (E)' = Hom z (H, C*) 

acts by 

G (£)' xC r ^C r 

(fe)>(s))-(m=iC^), =w 

Defining 

T = (li; : 

the function ChowGroupAction returns the list [A', T\. 
Irrelevantldeal (E, A, v) 

Returns the irrelevant ideal B (E) C 5 as defined in Section 1.3.9. The 
variables in the list v corresponds to the rows of A. 

BergmanSubfanOfGroebnerCone (E, A, v, t, gl, C) 

Computes the Bergman subfan of the fan of faces of C as defined in 
Section 9.8 for the ideal I generated by the elements of the list gl. 
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BergmanSubcomplexOfSectionsPolytope (E, A, v, t, gl, posetNabla) 

Returns the Bergman subcomplex B (I) as defined in Section 9.8, i.e., 
the intersection of the output of BergmanSubfanOfGroebnerCone with 
the hyperplane {w t = 1}. The result is a subcomplex of the complex 
of faces posetNabla = FacePoset (V) of V = C n {w t = 1} C N K and 
is represented as a list of faces of V of the form [..., Bj, ...] where Bj 
is a list of faces of dimension j. For practical reasons it is useful to 
fix a numbering of the faces in each dimension, so we represent Bj as 
a list. Each face is represented by the convex package type face of a 
polyhedron. 

SpecialFiberldeal (AMirror, z, posetNabla, B) 

Suppose z is a list of names for the variables of the Cox ring of Y° = 
X (NF (V)) corresponding the rays of the normal fan of V, which are 
numbered by the rows in the matrix AMirror. Suppose posetNabla = 
FacePoset (V) and B is the Bergman subcomplex of posetNabla as 
given by the function BergmanSubcomplexOfSectionsPolytope. Then 
SpecialFiberldeal returns the ideal 

1° = f] FeBd (z G * | G a facet of V with F C G) 

which gives the subvariety Xq C Y° as defined in Section 9.11. The 
ideal Iq is represented as a list of generators. 

ToricStrata Decomposition (posetDelta, I ) 

Returns the subcomplex StrataA (h) C Poset (A) as defined in Section 
9.3. It is represented as a list of lists and each face is of the convex 
package type face of polyhedron. 

ComplexOflnitialldeals (v, t, gl, C) 

Gives the complex of initial ideals in^ (I) for the faces F of B. It is 
represented as a list of lists in the same way as the Bergman subcomplex 
B. Each ideal in^ (7) is represented by a list containing a standard basis 
with respect to a monomial ordering in the interior of C. 

DualComplex (A, v, t, inl, B) 

Computes the dual complex dual (B (/)) C Poset (V*) C Mr as given 
by the map dual defined in Section 9.7. Here B denotes the Bergman 
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subcomplex B (J) as returned by BergmanSubcomplexOfSectionsPolytope 

and inl is the complex of initial ideals as returned by 
ComplexOflnitialldeals. The complex dual (B (I)) is represented as a 
list of lists in the same way as the Bergman subcomplex B. The faces 
of dual (5(7)) are represented by the convex package type face of a 
polyhedron. 

CombinatorialDualization (posetNabla, B) 

If B is a subcomplex of the complex posetNabla = FacePoset (V), then 
the poset of dual faces F* C V* is returned. It is represented as a 
list of lists in the same way as B and the faces are represented by the 
convex package type face of a polyhedron. 

Suppose B is the Bergman subcomplex B (I) of FacePoset (V) as re- 
turned by BergmanSubcomplexOfSectionsPolytope, then by Proposition 
9.26 we have 

CombinatorialDualization (posetNabla, B) = DualComplex (A, v, t, inl, B) 

where inl is the complex of initial ideals as returned by 
ComplexOflnitialldeals. 

EqualityofFaceComplexes (Bi, B 2 ) 

Given two complexes B\ and B 2 represented as a list of list of faces of 
the same polyhedron, returns true if B\ = B 2 , i.e., if the lists in each 
dimension agree up to permutation, otherwise returns false. 

MirrorComplex (P, A, v, t, inl, B) 

Suppose the ideal / defines a degeneration of complete intersections, B 
denotes the Bergman subcomplex B (I) of posetNabla = FacePoset (V) 
as returned by BergmanSubcomplexOfSectionsPolytope and inl is the 
complex of initial ideals as given by ComplexOflnitialldeals. Then the 
function MirrorComplex returns the complex fx (B (I)) C FacePoset (A) 
where A = P* as defined in Section 8.6. It is represented as a list of 
lists in the same way as B. The faces of \x (B (I)) are represented by 
the convex package type face of a polyhedron. 

LimitComplex (Iirr, A, v, t, B) 
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If B denotes the Bergman subcomplex as returned by the function 
BergmanSubcomplexOfSectionsPolytope and Iirr the irrelevant ideal of 
X (E) as returned by the function Irrelevantldeal, then the limit complex 
lim (B) is computed as described in Section 9.10. The limit complex 
is represented as a list of lists in the same way as B. The strata 
corresponding to the face F is represented by the ideal I F as defined 
in Section 9.10 and Ip is given by a list with minimal generators. 



Example 12.4 Consider the monomial degeneration X of the complete 
intersection of two general quadrics in P 3 defined by the ideal I C 
C [t] <S> C [xq, ...,xs\ as considered in the examples in Section 8. To give 
a computation of the ideal Ip of Urn (F) in a non simplicial setting, we 
consider a face F G fi(B (/)) = StrataA (/o) of the Bergman complex 
of the mirror. We have 

A = convexhull {(3, -1, -1) , (-1, 3, -1) , (-1, -1, 3) , (-1, -1, -1)} 



/ {{(-1,3,-1)}, {(-1,-1,-1)}, {(-1,-1,3)}, {(3, -1,-1)}} \ 
H(B(I))=[ f {(-1,3,-1), (-1,-1,-1)}, {(-1,-1,-1), (3, -1,-1)}, \ 

\ \ {(-1,3,-1), (-1,-1, 3)}, {(3, -1,-1), (-1,-1, 3)} J / 

omitting empty dimensions. The rays o/S° are the rows of the presen- 
tation matrix 



A° = 



( 





2 


-1 \ 










-1 




2 





-1 










1 




-1 


1 







-1 


-1 







1 


-1 





\ 


-1 


-1 


2 ) 



of A 2 (Y°) and we denote the corresponding variables of the Cox ring 
S° by y 8 . The irrelevant ideal ofY° is 

B = (yi, Vt) n (V3, y$) n (y 2 , ya) n (y 4 , y&) n (y 2 , Va) n (y 5 , y 7 ) 
n (yi,y3,ys} n (yi,y^y&) n {yi,y^ys) n <3/ 3 , s/e, 2/s> 
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Let F be the face 



F = convexhull {(-1, 3, -1) , (-1, -1,3)} 

w = (-1, 3, -1) + (-1, -1, 3) = (-2, 2, 2) G int (F) 

and a (t) e (K*) 3 with val (a (t)) = w and c (t) = cj ■ t J + hot a Cox 
arc representing a (t), i.e., J 1 + ker (A 1 ) is the space of solutions of the 
linear system of equations A 1 J 1 = w l . The intersection with this affine 
space with the positive orthant has the minimal ^-dimensional strata 

(2, 0, 0, 0, 0, 0, 0, 2) , (0, 0, 0, 2, 2, 0, 0, 0) , (0, 0, 2, 0, 4, 0, 0, 2) , (2, 0, 0, 4, 0, 2, 0, 0) 

corresponding to the ideals 

(yi, ys) , (2/4, 2/5) , (2/3, 2/5, ys) , (2/1, 2/4, ye) c 5° 

As ^(S ) C (2/3,2/5,2/8) and B(J: ) C (2/1, 2/4, 2/e) limit face lim(F) 
en fry am/ 0/ t/ie i(iea/s 

(2/1, 2/s), (2/4,2/5) 

/jence also by 

(2/1,2/4,2/5,2/8) 

£/ie z<iea/ of all facets of V containing lim(F). Figure 12.1 shows the 
limit face lim (F) C B (I) C V and £/ie numbering of the facets of V 
£/je variables of S° . 

• DualLimitComplex (P, B) 

Given the Bergman subcomplex B C V, this function computes for all 
faces F the faces H of P such that dim (F (~) H) = dim (F) and among 
those returns the set of minimal faces with respect to inclusion. The 
output forms the dual limit complex of B and is represented as a list 
of lists compatible to B. 

• LatticePoi nts(dB) 

Returns the set of lattice points of the complex dB C P C Z n ® M, 
which is represented as a list of lists and each face F of dB is a face of 
the polyhedron P. 
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DeformationsFromCombinatorialData (A, v, dB) 

Suppose dB = dual (.6(7)) as given by the function DualComplex. 
The function DeformationsFromCombinatorialData returns the complex 
of first order deformations of Xo, represented as a list of lists in the 
same way as dual (B (I)). Each face is a set of degree Cox Laurent 
monomials corresponding to the lattice points of the corresponding face 
of dual (B (/)). 

FirstOrderDegenerationFromCombinatorialData (10, defs, c) 

Suppose I is the ideal of the special fiber of X given as a list 10 of 
monomial generators and defs is the complex of first order deforma- 
tions as returned by the complex DeformationsFromCombinatorialData 
then the list 



is returned. 

ExtendFirstOrderPfaffian (gl) 

If the ideal I 1 C C [t] / (t 2 ) x S generated by gl is Pfaffian with syzygy 
matrix A, a list with the Pfaffians of A in C [t] x S is returned to extend 
the family defined by I 1 as explained in Section 10.2. 

ModuliDimStanleyReisner (dB) 

The function ModuliDimStanleyReisner computes the number of lattice 
points of dB = dual (B (I)) as given by DualComplex and the number 
ro of roots of Y among them, and returns 



If Y — P (A) where A is a Veronese polytope of P n this number is 
^i,dim(x)-i Q f general fiber X of X, as discussed in Section 
11.3. 

StringyEFunctionOfGorensteinCone (C) 

Given a Gorenstein cone C returns 



m + 




dual (B (I)) n M\ - dimF - r 



(uvy 1 J2 (-u) dhn(Cl) S (Ci, u- x v) S {C*, uv) 



dcC 
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Figure 12.1: lim (F) C V and the numbering of the facets of V by the 
variables of the Cox ring for the complete intersection of two general quadrics 
in P 3 

Example 12.5 Let X C P (A) x SpecC[[£]] be the monomial degeneration 
of an elliptic curve given as the complete intersection of two general quadrics 
in P 3 , as considered in the examples in Section 8. So let X be given by the 
ideal 

I = (t-gi + xix 2 , t ■ g 2 + xox 3 ) C C [t] <g> S 

where g±, g 2 E S = C [xq, ...,2:3] are general quadrics reduced with respect to 
I = (xix 2 ,x x 3 ). 

runM2:="M2": 

runSingu lar:= "Singu I ar " : 
stdSystem:="M2": 

pathConvex :="/usr/local /convex" : 
read("tropicalmirror") : 

v : =[x0, xl , x2, x3] : 

A :=matrix([ [-1,-1,-1], [1,0,0], [0,1,0], [0,0,1]]): 
P:=convexhull (op (convert (A, listlist) ) ) : 

P := polytope(3,3,A,A) 

Sigma :=FanOverFaces (P) : 

Sigma := FAN(3, 3, 0, 4, [0, 0, 4]) 
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gl:=RandomPolynomial(A,v,matrix([[2] , [0] , [0] , [0]] ) , 13) : 
g2: =RandomPolynomial (A ,v , matrix( [ [2] , [0] , [0] , [0]]) ,13) : 
gl:=[t*gl+xl*x2, t*g2+xO*x3] : 
gl : =ReduceGenerators (v, t,gl) ; 

gl := [2tx0 2 + txlxO + 8tx2x0 + txl 2 + tx3xl + 9tx3 2 + 12tx2a;3 + 8tx2 2 + xlx2, 
15tx0 2 + 8txlx0 + Iltx2x0 + lQtxl 2 + lQtx3xl + Utx2x3 + 15tx2 2 + 7tx3 2 + x0x3] 

gll :=AssociatedFirstOrderDegeneration(v, t, gl) : 
C:=SpecialFiberGroebnerCone (A,v, t,gl) ; 

C := cone(4,4,0,8,8) 

rays (C) ; 

[[1,1,0,1], [1,0,1,1], [1,0,-1,-1], [1,-1,0,-1], 
[1,1,0,0], [1,0,1,0], [1,0,0,1], [1,-1, -1,-1]] 

Nabla:=AssociatedAnticanonicalSectionsPolytope (C) ; 

V := polytope(3, 3, 8, 8) 

vertices (Nab I a) ; 

[[1, 0, 1], [0, 1, 1], [0, -1, -1], [-1, 0, -1], [0, 0, 1], [-1, -1, -1], [0, 1, 0], [1, 0, 0]] 

PMirror : =AssociatedFanoPolytope(C) : 
vertices (PMirror) ; 

[[-1, -1,0], [-1, -1,2], [0, 2, -1], [2, 0, -1], [0, 0, -1], [0, 0, 1], [1, -1,0], [-1, 1, 0]] 
SigmaMirror : =FanOverFaces (PMirror) : 

# By fixing the presentation matrix AMirror of the Chow group of 

# YMirror=X (SigmaMirror) , we choose a numbering of the Cox variables 

# of YMirror compatible with Example 12. 4- 

AMirror: =matrix( [[0,2,-1] , [0,0,-1], [2,0,-1], [0,0,1], [-1,1,0], 
[-1,-1,0], [1,-1,0], [-1,-1,2]]): 
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ChowGroup (AMirror) ; 



1 
1 
00200000 



,"ZZ/2 + ZZ~5" 



ChowGroup Action (AMi rro r) ; 



1 
1 
00200000 



r s5s8 s6s8 _ s6s7s8 „ _ nl 
' [s4 'i3i6'i3l4' s5 '^^' S6 ' s7 ' S8] 



IirrMirror : =lrrelevantldeal (SigmaMirror , A , v) ; 

Iirr Mirror- := [y3y4y7y8, ylyAy5y8, y2y3y6y7, yly2y5y6, y4y5y6y7y8, y2y5y6y7y8, 
yly2y3yAy7, yly2y3yAy5] 

posetNabla:=FacePoset (Nab I a) ; 

posetNabla : = 
[[face(0,8)\, 

[face(l, 4), face(l, 4), /ace(l, 4), /ace(l, 4), /ace(l, 3), /ace(l, 3), /ace(l, 3), /ace(l, 3)], 

[/ace(2, 2), /ace(2, 2), /ace(2, 2), face(2, 2), /ace(2, 2), face(2, 2), /ace(2, 2), 
/ace(2, 2), face(2, 2), /ace(2, 2), /ace(2, 2), /ace(2, 2), /ace(2, 2), /ace(2, 2)], 

[/ace(4, 1), /ace(4, 1), /ace(4, 1), /ace(4, 1), /ace(3, 1), /ace(3, 1), /ace(3, 1), /ace(3, 1)], 

[/ace(8,0)]] 

# Numbers of faces of dimensions -1,0,1,2,3 are 1,8,14,8,1 
VertexRepresentation(posetNabla); 
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[[[]], 

[[[1, 0, 1]], [[0, 1,1]], [[0, -1, -1]], [[-1, 0, -1]], [[0, 0, 1]], [[-1, -1, -1]], [[0, 1,0]], [[1, 0, 0]]], 

[[[0, 1, 0], [1, 0, 0]], [[0, 0, 1], [-1, -1, -1]], [[0, 1, 1], [-1, 0, -1]], [[0, -1, -1], [-1, 0, -1]], 
[[0, 1, 1], [0, 0, 1]], [[1, 0, 1], [0, 0, 1]], [[-1, 0, -1], [-1, -1, -1]], [[0, -1, -1], [-1, -1, -1]], 
[[-1, 0,-1], [0, 1, 0]], [[0, 1, 1], [0, 1, 0]], [[0, -1, -1], [1, 0, 0]], [[1, 0, 1], [1, 0, 0]], 
[[1,0,1], [0,1,1]], [[1,0,1], [0,-1,-1]]], 

[[[1, 0, 1], [0, 1,1], [0, 1, 0], [1, 0, 0]], [[0, -1, -1], [-1, 0,-1], [0, 1, 0], [1, 0, 0]], 

[[1, 0, 1], [0, -1, -1], [0, 0, 1], [-1, -1, -1]], [[0, 1, 1], [-1, 0, -1], [0, 0, 1], [-1, -1, -1]], 

[[1, 0, 1], [0, 1, 1], [0, 0, 1]], [[0, -1, -1], [-1, 0,-1], [-1, -1, -1]], [[0, 1, 1], [-1, 0, -1], [0, 1,0]], 

[[1,0,1], [0,-1,-1], [1,0,0]]], 

[[[1, 0, 1], [0, 1,1], [0, -1, -1], [-1, 0, -1], [0, 0, 1], [-1, -1, -1], [0, 1,0], [1, 0, 0]]]] 
BF:=BergmanSubf anOfGro ebner Cone (Sigma, A, v, t,gl, C) ; 

BF := [[cone(4,0,0,0,0)], 

[cone(A, 1, 0, 1, 1), cone(A, 1, 0, 1, 1), cone(4, 1, 0, 1, 1), cone(A, 1, 0, 1, 1)], 
[cone(4, 2, 0, 2, 2), cone(4, 2, 0, 2, 2), cone(4, 2, 0, 2, 2), cone(4, 2, 0, 2, 2)], 

0, 

[]] 

B :=BergmanSubcomplexOfSectionsPolytope(Sigma,A,v, t , gI,posetNabla) : 
VertexRepresentation(B) ; 

[[], 

[[[1,0,1]], [[0,1,1]], [[0,-1,-1]], [[-1,0,-1]]], 

[[[1, 0, 1], [0, -1, -1]], [[1, 0, 1], [0, 1,1]], [[0, -1,-1], [-1, 0, -1]], [[0, 1, 1], [-1, 0, -1]]], 

[], 
[]] 

# Numbers of faces of dimensions -1,0,1,2,3 are 0,^,^,0,0 
y :=[yl , y2, y3, y4,y5, y6, y7, y8] ; 

IOMirror : =SpecialFiberIdeal (AMirror, y ,posetNabla,B) ; 

IOmirror := [y5y6y7y8, yly6y7y8, y2y5y7y8, yly2y7y8, y3y5y6y8, yly3y6y8, 

y2y3y5y8, yly2y3y8, y4y5y6y7, ylyAyQy7, y2yAy5y7, yly2yAy7, y3yAybyQ, 
yly3yAyQ, y2y3yAy5, yly2y3yA] 
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inC:=ComplexOfInitialIdeals (v, t,gl, C) : 
dualB : =DualCompl ex (A , v , t, inI,B) : 

# Numbers of faces of dimensions -1,0,1,2,3 are 0,0,^,^,0 
VertexRepresentation( dualB) ; 

[[], 

0, 

[[[0, 2, -1], [-1, 1, 0]], [[-1, -1,0], [0, 0, -1]], [[0, 0, 1], [-1, -1, 2]], [[1, -1,0], [2, 0, -1]]], 

[[[-1,0,0], [0,2,-1], [-1,-1,0], [0,0,-1], [-1,1,0], [0,1,-1]], 
[[0,-1,0], [1,-1,0], [-1,-1,0], [2, 0,-1], [0,0,-1], [1,0,-1]], 
[[0,0,1], [0,2,-1], [0,1,0], [-1,1,0], [-1,0,1], [-1,-1, 2]], 
[[0,0,1], [1,-1,0], [2, 0,-1], [0,-1,1], [1,0,0], [-1,-1, 2]]], 

[]] 

Covering (dualB) ; 

[[], 

[[[[-1, 1, 0]], [[0, 2, -1]]], [[[0, 0, -1]], [[-1, -1, 0]]], [[[-1, -1, 2]], [[0, 0, 1]]], 
[[[2, 0,-1]], [[1,-1,0]]]], 

[[[[0, 2, -1], [0, 0, -1]], [[-1, -1, 0], [-1, 1, 0]]], [[[2, 0,-1], [0, 0, -1]], [[1, -1,0], [-1, -1, 0]]], 
[[[-1,1,0], [-1,-1, 2]], [[0,0,1], [0,2,-1]]], [[[1,-1,0], [-1,-1, 2]], [[0,0,1], [2, 0,-1]]]], 

0, 
0] 

cdualB :=CombinatorialDualization(posetNabla,B) : 
Equality ofFaceComplexes (dualB, cdual) ; 

true 



limB:=Limit Comp I ex (Sigma, A,v,t,B) ; 

UmB := [[], 

[[x3, xl, xO], [xl,x2,x3], [x0,x2,xl], [x3,x2,x0]}, 
[[xl, x3], [x2, x3], [xO, xl], [xO, x2]\, 

[], 
[]] 
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BMirror:=MirrorComplex(P,A,v, t, inI,B) : 

# Numbers of faces of dimensions -1,0,1,2,3 are 0,^,^,0,0 
VertexRepresentation(BMirror) ; 



[-1, 3, -1]], [[-1, -1, -1]], [[-1, -1, 3]], [[3, -1, -1]]], 

[-1, -1, -1], [-1, 3, -1]], [[-1, -1, -1], [3, -1, -1]], [[-1, 3, -1], [-1, -1, 3]], 
3, -1,-1], [-1,-1, 3]]], 



cdualBMirror:=CombinatorialDualization(posetDelta,BMirror) : 
dua I I imB: =Dua ILimitComp I ex (P, B) ; 

# Numbers of faces of dimensions -1,0,1,2,3 are 0,0,^,^,0 
Equality ofFaceCompl exes (dual I imB, cdualBMirror) ; 

true 

Covering (dua 1 1 imB) ; 

[[], 

[[[[1,0,0]], [[0,0,1]]], [[[0,0,1]], [[0,1,0]]], [[[1,0,0]], [[-1,-1,-1]]], [[[-1,-1,-1]], [[0,1,0]]]], 

[[[[1, 0, 0]], [[-1, -1, -1], [0, 0, 1]]], [[[0, 0, 1]], [[0, 1, 0], [1, 0, 0]]], 
[[[-1, -1, -1]], [[0, 1, 0], [1, 0, 0]]], [[[0, 1,0]], [[-1, -1, -1], [0, 0, 1]]]], 

0, 

[]] 

LatticePoints (duallimB) ; 

[[], 

0, 

[[[0, 0, 1], [1, 0, 0]], [[0, 1, 0], [0, 0, 1]], [[-1, -1, -1], [1, 0, 0]], [[0, 1, 0], [-1, -1, -1]]], 

[[[-1, -1, -1], [0, 0, 1], [1, 0, 0]], [[0, 1, 0], [0, 0, 1], [1, 0, 0]], 

[[0, 1, 0], [-1, -1, -1], [1, 0, 0]], [[0, 1,0], [-1, -1,-1], [0, 0, 1]]], 

[]] 
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DefsMirror:=DeformationsFromCombinatorialData(AMirror, y, duallimB) ; 



Def 's Mirror := [[], 
0, 

rr yiy8 2 y3 2 y7 i r yl 2 y5 y^y8 2 i r y2y6 2 y3 2 y7 i r yl 2 j/5 y2y6 2 11 

U ylt/2y3 ' ?/5y6y8-l' L y6j/7j/8 ' ylj/2j/3-l> Lyly3y4 ' y5y6y8^ L y6j/7j/8 ' yly3y4 JJ ' 

rr y2y6 2 j/%8 2 y3 2 y 7 i r yl 2 y5 j/4;/8 2 y3 2 y7 i 
LI- yly3yA ' y\y2y3 ' y5w6j/8J' l"j/6w7j/8' yly2y3 1 ?/5{/6m8-I' 
rj/l£j/5_ y2y6 2 y3 2 yl i r 3/1 3/5 y2y6 2 yAy8 2 r\ 
Ly6y7y8 ' ylj/3j/4 ' ?/5y6y8J' Lj/6y7y8' yly3y4 ' j/ly2y3h> 

[]] 

FirstOrderDegenerationFromCombinatorialData(IOMirror,DefsMirror) : 

IOmirrorShort : = [yl*y2*y3*yJ i . ,y5*y6*y7*y8] : 

tsl :=ToricStrataDecomposition(posetNabla, IOmirrorShort) : 

ts2:=ToricStrataDecomposition(posetNabla, IOmirror) : 

Equality ofFaceComplexes (tsl, ts2) ; 

true 

Firs tOrderDegenerationFromCombinatorialDat a (IOmirrorShort , Def sMirror) . 

[t ■ y2 2 y6 2 + t ■ y4 2 y8 2 + yly2y3yA, t ■ yl 2 y5 2 + t ■ y3 2 y7 2 + y 5y6y7y8] 



13 Perspectives 

13.1 Tropical computation of string cohomology 

Stringy i?-functions and tropical geometry share many technical concepts, 
for example formal arcs, which are used in motivic integration to prove key 
theorems on stringy i?-functions, as indicated in Section 1.2. As explained 
in Section 11.4.3, Batyrev and Borisov give in [Batyrev, Borisov, 1996-1] a 
formula to compute the stringy _E-function for a general anticanonical toric 
hypersurface. The stringy ^-function of a hypersurface in P (A) is computed 
in terms of combinatorial data of the reflexive polytope A. As explained in 
Section 11.4.4, Batyrev and Borisov represent complete intersections in Y = 
P (A) given by general sections Sj G H° (Y, O y (Ej)) with YTj=i Ej = —K Y 
as the zero set of a section of 

Z = P (O y (L>i) © ... © O y (D c )) -> Y 
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so reducing the computation of the stringy P-function to the case of a hy- 
persurface and the bundle Z . 

The tropical mirror construction, as given in Section 9, provides the ad- 
ditional data given by the complexes B (I) C Poset (V) and lim (£?(/)) C 
Poset (A). So it is natural to ask whether it is possible to give a direct formula 
for the stringy P-function of the general complete intersection Calabi-Yau in 
terms of this data, as indicated in Section 11.4.5. 

Further evidence to expect that the stringy P-function E st (X) of X 
should be computable from the tropical data, is given the fact that the spe- 
cial fiber X of X is a union of toric varieties and, as noted in Section 11, 
the stringy ^-function respects stratifications. See also Section 11.4.1 for an 
explicit formula of the stringy P-function of a toric variety. 

So, in general one may ask if the stringy P-function of the generic element 
of the degeneration X is computable in terms of the tropical data. 

13.2 Hilbert schemes and moduli spaces 

The multigraded Hilbert scheme described in Sections 6.6.1-6.6.8 for smooth 
toric varieties may be generalized to the non smooth and further to the non 
simplicial setup by using the ideas of Section 9.3. For reduced monomial 
ideals Iq the saturation (7 : B (S)°°) is generalized by the ideal I'q in the 
non-simplicial setup: Consider a toric variety Y = X (E) given by the Fano 
polytope P C iV R , E = E (P), let A = P* C M R and S = C [y r | r e E (1)] 
be the Cox ring of Y . Given a monomial ideal Iq C S we associate to Iq the 
complex of strata StrataA (Iq) with faces of dimension s given by 




F 



F a face of A of dim (F) = s with 
facetsi? (A) n facets m (A) ^ 
for all monomial m G Iq 



where 



facets^ (A) 
facets m (A) 



{G | G facet of A with F C G} 
{G | G facet of A with y G * \ m} 



To this complex we can associate the ideal 
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Replacing J by Iq also amounts to passing to a reduced ideal, so without 
modification this can only work for the local Hilbert scheme around a reduced 
point, but this is what is relevant for the tropical mirror construction. 

Generalizing the multigraded Hilbert scheme, also the state polytope, as 
defined in Section 6.6.9, can be generalized to the non simplicial setup. 

Local moduli stacks may be computed by taking the quotient of the local 
Hilbert scheme around a given ideal by a (in general non-reductive) automor- 
phism group, generalizing the ideas of Section 11.3. For geometric invariant 
theory in the non-reductive setting see [Doran, Kirwan, 2006]. 

Let A C Mr be a reflexive polytope and consider an anticanonical toric 
hypersurface in Y = P(A). Generalizing the ideas from Batyrev's Hodge 
formulas for toric hypersurfaces, as outlined in Section 11.2, the subset 

S = A n M - {0} - |J int M (Q) 

codimQ=l 

of the set of lattice points of the polytope of sections A of — K Y plays 
the key role in the construction of the simplified complex moduli space 
of anticanonical hypersurfaces. By mirror symmetry this set is also used 
in the construction of the Kahler moduli space of the mirror. See, e.g., 
[Aspinwall, Greene, Morrison, 1993] and [Cox, Katz, 1999, Section 6] for de- 
tails. Now consider the setup of the tropical mirror construction with de- 
generation X given by I. Then the set S generalizes to the set of lattice 
points of the support of dual (B (I)) C Poset (V*) which do not correspond 
to a trivial deformations of the special fiber. Note that for hypersurfaces 
V* = A. So one may ask if the complex dual (B (I)) may be useful for the 
construction of moduli spaces. 

13.3 Integrally affine structures 

Gross and Siebert use in [Gross, Siebert, 2003], [Gross, Siebert, 2006] and 
[Gross, Siebert, 2007] toric degenerations, integrally affine structures and the 
discrete Legendre transform to give a mirror construction. 

They consider a degeneration / : X — * S of Calabi-Yau varieties whose 
total space is a complex analytic space its base is a complex disc S and which 
has a special fiber whose normalization is a disjoint union of toric varieties. 
Outside a set of codimension 2 any point x in the total space is assumed to 
have a neighborhood U x such that there is an affine toric variety Y x , a regular 
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function f x given by a monomial and a commutative diagram 




if, 



X 



S 



c 



with open embeddings U x — > Y x and S — > C. 

Given this data a manifold with an integral affine structure with singu- 
larities is constructed, i.e., a topological manifold such that outside a finite 
union of locally closed submanifolds of codimension at least 2 there are charts 
whose transition functions are integral affine transformations. Furthermore 
a polyhedral decomposition of this manifold is constructed. This process is 
reversible, i.e., from an integral affine manifold with singularities and a poly- 
hedral decomposition one can construct a degeneration. Using the descrete 
Legendre transform one can obtain a mirror integral affine manifold with 
polyhedral decomposition from which one obtains the mirror degeneration. 

So one may ask if it is possible to obtain from the polytopes A and V and 
the embedded subcomplexes B (J) C Poset (V) and lim (B (/)) C Poset (A) 
integral affine structures and how the tropical mirror construction relates to 
the construction by Gross and Siebert. 

13.4 Torus fibrations 

Consider the setup of the tropical mirror construction. So let Y be a toric 
Fano variety given by a Fano polytope P C with Cox ring S and a 
monomial degeneration X of Calabi-Yau varieties of dimension d which is 
given by the ideal i" C S <g) C [t] . 

The monomial special fiber X has a degenerate torus fibration over the 
sphere Strata (X ) = lim (5(7)) C Poset (A) with A = P*: The strata of 
X of dimension s = 0, d are complex tori (C*) s which contain (S* 1 ) 5 . 

In the same way also the mirror special fiber Xq has a degenerate torus 
fibration over B(I). The dimensions of the tori and their base faces are 
related via the map lim by s <-> d — s. This agrees with the large-small 
interchange of T- duality. 

One may ask if the data provided by the spheres B (I) C Poset (V) 
and lim (B (/)) C Poset (A) and the complexes of deformations dual (B (I)) 
and lim (B (I))* in the initial ideals provide sufficient information to obtain a 
SYZ-fibration of the general fiber of X as introduced in 
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[Strominger, Yau, Zaslow, 1996]. Furthermore one may ask how these fibra- 
tions relate to mirror symmetry via T-duality. 

13.5 Mirrors for further Stanley-Reisner Calabi-Yau 
degenerations 

In Section 9.3 we connected the combinatorial represenation of monomial 
ideals in the Cox ring of a toric variety Y in the special case of Y = F n to 
the Stanley-Reisner setup: 

Let Y = P (A) = P n where A is the degree n + 1 Veronese polytope and 
let E be the normal fan of A. Let IZ — E (1) be the set of rays of E and 
S = C [y r | r G 7Z] the homogeneous coordinate ring of Y. The faces of the 
simplex A* correspond to the subsets of E (1), i.e., the set of variables of the 
homogeneous coordinate ring S. 

Let Z be a simplicial subcomplex of Poset (E). In the following we rep- 
resent the faces as subsets of IZ, so Poset (E) is represented as the complex 
2 n of all subsets of IZ and Z C 2 n . Any face F of Poset (E) = 2 n can be 
considered as a square free monomial 

VF = YlrGFVr 

Then the monomial ideal generated by the yp for the non-faces of Z 

I z = (U reF y r | F e 2 n not a face of Z) C S 

is the Stanley-Reisner ideal corresponding to Z C 2 n and A z = S/ Iz is the 
Stanley-Reisner ring of Z. Note that for any monomial ideal Iz C S the ring 
S/Iq is Z^-graded. The complex Z defines the affine scheme = Spec (Az) 
and the projective scheme Fz = Proj (Az)- 

The complex Z relates to the complex of strata StrataA (Iz), which we 
defined in Section 9.3, by the isomorphism of complexes 

Poset (A) 4. 2 n 
U U 

comp : StrataA (Iz) —> Z 

F ^ {r eTi\r (£_ hull (F*)} 

In [Altmann, Christophersen, 2004-11] and [Altmann, Christophersen, 2004-1] 
the deformation theory of Stanley-Reisner rings is addressed, computing the 
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first order deformations and obstructions. We give a short outline of the 
computation of the first order deformations of Fz C P n by Altmann and 
Christophersen. 

Consider the following notation. Given a subcomplex Z C 2 K we denote 

by 

vert (Z) = {r G K | {r} G Z} 

the set of vertices of Z. If a G 2 n is a face then we can define complex of 
faces of a as 

Poset (a) = {b G 2 n | b C a} 

the boundary of a as 

9a = {6 G 2^ | b C a } 

and the link of a in Z 

Ik (a, Z) = {b E Z \ b (1 a = ®, b U a E Z} 
An element c G Z 72 - has a support supp (c) G 2^ defined as 

supp (c) = {r eTZ\c r ^ 0} 

Let S be a polynomial i^-algebra mapping onto A with A = S/I for some 
ideal / and 

0^ F ^ S ^ A^O 

with free F a presentation of A as an ^-module. If M is an A-module then 
define 

T 1 (A/K, M) = coker (Der^ (S, M) -> Hom A (/// 2 , A)) 

In the Stanley-Reisner setup write T4 = T 1 (Az/C, A z ). The grading of 
^4^ induces a grading on T4 . 

For c G Z 7 ^ homomorphisms in Horns (Iz, S/ Iz) c can be represented by 
Cox Laurent monomials. 

Computation of T 1 reduces to links of faces: 

Theorem 13.1 [Altmann, Christophersen, 2004-H] Let D G Z^ and write 
D = D + — D- where D + ,D- G Z> with disjoint support. Denote by a = 
supp (D + ) and b = supp (D-). 
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Then T\ zD = unless a G Z , D_ G {0, l} n and 5^0. Suppose these 
conditions are satisfied. T\ D depends only on a and b, so write T\ a _ b for 
T\ Z , D . Then 

T La-b = 

unless a G Z and b C vert (lk (a, Z)) and if these conditions are satisfied 

T 1 Aa _ b (Z) = T 1 A ^ b (\k(a,T)) 

Suppose that Z is a combinatorial manifold, i.e., for all faces a G Z 
the link lk (a, Z) is a sphere of dimension dim (Z) — dim (a) — 1. 

Lemma 13.2 [Altmann, Christophersen, 2004-11] Forb G 2 S(1) with \b\ > 2 
it is equivalent: 

. Tl _ b (Z) ? 

• dim (TX _ b (Z)) = 1 

• It holds 

( L*db ifb<£Z 
\ L*dbUdL* Poset (b) if b £ Z 

where the geometric realization of L is a dim (Z) + 1 — |6| sphere. In 
any case Z is a sphere. 

Theorem 13.3 [Altmann, Christophersen, 2004-H] If Z is a manifold, then 



T\ z = £ ^ (lk(a,Z)) 



a=supp(D)sZ 



with _ 

Ti o (lk(F,Z)) = ^T 1 _ 6 (lk(F,Z)) 

where the sum goes over all b C lk (F, Z) |6| > 2 and 

iw F ^_ J z/6^1k(F,Z) \ 

iKyr,z.) | L * dbU dL * Poset (6) i/6elk(F,Z) J 

where the geometric realization L is a dim (lk (F, Z)) + 1 — |6| sphere. 
Note that all T^_ b (lk (F, Z)) are of dimension one. 
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From this one can compute for case of manifolds of dimension < 2: 

Proposition 13.4 [Altmann, Christophers en, 2004-11] If Z is a manifold of 
dimension < 2, then T\ (Z) is trivial or 

dim(Z) Z dim(Ti(Z)) 



dA\ two points 1 

1 E 3 triangle 4 

1 E 4 quadrangle 2 

2 dA 3 tetrahedron 11 
2 E (£3) suspension of a triangle 5 
2 £ (£4) octahedron 3 
2 £ (i? m ) suspension of an m-gon, m > 5 1 
2 C (m, 2), m > 6 cyclic polytope 1 



i/ere A m denotes the m-simplex, E rn the m-gon and £ (C) t/ie suspension of 
C , i.e., the double pyramid on C . 

This can be applied to compute T< (Z) for the links in a threefold. 

Proposition 13.5 [Altmann, Christopher sen, 200 Given a simplicial com- 
plex Z C 2 S<1 ) and the corresponding Stanley -Reisner ideal Iz we have 

T* z/¥n = H° (P z , N Fz/pn ) = Hom s (I z , S/I Z ) Q 

The kernel of Hom 5 (I z , S/I z ) — > T"A Z * s generated by the homomor- 
phisms x ri Q^— and 

dim (Hom s (I z , S/I z ) ) = dim (T\ zfi ) + (n + l) 2 

As outlined above for T 1 , the methods given by Altmann and Christo- 
phersen allow computation of the first order deformations and obstructions, 
hence should provide the necessary data to apply the tropical mirror con- 
struction given in Section 9. 

Let X C Y be defined by a Stanley-Reisner ideal. We may consider, if 
existent, a component of the local Hilbert scheme of X such that a degen- 
eration X with general tangent vector in this component given by an ideal / 
satisfies C/ (/) n {w t = 0} = {0}. The first order deformations in the tan- 
gent space of the X-component form the complex dual (B (J)) as defined in 
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Section 9.7 and span the Fano polytope P°, which gives the embedding toric 
Fano variety Y° = X (E) with E = E (P°) for the mirror fibers. 

As an example, in [Griinbaum, Sreedharan, 1967] an enumeration of all 
combinatorial types of simplicial 4-polytopes with 7 and 8 vertices is given. 
These correspond to reduced monomial Calabi-Yau threefolds X in P 6 and 
P 7 via the Stanley-Reisner construction. For codimension 4, due to the lack 
of a structure theorem analogous to Theorem 10.2, smoothing of X has to 
be addressed by the deformation theory of Stanley-Reisner rings. 

13.6 Deformations and obstructions of a non-simplicial 
generalization of Stanley-Reisner rings 

Consider the setup of the previous Section 13.5. So let Y — P (A) = P n with 
the degree n + 1 Veronese polytope A, E = NF (A) and S — C [y r | r e E (1)] 
the Cox ring of Y. The faces of the simplex A* correspond to the subsets of 
E (1), i.e., the set of variables of the homogeneous coordinate ring S. Let Z 
be a simplicial subcomplex of Poset (E) representing faces as sets of rays and 
Iz C S the corresponding Stanley-Reisner ideal. As noted in the previous 
Section 13.5 and Section 9.3 the isomorphism 

2 S(1) 

U 

z 

{r G E(l) | r £ hull(F*)} 
transfers the combinatorial data to a subcomplex of Poset (A) and 

Iz = ( JJy v I J C E(l) with supp (Strata A {Iz)) C (Jf v 
\veJ veJ 

Note that this also works if Y — X (E) is a toric variety such that E is the 
fan over the faces of a simplex A*. The dual description of the ideal Iz via 
the subcomplex StrataA (Iz) C Poset (A) should allow for a reformulation 
of the formulas for T 1 and T 2 by Altmann and Christophersen in terms of 
the complex StrataA (Iz)- So one may ask if this allows for a non-simplicial 
generaliziation of these formulas. 



Poset (A) 
U 

comp : StrataA (Iz) 
F 
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13.7 Mirrors of Calabi-Yau varieties given by ideals 
with Pfaffian resolutions in the Cox rings of toric 
Fano varieties 

Let Y = X (£) be a Q-Gorenstein toric variety of dimension n with Cox ring 
S. We call a subscheme X C Y of codimension 3 Pfaffian, if 

1. there is a vector bundle T on Y of rank 2/c + 1 for some k G Z> 

2. and a skew symmetric map tp : JF (D) — > JF* for some divisor £) such 
that 99 degenerates to rank < 2A; — 2 in codimension 3 

3. X is scheme theoretically the degeneracy locus of tp. 

If X is Pfaffian in Y given by the skew symmetric map tp : T (D) — > JF* 
and det (J 7 *) = Ox (E) then the resolution of X is of the form 

-> C y (£> - 2£) -> J 7 (£> - £) -> JF* (-£) -> C x 

^ ^ C x (-£) + 2E + X y ) and X is locally defined by the Pfaffians of tp. 

One may ask if the following generalization of Walters theorem from Sec- 
tion 10.1 holds: If X is an equidimensional, locally Gorenstein subscheme 
X C Y of dimension n — 3, uj° x = Ox (D) for some divisor D and some par- 
ity condition similar to that in Theorem 10.4 is satisfied then X is Pfaffian. 

With respect to these topics see also [Eisenbud, Popescu, Walter, 2000] . 

We call X globally defined by Pfaffians, if X is Pfaffian where T = 
Oy {Ei) © ... © Oy (E r ) is a direct sum with divisors Ej. Then X is defined 
by the Pfaffians of tp in the Cox ring S. 

Generalizing the work of Tonoli in [Tonoli, 2000] one may construct Pfaf- 
fian Calabi-Yau varieties in toric Fano varieties. 

Suppose X C Y x Spec C [t] is a monomial degeneration of Calabi-Yau 
varieties with fibers in the toric Fano variety Y with Cox ring S given by 
the ideal I C C [t] © S as in the setup of the tropical mirror construction. 
Let X° C Y° x Spec C [t] be the mirror degeneration with fibers in the toric 
Fano variety Y° with Cox ring S* given by the ideal 1° C C [t] © S* . For 
hypersurfaces and complete intersections we have: 

Assume that X is the degeneration associated to a general anticanonical 
toric hypersurface in a Gorenstein toric Fano variety as given in Section 3.1. 
Then the mirror degeneration is again a degeneration of toric hypersurfaces. 
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If X is the degeneration associated in Section 3.1 to a general Calabi- 
Yau complete intersection given by a nef partition in the Gorenstein toric 
Fano variety Y°, then the mirror degeneration X° C Y° x SpecC [t] can be 
defined by an ideal 1° C C [t] <S> S° with Koszul resolution. Note that the 
corresponding special fiber ideal Iq will not be Unsaturated in general. 

So if X can be defined by an ideal J C I with Pfaflian resolution we 
may ask: Is there always a birational model X° C Y° x Spec C [t] of the 
mirror degeneration X° C Y° x Spec C [t] which has fibers in a toric Fano 
variety Y° = X (£°), S° (1) C S° (1) with Cox ring S° and is defined by an 
ideal J° C C [£] <8> 5° with Pfaffian resolution? Note that again the special 
fiber ideals in S and S° corresponding to J and J° are not S- respectively 
S°-saturated in general. 



13.8 Tropical geometry and mirror symmetry over fi- 
nite fields 

Consider the Fermat one parameter family of quintics threefold hypersurfaces 
given by 

5 

/ (x, t) = ^2 x i + 5i • xix 2 x 3 X4X 5 
i=i 

in projective space over ¥ q with q = p r , p ^ 5. Denote by iV r (t) the number 
of solutions of / (x,t) in Pp^. In [Candelas, de la Ossa, Villegas, 2000] these 
numbers are computed in terms of the periods and in 
[Candelas, de la Ossa, Villegas, 2004] the structure of the C-fimction 

C M) = exp ^ (t) f^j 

is discussed and related to mirror symmetry. 

Non-Archimedian and p-adic geometry share many similarities. Also, as 
observed by L. Tabera, tropical geometry behaves well with respect to finite 
fields. One may ask how the C-fimction relates to the tropical data associated 
to monomial degenerations. 
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13.9 Tropical curves and the A-mode\ instanton num- 
bers 

Mikhalkin gives in [Mikhalkin, 2005] a formula enumerating curves of arbi- 
triary genus in toric surfaces via tropical geometry. He computes the finite 
number of curves of genus g and degree d passing through 3d — I + g points 
in general position, i.e., the Gromov-Witten invariants of P 2 , by counting 
tropical curves via lattice paths of length 3d — 1 + g in the degree d Veronese 
polytope A of P 2 . This generalizes to other toric surfaces by replacing the 
polytope A. 

In the context of Calabi-Yau varieties and mirror symmetry we are in- 
terested in the A-model correlation functions defined via Gromov-Witten 
invariants. The instanton numbers appearing in the Gromov-Witten invari- 
ants are related to the number of rational curves of given degree on the 
Calabi-Yau variety. 

Consider the setup of the tropical mirror construction. One may ask 
if it is possible to compute instanton numbers, Gromov-Witten invariants 
and the A-model correlation functions of the general fiber of the monomial 
degeneration X in terms of a tropical curve count using the components of 
the special fiber of X. 

13.10 GKZ-hypergeometric differential equations and 
quantum cohomology rings of Calabi-Yau vari- 
eties 

Consider a Calabi-Yau hypersurface in a toric Fano variety P (A) of dimen- 
sion n given by a reflexive polytope A C Mr. For this setup the Gelfand- 
Kapranov-Zelevinski hypergeometric systems are analysed in [Hosono, 1998] 
in the context of mirror symmetry. Via the local Torelli theorem one can 
give a local coordinate on the moduli space in terms of period integrals. For 
the hypersurface given by 

fc ^ ^ C m X 

mGA*nAf 

we have one canonical period integral 
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for the cycle 



C = {\ Xi \ = l\ i = l,...,n} C T = Hom z (M,C*) 

As shown by Batyrev in [Batyrev, 1993] the period integral satisfies the fol- 
lowing GKZ-hypergeometric system associated to A — {1} x (A* fl N) and 
the exponent j3 = 1 x 0. With the lattice 

L=l(l 5 )eZ A \J2l s 5 = o\ 

{ SeA J 

of relations on the elements of A (see also Section 1.3.14) this system of 
differential equations is given by 

(n,>o(^)"-n,<o(^)"^( C ) = ofor^L 

SeA UCs J 

The GKZ-hypergeometric system relates to the period integrals about the 
maximal degeneration point of the hypersurface degeneration. 

We may ask for a generalization of the hypersurface setup using the com- 
plexes involved in the tropical mirror construction. 
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join, 226 
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483 
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mStd, 127 



multiplicity of a cone, 74 
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483 
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467, 478 
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Pfaffian, 134, 138-140, 370, 371, 373, 

427, 464, 516 
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PGL, 100 

Picard group, 77, 78 
Picard-Fuchs equation, 136 
piecewise linear, 76, 77, 82, 147 
Pliicker embedding, 166, 167, 168, 170 
plane cubic, 144 
Poincare duality, 57 
points at infinity, 141 
polyhedral cell complex, 145 
polyhedral subdivision, 110 
polyhedron, 66 
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polynomial deformation, 468 
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poset, 223, 472, 473 
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projective subdivision, 129 
projective toric variety, 23, 82, 84 
projectively Cohen-Macaulay, 371, 464 
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proper transform, 130 
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Q-Gorenstein, 60, 210, 352, 366 
quintic threefold, 14, 52, 78, 85, 91, 
129 
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quotient presentation, 86 
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